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PREFACE. 


In  this  Edition  I  have  made  several  additions  to  each  Chap- 
ter. I  have  tried,  even  at  the  risk  of  some  little  repetition, 
to  make  each  Chapter,  as  far  as  possible,  complete  in  itself, 
so  that  all  that  relates  to  any  one  part  of  the  subject  may 
be  found  in  the  same  place.  This  arrangement  is  not  only 
the  most  convenient  for  those  already  partly  acquainted  with 
the  subject,  but  it  will  enable  every  student  to  select  his  own 
order  in  which  to  read  the  subject.  The  student  who  is 
just  beginning  Dynamics  may  not  wish  to  be  delayed  by  a 
long  Chapter  of  preliminary  analysis  before  he  enters  on  the 
real  subject  of  the  book.  He  may  therefore  begin  at  D'Alem- 
bert's  Principle,  and  only  read  those  parts  of  Chapter  I.  to  which 
reference  is  made.  Some  readers  also  may  wish  to  pass  on 
as  soon  as  possible  to  the  general  principles  of  Angular 
Momentum  and  Vis  Viva.  Though  a  different  order  will  be 
found  advisable  for  different  readers,  I  have  ventured  to  indi- 
cate a  course  of  reading  for  those  who  are  just  beginnj||g 
the  subject. 

B.  D.  h 


VI  PREFACE. 

It  will  be  observed  that  a  Chapter  has  been  devoted  to 
the  discussion  of  Motion  in  Two  Dimensions.  This  coiirse 
has  been  adopted  because  it  seemed  expedient  to  separate 
the  difliculties  of  Dynamics  from  those  of  Solid  Geometry; 

The  Examples  which  will  be  found  at  the  end  of  each 
Chapter  have  been  chiefly  selected  from  the  Examination 
Papers  which  have  been  set  in  the  University  and  in  the 
Colleges  in  the  last  few  years. 

I  am  desirous  also  of  expressing  how  much  I  am  indebted 
to  Mr  J.  F.  Moulton,  B.A.  Fellow  of  Christ's  College,,  for 
the  great  assistance  he  has  given  me  in  correcting  the  proof 
sheets,  and  for  the  suggestions  he  has  made  to  me.     Many  of 
the  Examples  also  have  been  verified  by  him^ 

EDWARD  J.  EOUTH. 

Fetebhouse, 

Sept.  10,  1868. 
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DYNAMICS   OF   A   SYSTEM   OF 
RIGID   BODIES. 

CHAPTEE  I. 

ON  MOMENTS  OF  INEKTIA. 

Sect.  I.     Elementary  Properties. 

1.     Def.  1.     If  the  mass  of  every  particle  of  a  material 
^system  be  multiplied  by  the  square  of  its  distance  from  a 
straight  line,  the  sum  of  the  products  so  formed  is  called  the 
moment  of  inertia  of  the  system  about  that  line. 

Def.  2.  If  M  be  the  mass  of  a  system,  and  k  be  such  a 
quantity  that  Mi^  is  its  moment  of  inertia  about  a  given 
straight  line,  then  k  is  called  the  radius  of  gyration  of  the 
system  about  that  line. 

Def.  3.  If  two  straight  lines  Ox,  Oy  be  taken  as  axes, 
and  if  the  mass  of  every  particle  of  the  system  be  multiplied 
by  its  two  co-ordinates  x,  y,  the  sum  of  the  products  is  called 
the  product  of  inertia  of  the  system  about  those  two  axes. 

Let  a  body  be  referred  to  any  rectangular  axes,  Ox,  Oy, 
Oz,  meeting  in  a  point  0,  and  let  x,  y,  z  be  the  co-ordinates  of 
any  particle  m,  then,  according  to  these  definitions,  the 
moments  of  inertia  about  the  axes  of  x,  y,  z  respectively  will  be 

B=tm(/  +  x^)\, 
G^-Zmia^  +  f)] 

E.  D.  1 
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and  the  products  of  inertia  about  the  axes  of  yz,  zx,  xy, 
D=%in  {ye), 
E='%m  {ex), 
F=  %m  {xy). 

From  these  definitions  we  see  that  the  moments  of  inertia 
A,B,C  are  such  that  any  two  of  them  are  together  greater 
than  the  third. 

2.  It  is  clear  that  the  process  of  finding^  moments  and 
products  of  inertia  is  merely  that  ot  integration.  We  may 
illustrate  this  by  the  following  example. 

To  find  the  moment  of  inertia  of  a  uniform  triangular 
plate  about  an  axis  in  its  plane  passing  through  one  angular 
point. 

Let  ABO  be  the  triangle,  Ay  the  axis  about  which  the 
moment  is  required.  Draw  Ax  perpendicular  to  Ay  and 
produce  BC  to  meet  Ay  in  D.  The  given  ^triangle  ABC 
may  be  regarded  as  the  diflPerence  of  the  triangles  ABB, 
A  CD.  Let  us  then  first  find  the  moment  of  inertia  of  ABB. 
Let  PQP'Q'  be  an  elementary  area  whose  sides  PQ,  P'Q'  are 
parallel  to  the  base  AD  and  let  P  Q  cut  Ax  in  M.  Let  /S  be 
the  distance  of  the  angular  point  B  from  the  axis  Ay, 
AM  =  X  and  AD  =  I. 
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Then  the  elementary  area  PQP'Q  is  clearly  l^-^dx, 

and  its  moment  of  inertia  about  Ay  is  l^^dx.a?,    Hence 
the  moment  of  inertia  of  the  triangle  u4£i) 


=/:'('-!) 


x^dx  =  l-    , 


Similarly  if  7  be  the  distance  of  the  angular  point  C 
from  the  axis  Ay,  the  moment  of  inertia  of  the  triangle  ACD 

^^12'     -^^^^^  *^®  moment  of  inertia  of  the  given  triangle 
^5Cisl(/3'-7^). 

Now  - 1^  and  -  ?7  are  the  areas  of  the  triangles  ABD, 

AGB.    Hence  if  A  be  the  area  of  the  triangle  ABC,  the 
moment  of  inertia  of  the  triangle  about  the  axis  Ay  is 

3.  When  the  body  is  a  lamina  the  moment  of  inertia 
about  an  axis  perpendicular  to  its  plane  is  equal  to  the  sum 
of  the  moments  of  inertia  about  any  two  rectangula,r  axes  in 
its  plane  drawn  from  the  point  where  the  former  axis  meets 
the  plane, 

For  let  the  axis  of  z  be  taken  as  the  normal  to  the  plane, 
-then  we  have  if  A,  B,  C  be  the  moments  of  inertia  about  the 
axes 

A  =  Xmy\    B  =  tma?,     C=tm  (a;'  +  /), 

and  therefore  G  =  A-\-B. 

We  may  apply  this  theorem  to  the  case  of  the  triangle. 
Let  0,  7'  be  the  distances  of  the  points  B,  G  from  the  axis 
Ax.  Then  the'  moment  of  inertia  of  the  triangle  about  a 
formal  to  the  plane  of  the  triangle  through  the  point  A  is 


=  I  (/3=  f /37  +  V +-^''' + /3  V  +  7'^ 


lr-2 
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This  may  be  reduced  to  the  more  convenient  form 

where  H  is  the  middle  point  of  J30. 

4.  In  the  following  chapters  of  this  treatise  there  are 
certain  moments  of  inertia  which  occur  so  frequently  that  it 
will  be  found  convenient  to  collect  them  together  for  refer- 
ence. The  reader  is  therefore  advised  to  commit  to  memory 
the  following  table. 

The  moment  of  inertia  of 

(1)  A  rectangle  whose  sides  are  2a  and  25 

about  an  axis  through  its  centre  in  its  plane]  _  a" 

perpendicular  to  the  side  2a  J  ~  ^^^^  g"  > 

about  an  axis  through  its  centre  perpen-]  _  a'+h' 

dicular  to  its  plane  J  ~  ™^®^  ~3~  ' 

(2)  An  ellipse  semi-axes  a  and  b 

72 

about  the  major  axis  a  =  mass  -  , 

■    ,  a" 

minor  axis  6  =  mass  —  , 

4 

about  an  axis  perpendicular  to  its  plane]  _  a'  +  b^ 

through  the  centre  J  ~  ™^^®      4      ' 

In  the  particular  case  of  a  circle  of  radius  a,  the  moment 

a" 
of  inertia  about  a  diameter  is  mass  j  ,  and  about  a  perpen- 

dicular  to  its  plane  through  the  centre  mass  — - . 

(3)  An  ellipsoid  semi-axes  a,  b,  c 
about  the  axis  a  =  mass 


5      • 

In  the  particular  case  of  a  sphere  of  radius  a  the  moment 

2 

of  inertia  about  a  diameter  =  mass  -  a', 

o 
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(4)     A  right  solid  whose  sides  are  2a,  2i,  2e 

about  an  axis  through  its  centre  perpendicular]  _  V+e^ 

to  the  plane  containing  the  sides  h  and  c      |  ~  ^^^^  ~3~  * 

5.  _As  the  process  for  determining  these  moments  of 
inertia  is  very  nearly  the  same  for  all  these  cases,  it  will  be 
sufficient  to  consider  only  two  instances. 

To  determine  the  moment  of  inertia  of  an  ellipse  about 
the  minor  axis. 

Let  the  equation  to  the  ellipse  be 


y 


=  ^^rcn^\ 


Take  any  elementary  area  PQ  parallel  to  the  axis  of  y,  then 
clearly  the  moment  of  inertia  is 

fa  5  fa        . 

4/*  I    x'vda!=ifi  -  I    d'  va"  —  o(?dx, 

Jo  0,J  Q 

where  fi  is  the  mass  of  a  unit  of  area. 


To   integrate   this,   put   a!  =  asin^,  then   the   integral 
becomes 


Jo  J( 


1  —  cos  4<^  , ,  _  Tra* 
0  8         '^'P-^' 


.:  the  moment  of  inertia  =  fiTrdb  —  =  mass  — . 

To  determine  the  moment  of  inertia  of  an  ellipsoid  about 
a  principal  diameter. 
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Let  the  equation  to  the  ellipsoid  be 

a^  +  l^  +  c^     1- 

Take  any  elementary  area  PNQ  parallel  to  the  plane  of  yz. 
Its  area  is  evidently  irPN .  QN.    Now  FN  is  the  value  of  z. 


■when  y  =  0,  and  QN  the  value  of  y  when  «  =  0,  as  obtained 
from  the  equation  to  the  ellipsoid ; 

.-.  PN=  -  'i^F^^,     QN=-  Vi^^^ ; 
a  a 

.•.  the  area  of  the  element  =  — 5-  (a"  —  ss'). 

Let  ^  be  the  mass  of  a  unit  of  volume,  then  the  whole 
moment  of  inertia 

4      ,    h'  +  c^ 


=  mass  - 


h'  +  c' 
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6.  If  the  mass  of  every  particle  of  a  material  system  be 
multiplied  by  the  square  of  its  distance  from  a  given  plane  or 
from  a  given  point,  the  sum  of  the  products  so  formed  is 
called  the  moment  of  inertia  of  the  system  with  referejice  to 
that  plane  or  point.  If  the  given  plane  be  taken  as  the  plane 
of  xy,  then  following  the  notation  of  Art.  1,  the  moment  of 
inertia  with  respect  to  the  plane  is  2?n»l  If  the  given  point 
be  taken  as  the  origin,  the  moment  of  inertia  with  respect  to 
that  point  is  2mr'. 

\i  A,  B,  G  hQ  the  moments  of  inertia  about  any  three 
axes  meeting  at  a  point  0,  we  have  by  Art.  1, 

=  2tmr'. 

Hence  the  sum  of  the  moments  of  inertia  about  any  three 
rectangular  axes  meeting  at  a  given  point  is  always  the  same 
and  equal  to  twice  the  moment  of  inertia  with  respect  to  that 
point. 

If  J"  be  the  moment  of  inertia  with  respect  to  the  plane  xi/, 
and  /  the  moment  of  inertia  about  the  axis  of  z,  we  have 

So  that  the  sum  of  the  moments  of  inertia  of  a  system  with 
reference  to  any  plane  through  a  given  point  and  its  normal 
at  that  point  is  constant  and  equal  to  the  moment  of  Inertia  of 
the  system  with  reference  to  that  point 

7.  It  is  possible  to  find  by  integration  all  moments  and 
products  of  inertia,  but  the  process  may  be  simplified  by  the 
use  of  the  two  following  propositions.  The  moments  of  in- 
ertia of  a  body  about  certain  axes  through  Its  centre  of 
gravity,  which  we  may  take  as  axes  of  reference,  are  given  in 
the  table  of  Art.  4.  In  order  to  find  the  moment  of  inertia 
about  any  other  axis  we  shall  Investigate 

(1)  a  method  of  comparing  the  required  moment  of 
inertia  with  that  about  a  parallel  axis  through  the  centre  of 
gravity ; 

(2)  a  method  of  determining  the  moment  of  inertia  about 
this  parallel  axis  in  terms  of  the  given  moments  of  Inertia 
about  the  axes  of  reference. 
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8.  Prop.  Criven  the  moments  and  products  of  inertia  about 
all  axes  through  the  centre  of  gravity  of  a  hody,  to  deduce  the 
moments  and  products  about  all  other  parallel  axes. 

The  moment  of  inertia  of  a  body  or  system  of  bodies 
about  any  axis  is  equal  to  the  moment  of  inertia  about  a 
parallel  axis  through  the  centre  of  gravity  plus  the  moment 
of  inertia  of  the  whole  mass  collected  at  the  centre  of 
gravity  about  the  original  axis. 

The  product  of  inertia  about  any  two  axes  is  equal  to 
the  product  of  inertia  about  two  parallel  axes  through  the 
centre  of  gravity  plus  the  product  of  inertia  of  the  whole 
mass  collected  at  the  centre  of  gravity  about  the  original 
axes. 

First,  take  the  axis  about  which  the  moment  of  inertia  is 
required  as  the  axis  of  z.  Let  m  be  the  mass  of  any  particle 
of  the  body,  which  generally  will  be  any  small  element. 

Let  X,  y,  z  be  the  co-ordinates  of  m, 

X,  y,  z  those  of  the  centre  of  gravity  G  of  the  whole 
system  of  bodies, 

x',  y',  z'  those  of  m  referred  to  a  system  of  parallel 
axes  through  the  centre  of  gravity. 

_,,  .         Sma;'        "Zmy'        "^mz 

Then  smce  -^^^ — ,       „  "    .      -=; — 
2Mi  z,m  2,m 

are  the  co-ordinates  of  the  centre  of  gravity  of  the  system 
referred  to  the  centre  of  gravity  as  the  origin,  it  follows  that 

l,mx'  =  0,     Xmy'  =  0,     Xms'  =  0. 

The  moment  of  inertia  of  the  system  about  the  axis  of  z  is 
=  tm{a^  +  f), 
=  tm{{x  +  xr+{y  +  yy}, 

=  %m{x'-\-y)  +  tm{x''+y''), 

+  2x  .  %mx  +  iy .  %my'. 

Now  2m  («''  +  ^)  is  the  moment  of  inertia  of  a  mass  %m 
collected  at  the  centre  of  gravity,  and  '%m{x^-\-y^  is  the 
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moment  of  inertia  of  the  system  about  an  axis  through  0, 
also  Xmx  =  0,  S«iy'  =  0 ;  whence  the  proposition  is  proved. 

Secondly/,  take  the  axes  of  x,  y  as  the  axes  about  which 
the  product  of  inertia  is  required. 

The  product  required  is 

=  2»ra  xy, 

=  %m[x  +  x')Cy^y'), 

=  xy .  Xm  +  Sm  {x'y') 

+  xXmy'  +  yZmx' 

=  cyi^m  +  ^mx'y'. 

Now  xy .  Sm  is  the  product  of  inertia  of  a  mass  "tm  col- 
lected at  G  and  "Zmx'y'  is  the  product  of  the  whole  system 
about  axes  through  G ;  whence  the  proposition  is  proved. 

9.  Let  there  be  two  parallel  axes  A  and  B  at  distances  a 
and  b  from  the  centre  of  gravity  of  the  body.  Then,  if  M  be 
the  mass  of  the  material  system, 

moment  of  inertia)       ir  2  _  (moment  of  inertia      j,,,, 
about  A        )  \        about  B 

Hence  when  the  moment  of  inertia  of  a  body  about  one 
axis  is  known,  that  about  any  other  parallel  axis  may  be 
found.  It  is  obvious  that  a  similar  proposition  holds  with 
regard  to  the  products  of  inertia. 

10.  The  preceding  proposition  may  be  generalised  as  fol- 
lows. Let  any  system  be  in  motion,  and  let  x,  y,  z  be  the  co- 
ordinates at  time  t  of  any  particle  of  mass  m,  then  "^  >  7^  >   j" 

are  the  velocities,  and  -j^ ,    -^,    -^  the  accelerations  of  the 
particle  resolved  parallel  to  the  axes.     Suppose 

^r    -^     ,  f     Ax     d^x  dy     d'y  dz     d^z\ 

to  be  a  given  function  depending  on  the  structure  and  motion 
of  the  system,  the  summation  extending  throughout  the  sys- 
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tem.     Also  let  <^  be  an  algebraic  function  of  tbe  first  or 
second  order.     Thus  ^  may  consist  of  such  terms  as 


Ax'  +  Bx^  +  c(^X+Eyz  +  Fx+. 


where  A,  B,  G,  &c.  are  some  constants.  Then  the  following 
general  principle  will  hold. 

"  The  value  of  Ffor  any  system  of  co-ordinates  is  equal  to 
the  value  of  V  obtained  for  a  parallel  system  of  co-ordinates 
with  the  centre  of  gravity  for  origin  plus  the  value  of  V  for 
the  whole  mass  collected  at  the  centre  of  gravity  with  refer- 
ence to  the  first  system  of  co-ordinates." 

For  let  X,  y,  z  be  the  co-ordinates  of  the  centre  of  gravity, 

T     T     .  —    1        '       p  xLtJu         Q/'tJO         CL3C  o 

and  let  x  =  x+x,  dec.    .'.  -7-  =  -^  +  — r- ,  &c, 

at      at      at 

Now  since  (f>  is  an  algebraic  function  of  the  second  order  of 
X,  -j~ ,  -TY- ',  y,  &c.  it  is  evident  that  on  making  the  above  sub- 
stitution and  expanding,  the  process  of  squaring  &c.  will  lead 
to  three  sets  of  terms,  those  containing  only  x,  -j- ,  -y^ ,  &c. 
those  containing  the  products  of  x,  x,  &c.,  and  lastly  those  con- 
taining  only  x',  -j- ,  &c.    The  first  of  these  will  on  the  whole 

make  up  4>(x,  -^  ,  &c.  j ,  and  the  last  ^  fx,  -^  ,  «&c.  ] . 
Hence  we  have 

F.S»*(.,f...)+,S^(.',f  +  ...) 

where  A,  B,  0,  &c.  are  some  constants. 

Now  the  term  Sm  f  a  -^  j  is  the  same  as  xSm  -^ ,  and 

this  vanishes.    For  since  tmx  =  0,  it  follows  that  tm'~  =0 

at 
Similarly  all  the  other  terms  in  the  second  line  vanish. 
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Hence  the  value  of  V  is  reduced  to  two  terms.  But  the 
first  of  these  is  the  value  of  V  at  the  origin  for  the  whole  mass 
collected  at  the  centre  of  gravity,  and  the  second  of  these  the 
value  of  V  for  the  whole  system  referred  to  the  centre  of 
gravity  as  origin.    Hence  the  proposition  is  proved. 

d^OS       d^i/       ^z 

The  proposition  would  obviously  be  true  if  -j^  >  ^  '  ^  > 

or  any  higher  differential  coefficients  were  also  present  in  the 
function  F. 

11.  Prop.  Given  the  moments  and 'products  of  inertia  about 
three  straight  lines  at  right  angles  Tneeting  in  a  point,  to  deduce 
the  moments  and  products  of  inertia  aiboui  all  other  axes  meet- 
ing in  that  point. 

Take  these  three  straight  lines  as  the  axes  of  co-ordinates. 
Let  A,  B,  0  be  the  moments  of  inertia  about  the  axes  of 
x,y,z;  D,  E,  F  the  products  of  inertia  about  the  axes  of 
yz,  zx,  xy.  Let  a,  /8, 7  be  the  direction  cosines  of  any  straight 
line  through  the  origin,  then  the  moment  of  inertia  I  of  the 
body  about  that  line  will  be  given  by  the  equation 

7=  Aoi'  +  B^  +  C'f  -  2i)/37  -  2^«  -  2^«/3 


Let  P  be  any  point  of  the  bo^y  at  which  a  mass  m  is 
situated,  and  let  x,  y,  z  be  the  co-ordinates  of  P.  Let  OiV  be 
the  line  whose  direction  cosines  are  a,  /3,  7,  draw  PN  perpen- 
dicular to  ON, 
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Since  ON  is  the  projection  of  OP,  it  is  clearly 

—  xa.+y^-'t  ay, 
also                      OF^  =  a?+f-\-z', 
and                           1  =  6?-^^  +  '/. 

The  moment  of  inertia  /  about  0^ 

=  tm  [x"  +  y  +  a'  -  (««  +  /3y  +  ya)'} 
=  %n  {(fi?  +  f  +  z")  {a.^  +  ^  +  r/)-  {ax  +  I3y+  ya)'} 
=  S»n  (y  +  s")  a^H-  2»n  {z^  +  x")  ^  +  Sm  (a!=  +  2^')  7* 

—  2'%'myz .  /8y  —  2Xmzx .  ya.  —  2%mxi/ .  a/8 

=  ^a=  +  S^'  +0f-  2D^y  -  ^Sya  -  2Fa^. 

12.  This  result  may  be  exhibited  geometrically.  Let  a 
radius  vector  OQ  move  in  any  manner  about  the  given  point 
0,  and  be  of  such  length  that  the  moment  of  inertia  about 
OQ  may  be  proportional  to  the  inverse  square  of  the  length. 
Then  if  li  represent  the  length  of  the  radius  vector  whose 
direction-cosines  are  (<x^y);  we  have 

where  e  is  some  constant  introduced  to  keep  the  dimensions 
correct,  the  mass  being  taken  as  unity.  Hence  the  polar 
equation  to  the  locus  of  Q  is 

^  =  Aa.'  +  B^  +  Of  -  2l)^y  -  2^a  -  2Faj3. 

Transforming  to  Cartesian  co-ordinates,  we  have 

e'  =  AX'  +  BY'  +  CZ"  -  2D  YZ-  2EZX  -  2FXY, 

which  is  the  equation  to  a  quadric.  Thus  to  every  point  0 
of  a  material  body  there  is  a  corresponding  quadric  which 
possesses  the  property  that  the  moment  of  inertia  about  any 
radius  vector  is  represented  by  the  inverse  square  of  that 
radius  vector.  The  convenience  of  this  construction  is,  that 
the  relations  which  exist  between  the  moments  of  inertia 
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about  straight  lines  meeting  at  any  given  point  may  be  dis- 
covered by  help  of  the  known  properties  of  a  quadric.  This 
quadric  will  be  shown  to  be  an  ellipsoid,  and  is  called  the 
momental  ellipsoid. 

13.  If  the  momental  ellipsoid  he  referred  to  any  set  of 
rectangular  axes  the  coefficients  of  X^,  Y^,  Z",  YZ,  ZX,  XY  in 
its  equation  will  be  the  moments  and  products  of  inertia  about 
the  axes. 

For  let  the  equation  to  the  surface  be 

P,Z^  +  P,7=  +  P3Z'  -  2  Q,  YZ-  2  Q^X  -  2  Q^  Y=  e\ 

Transforming  to  polar  co-ordinates,  we  have 

~  =  P,a=  +  P^  +  P.'f  -  2Q,^y  -  2  Q^ya  -  2  Q,oi^. 

Let  us  compare  this  with  the  general  expression  for  the 
moment  of  inertia  about  the  line  (a/87)-  given  in  Art.  11. 
Then  since  the  two  results  must  be  the  same  for  all  values  of 
a,  y8,  7  it  is  clear  that  we  must  have 

P,  =  A,    P,  =  B,    P,=  0, 

If  the  surface  be  referred  to  its  principal  diameters  as 
axes  of  co-ordinates,  its  equation  wiU  be  of  the  form 

and  A,  B,  C  will  be  the  moments  of  inertia  about  the  new 
axes.  Since  A,  B,  0  are  essentially  positive,  it  follows  that 
the  surface  is  an  ellipsoid. 

14.  When  three  straight  lines  at  right  angles  and 
meeting  in  a  given  point  are  such  that  if  they  be  taken  as 
axes  of  co-ordinates  the  products 

%mxy,     limyz,     %mzx 

all  vanish,  these  are  said  to  be  Principal  Axes  at  the  given 
point. 

The  three  planes  through  any  two  prinrapal  axes  are 
called  the  Principal  Planes  at  the  given  point. 
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The  moments  of  inertia  about  the  principal  axes  at  any 
point  are  called  the  Principal  Moments  of  Inertia  at  that 
point. 

15.  At  every  'point  of  a,  material  system  there  are  always 
three  principal  axes  at  right  angles  to  each  other. 

Construct  the  momental  ellipsoid  at  the  given  point. 
Then  it  has  been  shown  that  the  products  of  inertia  about  the 
axes  are  half  the  coefficients  of  XY,  YZ,  ZX  in  the  equation 
to  the  momental  ellipsoid  referred  to  these  straight  lines  as 
axes  of  co-ordinates.  Now  if  an  ellipsoid  be  referred  to  its 
principal  diameters  as  axes,  these  coefficients  vanish.^  Hence 
the  principal  diameters  of  the  ellipsoid  are  the  principal  axes 
of  the  system.  But  every  ellipsoid  has  at  least  three  principal 
diameters,  hence  every  material  system  has  at  least  three  > 
principal  axes. 

If  A,  B,  0  be  the  three  principal  moments  of  inertia  at 
any  point,  the  expression  given  in  Art.  11  for  the  moment 
of  inertia  about  any  other  line  becomes 

I=Aa'+B^'+(}f. 

16.  The  positions  of  the  principal  axes  at  many  points  , 
in  a  body  may  also  be  found  by  inspection. 

Thus  the  principal  axes  of  an  ellipsoid  at  the  centre  of 
gravity  are  its  principal  diameters.  Let  these  be  taken  as 
axes,  then  the  sum  ^mxy^O.  For  if  any  element  m  be 
taken  two  of  whose  co-ordinates  are  x,  y,  another  element  m, 
of  equal  mass,  can  be  found  whose  corresponding  co-ordi- 
nates are  —  x,  y.  Hence  the  above  sum  for  the  whole  body  is 
zero.  Similarly  ^mys  =  0,  'Zmzx  =  0,  and  these,  by  Art.  14, 
are  the  conditions  that  the  diameters  are  the  principal  axes  at 
the  centre. 

So  also  the  principal  axes  at  the  centre  of  an  ellipse  are 
the  two  principal  diameters  and  a  normal  to  the  plane  of  the 
ellipse. 

If  the  body  be  a  lamina,  one  of  the  principal  axes  at  any 
point  0  is  a  normal  to  the  plane  of  the  lamina.  For  take  as 
axes  of  ai,y  any  rectangular  directions  Ox,  Oym  the  plane  of 
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the  lamina  and  let  Oz  be  normal.     Then  since  every  element 
lies  in  the  plane  of  asy  we  .have  tmxz  =  0,   ^mi/z  =  0,  and 
hence  the  equation  to  the  momental  ellipsoid  is 
AX'  +  BY'+CZ'-  2DXY=  e\ 

It  is  clear  from  the  form  of  the  equation  that  the  axis  of  z  is 
a  principal  diameter  of  the  surface. 

By  a  consideration  of  some  simple  properties  of  ellipsoids, 
the  following  propositions  are  evident ; 

I.  '  Of  the  moments  of  inertia  of  a  body  about  axes  meet- 
ing at  a  given  point,  the  moment  of  inertia  about  one  of  the 
principal  axes  is  greatest  and  about  another  least. 

For,  in  the  momental  ellipsoid,  the  moment  of  inertia 
about  any  radius  vector  from  the  centre  is  least  when  that 
radius  vector  is  greatest  and  vice  versa.  And  it  is  evident 
that  the  greatest  and  least  radii  vectores  are  two  of  the 
principal  diameters. 

II.  If  the  three  principal  moments  at  any  point  0  be 
equal  to  each  other,  the  ellipsoid  becomes  a  sphere.  Every 
diameter  is  then  a  principal  diameter,  and  the  radii  vectores 
are  all  equal.  Hence  every  straight  line  through  0  is  a 
principal  axis  at  0,  and  the  moments  of  inertia  about  them 
are  all  equal. 

For  example,  the  perpendiculars  from  the  centre  of  gravity 
of  a  cube  on  the  three  faces  are  principal  axes ;  for,  the  body 
being  referred  to  them  as  axes,  we  clearly  have  'Zmxy  =  0, 
'Zmt/z  =  0,  %mzx  =  0.  Also  the  three  moments  of  inertia 
about  them  are  by  symmetry  equal.  Hence  every  axis 
through  the  centre  of  gravity  of  a  cube  is  a  principal  axis, 
and  the  moments  of  inertia  about  them  are  all  equal. 

Next  suppose  the  body  to  be  a  regular  pyramid.  Consider 
two  planes  drawn  through  the  centre  of  gravity  each  parallel 
to  a  face  of  the  pyramid.  The  relations  of  these  two  planes 
to  the  pyramid  are  in  all  respects  the  same.  Hence  also  the 
ffloinental  ellipsoid  at  the  centre  of  gravity  must  be  similarly 
situated  with  regard  to  each  of  these  planes,  and  the  same  is 
true  for  planes  parallel  to  all  the  face^.  Hence  the  ellipsoid 
must  be  a  sphere  and  the  moment  of  inertia  will  the  same  • 
about  every  axis. 
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17.  To  find  the  moments  and  products  of  inertia  of  a 
triangle  about  any  axes  whatever. 

If  /3  and  7  be  the  distances  of  the  angular  points  B,  0, 
of  a  triangle  ABG  from  any  straight  line  AX  through  the 
angle  A,  in  the  plane  of  the  triangle,  it  is  known  that  the 

moment  of  inertia  of  the  triangle  about  J.Xis  —  [^  +  ^1f  + '/), 

where  A  is  the  area  of  the  triangle. 

Let  three  equal  particles,  the  mass  of  each  being  — ,  be 

placed  at  the  middle  points  of  the  three  sides.  Then  it  is 
easily  seen,  that  the  moment  of  inertia  of  the  three  particles 
about  AX  is  the  same  as  that  of  the  triangle.  The  three 
particles  treated  as  one  system,  and  the  triangle,  have  the 
same  centre  of  gravity.  Let  this  point  be  called  0.  Draw 
any  straight  line  OX'  through  the  common  centre  of  gravity 
0  parallel  to  AX,  then  it  is  evident  that  the  moments  of 
inertia  of  the  two  systems  about  OX'  are  also  equal. 

Since  this  equality  exists  for  all  straight  lines  through  0 
in  the  plane  of  the  triangle,  it  will  be  true  for  two  straight 
lines  OX',  OY'  at  right  angles,  and  therefore  also  for  a 
straight  line  OZ'  perpendicular  to  the  plane  of  the  triangle. 

One  of  the  principal  axes  at  0  of  the  triangle,  and  of  the 
system  of  three  particles  is  normal  to  the  plane,  and  therefore 
the  same  for  the  two  systems.  The  principal  axes  at  0  in 
the  plane,  are  those  two  straight  lines  about  which  the 
moments  of  inertia  are  greatest  and  least,  a;nd  therefore  by 
what  precedes  these  axes  are  the  same  for  the  two  systems. 
If  at  any  point  two  systems  have  the  same  principal  axes 
and  principal  moments,  they  have  also  the  same  moments 
of  inertia  about  all  axes  through  that  point,  and  the  same 
products  of  inertia  about  any  two  straight  lines  meeting  in 
that  point.  And  if  this  point  be  the  centre  of  gravity  of  both 
systems,  the  same  thing  will  also  be  true  for  any  other  point. 

If  then  a  particle  whose  mass  is  one-third  that  of  the 
triangle  be  placed  at  the  middle  point  of  each  side,  the 
moment  of  inertia  of  the  triangle  about  any  straight  line, 
is  the  same  as  that  of  the  system  of  particles,  and  the  product 
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of  inertia  about  any  two  straight  lines  meeting  one  another, 
is  the  same  as  that  of  the  system  of  particles  about  the  same 
straight  lines. 

Three  points  D,  E,  F  can  always  be  found  such  that  the 
products  and  moments  of  inertia  of  three  equal  particles 
placed  at  D,  E,  F,  may  be  the  same  as  the  products  and 
moments  of  inertia  pf  any  plane  area.  For  let  0  be  the 
centre  of  gravity  of  the  area,  Ox,  Oy  the  principal  axes 
at  0  in  the  plane  of  the  area,  and  Ma?  and  M^  be  the 
moments  of  inertia  about  these  axes. 

Let  {xy),  {ocy'),  {d'y")  be  the  co-ordinates  of  D,  E,  F, 
m  the  mass  of  a  particle,  so  that  ilf  =  Zm. 

Then  we  must  have 

ni{'f+y"+y"')=M<,\ 
xy  +  xy  +x  y  =0. 
Also,  since  the  two  systems  must  have  the  same  centre  of 

x  +  X  +x  =0, 

y+y  +  2/'=o. 

Eliminating  x'y',  x"y"  from  these  equations,  we  get 

which  is  the  equation  to  a  momental  ellipse.  It  easily 
follows,  that  I)  may  be  taken  any  where  on  this  ellipse,  and 
E  and  F  are  at  the  opposite  extremities  of  that  chord  which 
is  bisected  in  some  point  JV  by  the  produced  radius  DO, 
so  that  0N=  i  OD. 

The  momental  ellipsoid  at  the  centre  of  gravity  of  any 
triangle  may  be  found  as  follows. 

Let  an  ellipse  be  inscribed  in  the  triangle  touching  two  of 
the  sides  AB,  BO  in  their  middle  points  F,  D.  Then,  by 
Camot's  Theorem,  it  touches  the  third  side  OA  in  its  middle 
point  E.     Since  DF  is  parallel  to  .GA  the  tangent  at  ^,  the 

E.  D.  2 


18  ON   MOMENTS  OP   INERTIA. 

Straight  line  joining  E  to  the  middle  point  N  of  DF  passes 
through  the  centre,  and  therefore  the  centre  of  the  conic  is 
the  centre  of  gravity  of  the  triangle. 

This  conic  may  be  shown  to  be  the  momental  ellipse  of 
the  triangle  at  0.  To  prove  this,  let  us  find  the  moment 
of  inertia  of  the  triangle  about  OE.  Let  0E=  r,  and  let  the 
semi-conjugate  diameter  be  r,  and  a>  the  angle  between  r  and 
t'.    Now  0N==  \r,  and  hence  from  the  equation  to  the  ellipse 

therefore  moment  of )      „.     „  »»  •  2 
Inertia  about  0^1=*^-^   '''' "^ 

A    A" 


where  A'  is  the  arfea  of  the  ellipse,  so  that  the  moments  of 
inertia  of  the  system  about  OJE,  OF,  OD  are  proportional 
inversely  to  OE',  OF^,  OD^.  If  we  take  a  momental  ellipse 
of  the  right  dimensions,  it  will  cut  the  inscribed  conic  in  E, 
F,  and  D,  and  therefore  also  at  the  opposite  ends  of  these 
diameters.  But  two  conies  cannot  cut  each  other  in  six 
points  unless  they  are  identical.  Hence  this  conic  is  the 
momental  ellipse  at  0  of  the  triangle. 

A  normal  at  0  to  the  plane  of  the  triangle  is  a  principal 
axis  of  the  triangle  (Art.  16).  Hence  the  momental  ellipsoid 
of  the  triangle  has  tjie  inscribed  conic  for  one  principal  sec- 
tion. If  a  and  h  be  the  lengths  of  the  axes  of  this  conic, 
c  that  of  the  axis  of  th^  ellipsoid  which  is  perpendicular  to 
the  plane  of  the  lamina,  we  have  by,  Arts.  3  and  12 

_  If  the  triangle  be  an  equilateral  triangle,  the  momental 
ellipsoid  becomes  a  spheroid,  and  every  axis  through  the 
centre  of  gravity  in  the  plane  of  the  triangle  is  a  principal 
axis. 

-18.  To  find  the  moments  and  products  of  inertia  of  a 
tetrahedron  about  any  axes  whatever. 

Let  ABCD  be  the  tetrahedron.  Through  one  angular 
point  D  draw  any  plane  and  let  it  be  taken  as  the  .plane  of 
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xy.  Let  J)  be  the  area  of  the  base  ABC;  a,  /8, 7  the  distances 
of  its  angular  points  from  the  plane  of  xy,  and  p  the  length 
of  the  perpendicular  from  I)  on  the  base  ABC. 

Let  FQB  be  any  section  parallel  to  the  base  ABC  and  of 
thickness  du,  where  u  is  the  perpendicular  from  I)  on  PQB. 
The  moment  of  inertia  of  the  triangle  PQB  with  respect  to 
the  plane  of  xy  is  the  same  as  that  of  three  equal  particles, 
each  one-third  its  mass,  placed  at  the  middle  points  of  its 

sides.  The  volume  of  the  element  PQB  =  -» Ddu.  The  or- 
dinates  of  the  middle  points  of  the  sides  AB,  BC,  CA  are 
respectively  "  ,  ^-^ ,  ^~^  •  Hence,  by  similar  tri- 
angles, the  ordinates  of  the  middle  points  of  PQ,  QB,  BP 

,      iS  +  7  u       y  +  a  u       a  +  /8  u 
are  also  — z-—  - ,         „   ■  - ,      —x —  - . 
2      p  2      p  2      p 

The  moment  of  inertia  of  the  triangle  PQB  with  regard 
to  the  plane  xy  is  therefore 

1  u'  ^,    f//3+7  u\\  fy  +  a  A\  f«±§_  "V. 


3  p 


y  +v  2    p)  ^\  2   p)] 


Integrating  from  m  =  0  to  m  =  ^,  we  have  the  moment  of 
inertia  of  the  tetrahedron  with  regard  to  the  plane  xy 

=  Z{a=+^=  +  y  +  /37  +  7a  +  a^}, 

where  V  is  the  volume. 

If  four-fifths  of  the  mass  of  the  tetrahedron  were  collected 
into  one  particle  and  placed  at  the  centre  of  gravity  of  the 
tetrahedron,  and  bne-twenfieth  at  each  of  the  angular  points, 
the  moment  of  inertia  of  these  five  particles  with  regard  to 
the  plane  oixy  would  be 

^l\ 1        J       20*  ^20^^  ^20^' 

which  is  the  same  as  that  of  the  tetrahedron. 

The  centre  of  gravity  of  these  five  particles  is  the  centre 
of  gravity  of  the  tetrahedron,  and  they  together  make  up  the 

2— a 


^  +  2^+^-1 
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mass  of  the  tetrahedron.  Hence,  by  Art,  8,  the  moments 
of  inertia  of  the  two  systems  with  regard  to  any  plane 
through  the  centre  of  gravity  are  the  same,  and  by  the  same 
article  this  equality  will  exist  for  all  planes  whatever.  It 
follows  by  Art.  6,  that  the  moments  of  inertia  about  any 
straight  line  are  also  equal.  The  two  systems  have  there- 
fore the  same  momental  ellipsoids  at  the  common  centre  of 
gravity.  Hence  also,  by  Art.  13,  the  products  of  inertia 
about  any  two  straight  lines  are  equal. 

19.  The  reciprocal  surface  of  the  momental  ellipsoid  is 
another  ellipsoid,  which  is  called  the  Ellipsoid  of  Gyration. 
This  second  surface  has  also  been  employed  to  represent, 
geometrically,  the  position  of  the  principal  axes  and  the  mo- 
ment of  inertia  about  any  line. 

To  show  that  the  reciprocal  surface  of  the  ellipsoid 

is  the  ellipsoid 

aV+Sy  +  cV=6*. 

Let  ON  be  the  perpendicular  from  the  origin  0  on  the 
tangent  plane  at  any  point  P  of  the  first  ellipsoid',  and  let 
I,  m,  n  be  the  direction-cosines  of  ON,  then 

ON'  =  a'P  +  hW  +  c'n\ 

Produce  ON  to  Q  so  that  OQ  =  jj^,  then  Q  is  a  point  on 
the  reciprocal  surface..    Let  OQ  =  B; 

Changing  this  to  rectangular  co-ordinates,  we  get 

_  It  follows,  therefore,  that  the  principal  diameters  of  the 
ellipsoid  of  gyration  are  the  principal  axes  of  the  body,  and 
the  moment  of  inertia  about  the  perpendicular  on  any  tangent- 
plane  is  measured  by  the  square  of  that  perpendicular. 
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liABG  be  the  principal  moments  at  the  centre  of  gravity, 
the  equation  to  the  ellipsoid  of  gyration  is 

X^      Y^     Z^  _ 

It  may  be  shown  that  the  general  equation  to  this  ellip- 
soid referred  to  any  set  of  rectangular  axes  is 

A,  -F,  -E,  X    =0. 

-F,      B,  -D,  Y 

-E,-D,  0,.Z 

X,      Y,  Z  \ 

where  A,  B,  G,  D,  E,  F  are  the  moments  and  products  of 
inertia  about  the  axes  of  co-ordinates. 

20.  There  is  a  third  ellipsoid  which  is  sometimes  used. 
By  Arts.  6  and  11  the  moment  of  inertia  with  reference  to  a 
plane  whose  direction-cosines  are  (a,  ^8,  7)  is 

J=  ^  +  ^+^  -  Aa"  -  B^  -  C7'  +  2i)y87  +  2^a  +  2^a/3 

=  tmx'' .  a"  +  tmy^ .  ^  +  trnz" .  7" 

+  2%myz .  ^7  -1-  2^mzx .  7a  +  2l,ma^ .  a^, 

if  we  follow  the  notation  of  Art.  1. 

Hence,  as  in  Art.  12,  we  may  construct  the  ellipsoid 

tmx'.X'+tmf.Y'  +  tmz\Z'  ], 

+  2tmyz .  YZ  -h  2%mzx .  ZX  +  ttmxy  .XY)      ^'' 

where  the  mass  has  been  taken  as  unity.  Then  the  moment 
of  inertia  with  regard  to  any  plane  through  the  centre  of  the 
ellipsoid  is  represented  by  the  inverse  square  of  the  radius 
vector  perpendicular  to  that  plane. 

If  we  compare  the  equation  of  the  momental  ellipsoid 
with  that  of  this  third  ellipsoid,  we  see  that  one  may  be 
obtained  from  the  other  by  subtracting  the  same  quantity 
from  each  of  the  coefficients  of  X^,  F",  Z'.  Hence  the  two 
ellipsoids  have  their  circular  sections  coincident  in  direction. 
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This  ellipsoid  may  also  be  used  to  find  the  moments  of 
inertia  about  any  straight  line  through  the  origin.  For  we 
may  deduce  from  Art.  6  that  the  moment  of  inertia  about 
any  radius  Tector  is  represented  by  the  difference  between  the 
inverse  square  of  that  radius  vector  and  the  sum  of  the  in- 
verse squares  of  the  semi-axes. 

The  reciprocal  of  this  ellipsoid  has  also  been  made  use  of. 
All  these  ellipsoids  have  their  principal  diameters  coincident 
in  direction,  and  any  one  of  them  may  be  used  to  determine 
the  directions  of  the  principal  axes  at  any  point. 

21.  A  straight  line  passes  ihrcmgh  a  fixed  point  O  and 
moves  about  it  in  such  a  manner  that  the  moment  of  inertia 
about  the  line  is  always  the  same  and  equal  to  a  given  quan- 
tity I.  To  find  the  equation  to  the  cone  generated  by  the 
straight  line. 

Let  the  principal  axes  at  0  be  taken  as  the  axes  of  co- 
ordinates, and  let  (a,  j8,  j)  be  the  direction-cosines  of  the 
straight  line  in  any  position.     Then  by  Art.  15  we  have 

Hence  the  equation  to  the  locus  is 

{A-I)<x'+{B-I)^+{G-I)r/  =  0, 
or,  transforming  to  Cartesian  co-ordinates, 

{A-I)x'+{B^I)f+{C-I)z'  =  0. 

It  appears  from  this  equation  that  the  principal  diameters 
of  the  cone  are  the  principal  axes  of  the  body  at  the  given 
point. 

The  given  quantity  /  must  be  less  than  the  greatest  and 
greater  than.the  least  of  the  moments  A,  B,  O.  Let  A,B,  Obe 
arranged  in  descending  order  of  magnitude ;  then  if/  be  less 
than  B,  the  cone  has  its  concavity  turned  towards  the  axis  0, 
if  I  be  greater  than  B  the  concavity  is  turned  towards  the 
axis  A,  if  1=  B  the  cone  becomes  two  planes  which  are  coin- 
cident with  the  central  circular  sections  of  the  momental 
ellipsoid  at  the  point  0. 

_  The  geometrical  peculiarity  of  this  cone  is  that  its  circular 
sections  in  all  cases  are  coincident  in  direction  with  the 
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Circular  sections  of  the  momental  ellipsoid  whose  centre  is  at 
the  vertex. 

This  cone  is  called  an  equimomental  cone  at  the  point  at 
which  its.  vertex  is  situated. 

22.  The  properties  of  products  of  inertia  of  a  hody 
ahout  different  sets  of  axes  are  not  so  useful  as  to  require  a 
complete  discussion.  The  following  theorems  will  servp  as 
exercises. 

(1)  If  any  point  0  be  given  and  any  plane  drawn 
through  it,  then  two  straight  lines  at  right  angles  Ox,  Oy 
can  always  be  found  such  that  the  product  of  inertia  about 
these  lines  is  zero. 

These  are  the  axes  of  the  section  of  the  niomental  el- 
lipsoid at  the  point  0  formed  by  the  given  plane. 

(2)  If  two  other  straight  lines  at  right  angles  Oa;',  Oy 
be  taken  in  the  same  plane  making  an  angle  Q  measured  in 
the  positive  direction  with  Ox,  Oy  respectively,  then  the  pro- 
duct of  inertia  F'  about  Od ,  Oy'  is  given  by  the  equation 

where  A,  B  are  the  moments  of  inertia  about  Ox,  Oy. 

(3)  If  1  be  the  moment  of  inertia  about  any  line  in  this 
plane  making  an  angle  6  with  Ox,  then 

I=Acos^d  +  Bsm^e. 

For  the  section  of  the  momental  ellipsoid  by  the  plane  is 
the  ellipse  whose  equation  is 

Ax'  +  Bf=e\ 
whence  the  property  follows  at  once. 

(4)  Let  (X/iv)  (\'/i'^')  ^e  the  direction-cosineg  of  two 
straight  lines  Ox',  Oy'  at  right  angles  passing  through  the 
origin  0  and  referred  to  the  principal  axes  at  0  as  axes  of 
co-ordinates.     Then  the  product  of  inertia  about  these  lines  is 

F'  =  W  tma?  +  iiij!  tmy^  +  im"Zms\ 


24  ON  MOMENTS  OF  INEBTIA. 

For  let  {x'y'z)  be  the  co-ordinates  of  any  point  {xy'z)  re- 
ferred to  Ox,  Oy'  and  a  third  line  Os  as  new  axes  of  co- 
ordinates.   Then 

va' =  'Kx  +  ny  +  vz,   and  y'  =  'i\!x  +  [ily  +  vz. 

Hence,  since  F'  =  Xmxy\  the  theorem  follows  by  simple 
multiplication. 

Since  W  -t-  /*/*'  +  vv  =  0,  we  have 

^F'  =  AW  +  Bfi/j!  +  Ovv. 

(5)  If  (X/iv)  be  the  direction-cosines  of  an  axis  Ox,  then 
the  direction-cosines  (\'/iV)  of  another  axis  Oy'  at  right 
angles  such  that  the  product  of  inertia  about  Oa^,  Oy  is  zero, 
are  given  by  the  equations 

{B-CyfJLv^{G-A)v\^{A-£)\(j.' 
For  by  (4)  the  equations  to  find  X'fi'v  are 
AXK'  +  JB/j-fi  +  Gvv  =  0,) 
W  +  fifjl  +  vv  =  0,1 

whence  the  theorem  follows  by  cross  multiplication. 

By  (1)  this  is  equivalent  to  the  geometrical  theorem. 
Given  a  radius  vector  Ox'  of  an  ellipsoid,  find  another  radius 
vector'  Oy'  such  that  Ox',  Oy'  are  principal  diameters  of  the 
section  x  Oy'. 

(6)  Let  {Imn)-  be  the  direction-cosines  of  any  given 
straight  line  Oa',and  let  D',  E'  be  the  products  of  inertia 
about  Oz,  Oy';  Oz',  Ox',  where  Ox',  Oy'  are  any  two  straight 
lines  at  right  angles.  Then  as  Ox',  Oy'  turn  round  Oz, 
I)"  +  E"'  is  constant,  and 

D"  +  F"  ={A-  Bf  {Imf  +  {B-  Cy  {mrif  +{G-  Ay  {nl)\ 

'     Fot  by  (4), 

-D'  =  Al\  +  Bmti.  4-  Cnv, 
-E'==  AlX'  +  Bm/i  +  Cnv' ; 
.'.  B"  +  F"  =  AT  {X'  +  \")  +  2ABlm  (V  +  ^V)  +  &c. 
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But  X'  +  X"=l-r  =  m''  +  n\\ 

Xfi  +  \y  =  —  lm,  J 

whence  by  substitution  the  tbeorem  follows  at  once. 

(7)  If  A'.  B'  be  the  moments  of  inertia  about  Ox',  Oy', 
then  as  Ox,  Oy  turn  round  Oa',  the  value  of  A'B'-F'"  is 
constant,  and 

A'B'  -  F"  =  BOl'  +  CAm'  +  ABn\ 


EXAMPLES. 

\.  The  moment  of  inertia  of  an  arc  of  a  circle  whose 
radius  is  a  and  which  subtends  an  angle  2a  at  the  centre 

(a)  about  an  axis  through  its  centre  perpendicular  to  its 
plane  =  Md?, 

(6)  about  an  axis  through  its  middle  point  perpendicular 
to  its  plane  =  2Jf  ( 1  — ^  j  a', 

(c)   about  the  diameter  which  bisects  the  arc 

2.  The  moment  of  inertia  of  the  surface  of  a  hemisphere 
of  radius  a  and  mass  M  about  the  diameter  perpendicular  to 

the  base  is  M-—  . 
6 

'Ear,  complete  the  sphere,  then  by  Art.  6,  the  moment  of  inertia  about  any 
diameter  is  two- thirds  of  the  moment  of  inertia  with  respect  to  the  point. 

3.  If  each  element  of  the  area  of  a  triangle  ABG  be 
multiplied  by  the  m'"  power  of  its  distance  from  a  straight 
line  through  one  angle  A,  then  the  sum  of  the  products  is 

2A  j8"*'  -  7""^' 

(re  +  l)(ra.+  2)      yS-7     ' 
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where  /S,  7  are  the  distances  of  the  angular  points  B,  O  from 
the  straight  line  through  the  angular  point  A,  and  A  is  the 
area  of  the  triangle. 

4.  The  moment  of  inertia  of  a  right  cone  of  mass  M 
about  the  axis  is  ilf  —  l\    That  about  a  straight  line  through 

the  vertex  perpendicular  to  the  axis  is  M-ic?-^-  —  ] ,  and  about 

q       fi/,2     I     7,2 

a  slant  side  M r — rr-  h',  where  a  is  the  altitude  of  the 

20  a^  +  6"      ' 

,cone  and  h  the  radius  of  the  base, 

5.  The  moment  of  inertia  of  the  part  of  the  area  of  a 

parabola  cut  off  by  any  ordinate  at  a  distance  x  from  the 

3  w' 

vertex  Is  M-x^  about  the  tangent  at  the  vertex,  and  M^- 

about  the  principal  diameter,  where  y  Is  the  ordinate  corre- 
sponding to  X. 

6.  The  moment  of  Inertia  of  the  area  of  the  lemnlscate 
r°  =  a"  cos  20  about  a  line  through  the  origin  in  its  plane  and 

perpendicular  to  its  axis  Is  M — j^-^a^ 

4:0 

7.  The  moment  of  Inertia  of  a  triangle  1  about  a  line 
perpendicular  to  its  plane  through  its  centre  of  gravity  is 

—  (a'  +F+  c"),  where  a,  b,  e  are  the  sides  of  the  triangle. 

8.  The  moment   of  Inertia  of  an    elliptic   area   about 

any  diameter  whose  length  is  2r  Is  — j-.     The  momental 

ellipse  at  the  centre  of  gravity  of  the  area  and  lying  in  Its 
plane  Is  the  ellipse  Itself. 

9.  If  \h^  be  the  radii  of  gyration  of  an  elliptic  lamina 
about  any  two  conjugate  diameters 


EXAMPLES.  27 

10.  Let'three  particles  each  one-sixth  of  the  mass  o£  an 
elliptic  area  be  placed  one  at  one  extremity  of  the  major  axis 
and  the  other  two  at  the  extremities  of  the  ordinate  which 
bisects  the  semi-axis  major,  and  let  a  fourth  particle  whose 
mass  is  one-half  that  of  the  area  be  placed  at  the  centre 
of  gravity.  Then  the  moments  and  products  of  inertia  of 
the  system  of  four  particles  and  of  the  elliptic  area  are  tbe 
same  for  all  axes  whateyer. 

11.  Find  the  moment  of  inertia  of  a  heterogeneous 
ellipsoid  about  the  major  axis  ^  the  strata  of  equal  density 
being  similar  concentric  ellipsoids,  and  the  density  along  the 
major  axis  varying  as  the  distance  from  the  centre.     The 

result  is  mI{¥  +  c^. 

When  the  boundary  of  any  heterogeneous  body  is  a  surface  of  equal  density, 
proceed  thus.  First  find  the  mouient  of  inertia  of  a  homogeneous  body  of  density 
D  bounded  by  any  surface  of  equal  density  whose  parameter  is  a.  Let  this 
moment  be  Z>^{a).  Then  D(l)'(a)da  is  the  moment  of  inertia  of  a,  stratum  of 
equal  density.    Keplace  I)  by  the  variable  density  p,  then  the  moment  of  inertia 

required  is   /  p^'(a)da. 
*'o 

12.  Find  the  moment  of  inertia  of  a  heterogeneous  ellipse 
about  the  minor  axis,  the  strata  of  equal  density  being  con- 
focal  ellipses,  and  the  density  along  the  minor  axis  varying 
as  the  distance  from  the  centre.     The  result  is 

3ilf  (a'-c^)^5ffl'(a'-c'') 
20    (a'-c')-3a(ffl''-c=)  ' 

where  a  is  the  semi-major  axis,   and  c  half  the  distance 
between  the  foci. 

13.  Any  product  of  inertia  as  J)  cannot  numerically  be 
so  great  as  — . 

14.  If  A,  B,  F  be  the  moments  and  product  of  inertia 
of  a  lamina  about  any  two  rectangular  axes  in  its  plane, 
prove  that  AB  is  greater  than  F*. 

If  «  be  any  quantity,  we  have  by  Art.  1,  Afi  +  2Ft  +  S=^m(3/t+isY=B. 
positive  quantity.  Hence  the  roots  of  the  quadratic  Ai'  +  2Ft+B=0  are 
imaginary. 
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15.  If  ABO,  DEF  be  the  moments  and"  products  of 
inertia  about  any  rectangular  axes  meeting  at  a  point  0, 
prove  that 

(^A  +  B-C){B+.G-A)>4:E', 

{A  +  B-Cr)(B+  G-A)  [C  +  A-B)  >  %BEF. 

16.  A  lamina  is  bounded  by  four  rectangular  hyper- 
bolas, two  of  them  have  the  axes  of  co-ordinates  for  asymp- 
totes, and  the  other  two  have  the  axes  for  principal  diameters. 
Prove  that  the  sum  of  the  moments  of  inertia  of  the  lamina 
about  the  co-ordinate  axes  is 

where  aa',  iS/8'  are  the  semi-major  axes  of  the  hyperbolas. 

Tato  the  equations  xij^v,,  o?  —  y^^v,  then  the  two  moments  of  inertia  are 
■^  =  JJx^Jduch  and  B = J  J  yV  dudv,  where  ■=  is  the  Jaoobian  of  uv  with  re- 
gard to  xy.  This  gives  at  once  A+B=i  1 1 dudv,  where  the  limits  are  clearly 
«  =  |  to  y,B=|32to«=^''. 

17.  A  lamina  is  bounded'  on  two  sides  by  two  similar 
ellipses,  the  ratio  of  the  axes  in  each  being  m,  and  on  the 
other  two  sides  by  two  rectangular  hyperbolas,  the,  ratio  of 
the  axes  in  each  being  ti.  .  These  four  curves  have  their 
principal  diameters  along  the  co-ordinate  axes.  Prove 
that  the  product  of  inertia  about  the  co-ordinate '  axes  is 

a,   2      2> ,  where  aa',  /S/J  are  the  semi-major  axes  of 

the  curves. 

18.  If  two  plane  figures  have  the  same  momental  ellipse 
at  their  centres  of  gravity,  their  projections  will  also. 

Hence  deduce  that  the  momental  ellipse  of  a  triangle  is 
the  ellipse  that  touches  the  sides  at  their  middle  points. 


ON  PEINCIPAL  AXES.  29 


Sect.  II.    On  the  Positions  of  the  Principal  Axes  of  a  System. 

23.  Peop.  a  straight  line  being  given  it  is  required  to 
find  at  what  point  in  its  length  it  is  a  prindjpal  axis  of  the  sys- 
tem, and  if  any  such  point  exist  to  find  the  other  two  principal 
axes  at  that  point. 

Take  the  straight  line  as  axis  of  s,  and  any  point  0  in  it 
as  origin.  Let  0  be  the  point  at  which  it  is  a  principal 
axis,  and  let  Cx',  Gy'  be  the  other  two  principal  axes. 

Let  GO  =  h,  6  —  angle  between  Gx  and  Ox.    Then 
x=     xcosd  +  ysm6\ 
y'  =  —  x  sin6  +y  cos d> . 
z'  =  z-h  J 


Hence 


"^mx'z'  =  cos  d'Zmxz 


=  cos  B'Zmxz  +  sin  0  %myz\  _  ,  . 

—  h  {cos  OXmx  +  sin  6'tmy)}        ^^ 

"Zmy'z' =  — sin  0'Zmxz  + COS  d'$myz'\_  ,  . 

r^h[— sin  6%mx+ cos  d'tmy)] 

tmx'y'  =  tnl{y^-x')^^^  +  'Zmxycos2e  =  0 (3) 

The  last  equation  shows  that 

tan2g  =  ^^f?"^, (4) 

2,m  (a;  —  y") 

2F 
~£-A' 

according  to  the  previous  notation. 

The  equations  (1)  and  (2)  must  be  satisfied  by  the  sanae 
value  of  h.    This  gives  as  the  condition  that  the  axis  of  s  is 
a  principal  axis  at  some  point  in  its  length,. 
^mxz  %m.y  =  %myz  Xmx. 

Substituting  in  (1)  we  get 

,  _  ^mys  _  "tmxz  ,., 

~  Smy  ""  "Zmx 
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The  equation  (5)  expresses  the  condition  that  the  axis  of  z 
should  be  a  principal  axis  at  some  point  in  its  length ;  and 
the  value  of  h  gives  the  position  of  this  point.  The  positions 
of  the  other  two  principal  axes  may  then  be  found  by  equa- 
tion (4), 

To  determine  the  geometrical  meaning  of  this  condition, 
take  the  plane  of  xz  to  pass  through  the  centre  of  gravity  of 
the  body.    Then  we  have  "tmy  =  0,  and  the  equation  becomes 

%mx  %myz-  =  0. 

One  of  these  factors  must  be  zero.  In  order  that  h  may  be 
finite,  we  must  have  %myz  =  (i.  Construct  the  momental 
ellipsoid  at  the  centre  of  gravity.  By  Art.  12  its  equation 
referred  to  axes  of  co-ordinates  parallel  to  Cx,  Cy,  Cz,  is 

AX'  +  BY'+  CZ'  -  2EZX-  1FXY=  e\ 

according  to  the  previous  notation.  The  coeflScient  D  of  YZ 
is  zero,  because  by  Art.  8 

"Zmys  =  D  +  '%m  ."yz. 

The  equation  to  a  section  parallel  to  the  plane  yz  is 

BY'+CZ'^e^ 

which  is  an  ellipse  referred  to  its  principal  diameters  as  axes. 
Hence,  in  order  that  a  straight  line  may  be  a  principal  axis  at 
some  point  not  infinitely  distant,  it  must  be  parallel  to  one  of 
the  principal  diameters  of  the  section  of  the  momental  ellip- 
soid at  the  centre  of  gravity,  made  by  a  plane  perpendicular  to 
the  plane  containing  the  aJxis  and  the  centre  of  gravity. 

If  %mxz  =  0  and  "Zmyz  =  0,  the  equations  (1)  and  (2) 
are  both  satisfied  by  A  =  0.  These  are  therefore  the  sufficient 
and  necessary  conditions  that  the  axis  of  z  should  be  a  prin- 
cipal axis  at  the  origin. 

If  the  system  be  a  plane  lamina  and  the  axis  of  s  be  a 
normal  to  the  plane  at  any  point,  we  have  z  =  0.  Hence  the 
conditions  tmxz  =  0  and  %myz  =  0  are  satisfied.  Therefore 
one  of  the  principal  axes  at  any  point  of  a  lamina  is  a  normal 
to  the  plane  at  that  point. 
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In  tHe  case  of  a  surface  of  revolution  bounded  by  planes 
perpendicular  to  the  axis,  the  axis  is  a  principal  axis  at  any 
point  of  its  length. 

Again  equation  (4)  enables  us,  when  one  principal 
axis  is  given,  to  find  the  other  two.    If  ^  =  a  be  the  first 

value  of  6,  all  the  others  are  included  in  6  =  a.  +  n  ~;  hence 

all  these  values  give  only  the  same  axes  over  again. 

24.  Since  (4)  does  not  contain  h,  it  appears  that  if  the 
axis  of  a  be  a  principal  axis  at  more  than  one  point,  the 
principal  axes  at  those  points  are  parallel.  Again,  in  that 
case  (5)  must  be  satisfied  by  more  than  one  value  of  h.  But 
since  h  enters  only  in  the  first  power,  this  cannot  be  unless 

"Zmx  =  0,      Xmy  =  0, 

Xmxs  =  0,     ^mys  =  0 ; 

so  that  the  axis  must  pass  through  the  centre  of  gravity  and 
be  a  principal  axis  at  the  origin,  and  therefore  (since  the 
origin  is  arbitrary)  a  principal  axis  at  every  point  in  its 
length. 

If  the  priilcipal  axes  at  the  centre  of  gravity  be  taken  as 
the  axes  of  x,  y,  z,  (1)  and  (2)  are  satisfied  for  all  values  of  h. 
Hence,  if  a  straight  line  be  a  principal  axis  at  the  centre  of 
gravity,  it  is  a  principal  axis  at  every  point  in  its  length, 

25.  Peop.  Given  the  positions  of  the  j)rincipal  axes 
Ox,  Oy,  Oz  at  the  centre  of  gravity  O,  and  the  moments,  af 
inertia  about  them,  to  find  the  positions  of  the  principal  axes 
at  any  point  P  in  the  plane  of  xy,  and  the  moments  Sf  inertia 
about  those  axes. 

Let  the  mass  of  the  body  be  taken  as  unity,  and  let  ^,  ^ 
be  the  moments  of  inertia  about  the  axes  Ox,  Oy,  of  which 
we  shall  suppose  A  the  greater. 

Take  two  points  8  and  H  in  the  axis  of  x  on  each  side 
of  the  origin  so  that 

08=0E  =  JJ^rB. 
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Then  because  these  points  are  in  one  of  the  principal  axes  at 
the  centre  of  gravity,  the  principal  axes  at  8  and  If  are 
parallel  to  the  axes  of  co-ordinates,  and.  the  moments  of 
inertia  ahout  those  in  the  plane  of  xt/  are  respectively  A  and 
B+08'\''=A,  and  these  being  equal,  any  straight  _  line 
through  yS  or  IT  in  the  plane  of  xy  is  a  principal  axis  at 
that  point,  and  the  moment  of  inertia  about  it  is  equal  to  A. 

If  P  be  any  point  in  the  plane  of  xr/,  then  one  of  the  prin- 
cipal axes  at  P  will  be  perpendicular  to  the  plane  a;y.  For 
if  p,  q  be  the  co-ordinates  of  P,  the  conditions  that  this  line 
is  a  principal  axis  are 

Sm  {x  —p)  s  =  0] 

which  are  obviously  satisfied  because  the  centre  of  gravity  is 
the  origin,  and  the  principal  axes  the  axes  of  co-ordinates. 

The  other  two  principal  axes  may  be  found  thus.  If  two 
straight  lines  meeting  at  a  point  P  be  such  that  the  moments 
of  inertia  about  them  are  equal,  then  provided  they  are  in  a 
principal  plane  the  principal  axes  at  P  bisect  the  angles 
between  these  two  straight  lines.  For  if  with  centre  P  we 
describe  the  momental  ellipse,  then  the  axes  of  this  ellipse 
bisect  the  angles  between  any  two  equal  radii  vectores. 

Join  8P  and  HP;  the  moments  of  inertia  about  8P,  HP 
are  each  equal  to  A.  Hence,  if  PG  and  PT  are  the  internal 
and  external  bisectors  of  the  angle  8PH;  PG,  PT  are  the 
principal  axes  at  P.  If  therefore  with  S  and  H  as  fod  we 
describe  any  ellipse  or  hyperbola,  the  tangent  and  normal  at 
amy  point  are  the  principal  axes  at  that  point. 
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26.  Take  any  straight  line  MN  through  the  origin, 
making  an  angle  6  with  the  axis  of  x.  Draw  8M,  HN  per- 
pendiculars on  MN.     The  moment  of  inertia  about  it  is 

=  A-{A-E)sm'e 
=  A- OS  sin  ef 
=  A-8M\ 

Through  F  draw  FT  parallel  to  MN,  and  let  87  and  EZ 
be  the  perpendiculars  from  8  and  H  on  it  The  moment  of 
inertia  about  FT  is  then 

=  moment  about  MN+  MY' 
=  A+  [MY- 8M)  {MY+8M) 
=  A+8Y.HZ. 

In  the  same  way  it  may  be  proved  that  the  moment  of 
inertia  about  a  line  FG  passing  between  E  and  8  is  less 
than  A  by  the  product  of  the  perpendiculars  from  8  and  E 
on  FG. 

If  therefore  with  S  and  H  as  foci  we  describe  any  ellipse 
or  hyperbola,  the  moments  of  inertia  about  any  tangent  to  either 
of  these  cwrves  is  constant. 

It  follows  from  this  that  the  moments  of  inertia  about  the 
,       „     /8F±EPV 
principal  axes  at  F  are  equal  to  xs  +  I ^ j  . 

For  if  a  and  b  be  the  axes  of  the  ellipse  we  have 
a'-b'^OS'^A-B, 

and  hence  ^8P  +  EP\' 

A  +  8Y.EZ=A  +  F  =  B  +  a'  =  B+i^       ^-    J. 

and  the  hyperbola  may  be  treated  in  a  similar  manner. 

27  This  reasoning  may  be  extended  to  points  lying  in 
any  given  plane  passing  through  the  centre  of  gravity  0  of 
the  body.  Let  Ox,  Oy  be  the  axes  in  the  given  plane  such 
that  the  product  of  inertia  about  them  is  zero    (Art.  22). 

K.  D.  3 
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Construct  the  points  8  and  S  as  before  so  that  OS"  and 
OH^  are  each  equal  to  the  difference  of  the  moments  of 
inertia  about  Ox  and  Oi/.  Draw  %'  a  parallel  through  8  to 
the  axis  of  y,  the  product  of  inertia  about  8x,  8y'  is  equal 
to  that  about  Ox,  Oy  together  with  the  product  of  inertia  of 
the  whole  mass  collected  at  0.  Both  these  are  zero,  hence 
the  momental  ellipse  at  8  \^  &  circle,  and  the  moment  of 
inertia  about  every  straight  line  through  8  in  the  plane  xOy 
is  the  same  and  equal  to  that  about  Ox.  We  can  then  show 
that  the  moments  of  inertia  about  PS  and  P8  are  equal ;  so 
that  PQ,  PT,  the  internal  and  external  bisectors  of  the 
angle  8Pn  are  the  principal  diameters  of  the  momental 
ellipse  at  P.  And  it  also  follows  that  the  moments  of  inertia 
about  the  tangents  to  a  conic  whose  foci  are  8  and  H  are  the 
same. 

28.  Qiven  the  positions  of  the  principal  axes  OA,  OB, 
OC  at  the  centre  of  gravity  O  and  the  moments  of  inertia  ABO 
about  them,  to  find  the  positions  of  the  principal  axes  and  the 
principal  moments  at  any  other  point  0.* 

Let  a  quadric  be  constructed  confocal  with  the  ellipsoid 
of  gyration  at  0,  and  let  the  squares  of  its  axes  be  A+  X, 
B  +  X,  O  +  X,  the  mass  of  the  body  being  taken  as  unity. 
Let  OZ  be  a  perpendicular  from  0  on  any  plane  drawn 
through  P  to  touch  this  quadric,  and  let  OZ  cut  in  F  a 
parallel  plane  drawn  to  touch  the  ellipsoid  of  gyration.  Let 
{Imn)  be  the  direction  cosines  of  the  straight  line  OYZ,  then 

OZ'  =  iA  +  X)  V+  {B  +  X)  m'  +  {C  +  X)n', 

OY'  =  Ar  +  Bm''+Cn'; 

...  OZ'-OY'  =  X. 

The  moment  of  inertia  about  OYZ 
by  Art,  19 


=  01^ 

=  OZ'-X; 

.-.  the  moment  of  inertia  about  Pi]      ^2 
a  parallel  to  0 YZ  through  P      ^  =  0Z  +PZ  -X 

=  OP'-X 

*  See  two  articles  by  Sir  William  Thomson  and  Mr  Townaend,  which 
appeared  at  the  same  time  in  the  Mathematical  Journal,  1846. 
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This  is  the  same  for  all  the  tangent  planes  which  can  he 
drawn  through  P  to  touch  any  one  confocal  quadric.  Hence 
the  moment  of  inertia  about  any  normal  at  P  to  the  cone 
whose  vertex  is  P  and  which  envelopes  any  quadric  confocal 
with  the  ellipsoid  of  gyration  at  0  is  constant  and  =  OF^—X. 

These  normals  trace  out  the  reciprocal  cone  of  the  en- 
veloping cone,  and  it  is  proved  in  Solid  Geometry  that  the 
principal  diameters  of  a  cone  and  its  reciprocal .  cone  are 
coincident  in  direction.  Hence  by  Art.  21,  the  principal  axes 
of  the  body  at  P  are  the  principal  diameters  of  the  cone 
whose  vertex  is  P  and  which  envelopes  any  quadric  confocal 
with  the  ellipsoid  of  gyration  at  the  centre  of  gravity. 

29.  Let  us  consider  the  two  extreme  cases  of  this  propo- 
sition. 

First.  Construct  a  quadric  confocal  with  the  ellipsoid  of 
gyration  and  passing  through  P.  The  enveloping  cone  be- 
comes a  tangent  plane,  and  one  principal  diameter  is  a 
normal  to  the  quadric.  Hence  the  three  principal  axes  of 
the  body  at  the  point  P  are  the  three  normals  to  the  three 
quadrics  which  can  be  drawn  through  P  confocal  with  the 
ellipsoid  of  gyration.  Let  Xj,  \,  X^  be  the  parameters  of 
these  three  quadrics,  then  by  what  precedes,  the  principal 
moments  are  respectively  OF^  —  X^,  OP^  —  X^,  OF^  —  X^. 

If  we  wish  to  use  only  one  quadric,  we  may  consider  the 
confocal  ellipsoid  through  P.     We  know*  that  the  normals 

*  These  propositions  are  to  be  found  in  books  on  Solid  Geometry,  they  may 

also  be  proved  as  follows.  ,  .^  •  j  e  -i.  i      rm.   i. 

Let  the  confocal  ellipsoid  pass  near  P  and  approach  it  mdefinitely.  The  ba«e 
of  the  enveloping  cone  is  ultimately  the  Indicatrix;  and  as  the  cone  becomes 
ultimately  a  tangent  plane,  one  of  its  axes  is  ultimately  a  perpendicular  to  the 
plane  of  the  Indicatrix.  Now  in  any  cone  two  of  its  axes  are  paraHel  to 
the  principal  diameters  of  any  section  perpendicular  to  the  third  axis.  Hence 
the  axes  of  the  enveloping  cone  are  the  normal  to  the  surface  and  paral  els  to 
the  principal  diameters  of  the  Indicatrix.  But  aU  paraUel  sections  of  an  ellipsoid 
are  similar  and  similarly  situated,  hence  the  principal  diameters  of  the  Indica- 
trix are  parallel  to  the  principal  diameters  of  the  diametral  section  parallel  to 
the  tangent  plane  at  P. 

To  find  the  principal  moments,  we  may  reason  as  follows.  Let  a  tangent 
plane  to  the  elUpsoid  be  drawn  perpendicular  to  any  radius  vector  OQ  of  the 
diametral  section  of  OP,  then  the  point  of  contact  T,  OQ,  aiaiOP  will  lie  in  one 
plane  when  OQ,  is  an  axis  of  the  section.    For  diaw  through  T  a  section  parallel 

3—2 
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to  the  other  two  confocals  are  tangents  to  the  lines  of  curva- 
ture on  the  ellipsoid,  and  are  also  parallel  to  the  principal 
diameters  of  the  diametral  section  made  by  a  plane  parallel 
to  the  tangent  plane  at  P.  And  if  D^^D^  be  these  principal 
semi-diameters,  we  know  that 


\  =  \-D^\ 


\=\-i>: 


to  the  diametral  seotion,  and  let  Cbe  its  centre,  and  let  O'T'  be  a  perpendicular 
from  C  on  the  tangent  plane,  which  touches  at  T.  Then  OQ,  O'T'  and  OP  are 
in  one  plane.    Now  consider  the  section  whose  centre  is  0';  O'Y'  is  the  perpen- 


dicular on  the  tangent  to  an  ellipse  whose  point  of  contact  is  T.     Hent 

or  do  not  coincide  unless  O'T'  be  the  direction  of  the  axis  of  the  ellipse.     But 


Hence  CI", 


^~ „,.  ^u,ui;iuc  uiiiBBs  V  X    oe  tne  airection  of  the  axis  of  the  ellipse.     But 

tnis  section  IS  similar  to  the  diametral  section  to  which  it  was  drawn  parallel, 
ilence  OQ  is  an  axis  of  the  diametral  section. 

Let  P^  be  a  straight  line  drawn  through  P  parallel  to  OQ  to  meet  in  R  the 
tangent  plane  which  touches  in  T.  Then  SP,  AT  are  two  tangents  at  right 
angles  to  the  eUipse  i'Qr.     Hence  ^ 

OiJ''=smn  of  the  squares  of  the  semi-axes  of  the  ellipse 
=  OF^+OQ!' 
because  OP,  OQ  are  conjugate  diameters. 

The  moment  of  inertia  about  PR,  a  perpendicular  to  a  tangent  plane,  has 
teen  proved  above  to  heOE^^-X,  hence  t£e  moment  of  inertia  about  a  parallel 
through  P  to  the  axis  OQ  is  OP^  +0(^-\. 
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Hence,  if  through  any  point  P  we  describe  the  quadric 
^'     +-^+-1—1 


the  axes  of  co-ordinates  being  the  principal  axes  at  the  centre 
of  gravity,  then  the  principal  axes  at  P  are  the  normal  to 
this  quadric,  and  parallels  to  the  axes  of  the  diametral  sec- 
tion made  by  a  plane  parallel  to  the  tangent  plane  at  P. 
And  if  these  axes  be  2i)j  and  2D^,  the  principal  moments 
at  P  are 

OP'-X,     OP'-X  +  D^,     OP'-X  +  D,'. 

As  we  shall  have  to  make  frequent  reference  to  the 
quadrics  confocal  with  the  ellipsoid  of  gyration  at  the  centre 
of  gravity,  we  shall  call  them  the  "subsidiary"  quadrics. 

30.  Secondly.  Let  us  consider  the  other  extreme  case  of 
the  proposition  in  Art.  28.  Let  the  confocal  quadric  diminish 
until  it  become  a  focal  conic,  then  the  principal  axes  of  a 
system  at  P  are  the  principal  diameters  of  a  cone  whose  ver- 
tex is  P  and  whose  base  is  a  focal  conic  of  the  ellipsoid  of 
gyration  at  the  centre  of  gravity. 

The  equi-momental  cones  at  P  are  con-cyclic,  hence  their 
reciprocal  cones  have  the  same  focal  lines.  These  are  the 
cones  whose  common  vertex  is  P,  and  which  envelope  any 
subsidiary  quadric.  Thus  the  two  cones  whose  vertex  is  P, 
and  whose  bases  are  the  real  focal  conies  are  confocal  and 
therefore  also  cut  each  other  at  right  angles. 

31.  The  axes  of  co-ordinates  beinff  the  principal  axes  at 
the  centre  of  gravity  it  is  required  to  express  the  condition  that 
any  given  straight  line  may  be  a  principal  axis  at  some  point 
in  its  length  and  to  find  that  point. 

Let  the  equations  to  the  given  straight  line  be 

I     ~    m     ~     n     ^'>' 

then  it  must  be  a  normal  to  the  quadric 

A+X'^B+X^  O^X       ^^' 

at  the  point  at  which  the  straight  line  is  a  principal  axis. 
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Hence  comparing  the  equation  to  the  nonnal  to  (2)  with 
(1),  we  have 


A  +  X 


=  /jd 


■(3), 


these  six  equations  must  be  satisfied  by  the  same  values  of 
X,  y,  z,  X  and  (i. 

Substituting  for  x,  y,  s  from  (3)  in  (1),  we  get 

"^      I        '^     m  n 

eliminating  /t  from  these  last  equations  we  have 

/_£     H-^       \-l 

I      m     m     n       n      I  ,„. 

z^rs=:B^rc;=cr^=/^ ^^^- 

This  clearly  amounts  to  only  one  equation,  and  is  the 
required  condition  that  the  straight  line  should  be  a  princi- 
pal axis  at  some  point  in  its  length. 

Substituting  for  x,  y,  z  from  (3)  in  (2),  we  have 

which  gives  one  value  only,  to  \.  The  values  of  \  and  yu. 
having  been  found,  equations  (3)  will  determine  x,  y,  z,  the 
co-ordinates  of  the  point  at  which  the  straight  line  is  a  prin- 
cipal axis. 

The  geometrical  meaning  of  this  condition  may  be  found 
by  the  following  considerations,  which  were  given  by  Mr 
Townsend  in  the  Mathematical  Journal.  The  normal  and 
tangent  plane  at  every  point  of  a  quadric  will  meet  any  prin- 
cipal plane  in  a  point  and  a  straight  line,  which  are  pole  and 
polar  with  regard  to  the  focal  conic  in  that  plane.     Hence  to 
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find  whether  any  assumed  straight  line  is  a  principal  axis  or 
not,  draw  any  plane  perpendicular  to  the  straight  line  and 
produce  both  the  straight  line  and  the  plane  to  meet  any 
principal  plane  at  the  centre  of  gravity.  If  the  line  bf  in- 
tersection of  the  plane  be  parallel  to  the  polar  line  of  the 
point  of  intersection  of  the  straight  line  with  respect  to  the 
focal  conic,  the  axis  will  be  a  principal  axis,  if  otherwise  it 
will  not  be  so.  And  the  point  at  which  the  assumed  straight 
line  is  a  principal  axis  may  Ibe  found  by  drawing  a  plane 
through  the  polar  line  perpendicular  to  the  straight  line.  The 
point  of  intersection  is  the  required  point. 

The  analytical  condition  (E)  exactly  expresses  the  fact 
that  the  polar  line  is  parallel  to  the  intersection  of  the  plane. 

32.  The  following  theorem  is  also  due  to  the  same 
author. 

Let  two  points  P,  Q  be  so  situated  that  a  principal  axis 
at  P  intersects  a  principal  axis  at  Q.  Then  if  two  planes  be 
drawn  at  P  and  Q  perpendicular  to  these  principal  axes,  their 
intersection  will  be  a  principal  axis  at  the  point  where  it  is 
cut  by  the  plane  containing  the  principal  axes  at  P  and  Q. 

For  let  the  principal  axes  at  P,  Q  meet  any  principal 
plane  at  the  centre  of  gravity  in  p,  q,  and  let  the  perpen- 
dicular planes  cut  the  same  principal  plane  in  LN,  MN.  Also 
let  the  perpendicular  planes  intersect  each  other  in  BN. 
Then  RN  is  perpendicular  to  the  plane  containing  the  points 
P,  Q,  P,  q.-  -^Iso  since  the  polars  of  p  and  q  are  LN,  MN,  it 
follows  that  pq  is  the  polar  of  the  point  K  Hence  the 
straight  line  PA'"  satisfies  the  criterion  of  the  last  Article. 

33.  To  find  the  locus  of  the  points  at  which  two  principal 
moments  of  inertia  are  equal  to  each  other. 

The  principal  moments  at  any  point  P  are 

If  we  equate  Jj  and  I^  we  have  D^=Q,  and  the  point  P 
must  lie  on  the  elliptic  focal  conic  of  the  ellipsoid  of  gyration. 

If  we  equate  Zj  and  7,  we  have  D^  =  D^,  so  that  P  is  an 
umbilicus  of  any  ellipsoid  confocal  with  the  ellipsoid  of  gyra- 
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tion.    The  locus  of  these  umbilici  is  the  hyperbolic  focal 
conic. 

In  the  first  of  these  cases  we  have  X=—  C,  and  D^  is  the 
semi-diameter  of  the  focal  conic  conjugate  to  OP. 

Hence  2)/  +  OP^  =  sum  of  squares  of  semi-axes 

=A-C+B-a 

The  three  principal  moments  are  therefore 

i,=i  =  or+c,i 

I,  =  A  +  B-G,    \ 

and  the  axis  of  unequal  moment  is  a  tangent  to  the  focal 
conic. 

The  second  case  may  be  treated  in  the  same  way  by  using 
a  confocal  hyperboloid,  we  therefore  have 

I,  =  A  +  G-B,     )    . 

and  the  axis  of  unequal  moment  is  a  tangent  to  the  focal 
conic. 

34.  To  find  the  curves  on  any  subsidiary  quadric  at 
which  the  principal  moments  cf  inertia  are  equal  to  a  given 
quantity  I. 

First.  All  those  points  at  which  the  principal  moment 
about  the  normal  is  constant  are  found  by  making  I^  equal  to 
the  given  quantity.  This  gives  OP  constant,  and  hence  the 
required  curve  is  the  intersection  of  a  sphere  and  a  quadric. 
This  curve  is  called  a  sphero-conic. 

Secondly.  All  those  points  at  which  the  principal  mo- 
ment about  a  tangent  is  constant  are  found  by  making  I^  or 
Jj  equal  to  the  given  quantity.  Let  r  be  the  distance  OP, 
a,  b,  c  be  the  semi-axes  of  the  quadric,  and  p  the  length  of  the 
perpendicular  from  the  centre  of  gravity  on  the  tangent  plane 
at  P.     Then 

B^D^p  =  abc,  I 

.      r'  +  D^'  +  B,'  =  a'  +  F  +  c\} 
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Hence  T^  =  r'  +  J)^^-X 

We  know  that  along  any  line  of  curvature  jpD^  is  con- 
.  stant.     Hence  the  moments  of  inertia  about  the  tangents  to  any 
line  of  curvature  are  equal  to  each  other.     And  these  tangents 
are  principal  axes  at  the  points  of  contact. 

In  the  plane  that  contains  I^,  I^,  and  through  their  point 
of  intersection  draw  any  straight  line  making  an  angle  ^  with 
the  axis  I^.  This  straight  line  is  not  in  general  a  principal 
axis.     The  moment  of  inertia  about  it,  is 

7=/jCos'^+J2sin^^ 

=  r^  -  \  +  i>,'  cos'  ^  +  D^  sin"  <\, 

=  a=  +  J»  +  c^-X-^\ 

where  D  is  the  radius  vector  parallel  to  the  axis  I  of  the  sec- 
tion of  the  quadric  made  by  a  plane  drawn  through  the  centre 
parallel  to  the  tangent  plane  at  P.  But  we  know  that  along 
any  geodesic  line  pD  is  constant.  Hence  the  moments  of 
inertia  about  the  tangents  to  any  geodesic  line  on  the  quadric 
are  equal  to  each  other.  These  tangents  are  not  in  general 
principal  axes  at  the  points  of  contact. 

35.  The  locus  of  all  those  points  at  which  one  of  the 
principal  moments  of  inertia  of  the  body  is  constant  is  called 
an  equi-momental  surface. 

To  find  the  equation  to  such  a  surface  we  have  only  to 
put  7j  constant,  this  gives  \  =  /•"—/.  Substituting  in  the 
equation  to  the  subsidiary  quadric,  the  equation  to  the  surface 
becomes 

^  I  f  ,  ^°  .1 

oi?+f+z^+A-r  a^+f+e'+B-r  x'+f-vz'+G-I      ' 

Through  any  point  P  on  an  equi-momental  surface  de- 
scribe the  subsidiary  quadric  such  that  the  principal  axis  is  a 
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tangent  to  a  line  of  curvature  on  the  quadrlc.  By  Art.  34 
one  of  the  intersections  of  the  equi-momental  surface  and  this 
quadric  is  the  line  of  curvature.  Hence  the  principal  axis 
at  P  about  which  the  moment  of  inertia  is  /  is  a  tangent  to 
the  equi-momental  surface. 

Again,  construct  the  subsidiary  quadric  through  P  such 
that  the  principal  axis  is  a  normal  at  P,  then  one  of  the  inter- 
sections of  the  momental  surface  and  this  quadric  is  the 
sphero-conic  through  P.  The  normal  to  the  quadric,  being 
the  principal  axis,  has  just  been  shown  to  be  a  tangent  to  the 
surface.  Hence  the  tangent  plane  to  the  equi-momental  sur- 
face, is  the  plane  which  contains  the  normal  to  the  quadric 
and  the  tangent  to  the  sphero-conic. 

To  draw  a  perpendicular  from  the  centre  0  on  this  tan- 
gent plane,  we  may  follow  Euclid's  rule.  Take  PP'  a  tan- 
gent to  the  sphero-conic,  drop  a  perpendicular  from  0  on  PP", 
this  is  the  radius  vector  OP,  because  PP'  is  a  tangent  to  the 
sphere.  At  P  in  the  tangent  plane  draw  a  perpendicular  to 
PP,  this  is  the  normal  PQ  to  the  quadric.  From  0  drop  a 
perpendicular  0^  on  this  normal,  then  OQ  is  &  normal  to 
the  tangent  plane.     Hence  this  construction, 

IfVhe  any  point  on  an  equi-momental  surface  whose  para- 
meter is  I  and  (jQ  a  perpendicular  from  the  centre  on  the  tan- 
gent plane,  then  PQ  js  the  principal  axis  at  P  about  which  the 
moment  of  inertia  is  the  constant  quantity  I. 

The  equi-momental  becomes  Fresnel's  wave  surface  when 
I  is  greater  than  the  greatest  principal  moment  of  inertia  at 
the  centre  of  gravity.  The  general  form  of  the  surface  is  too 
well  known  to  need  a  minute  discussion  here.  It  consists  of 
two  sheets,  which  become  a  concentric  sphere  and  a  spheroid 
when  two  of  the  principal  moments  at  the  centre  of  gravity 
are  equal.  When  the  principal  moments  are  unequal,  there 
are  two  singularities  in  the  surface. 

(1)  The  two  sheets  meet  at  a  point  P  in  the  plane  of  the 
greatest  and  least  moments.  At  P  there  is  a  tangent  cone  to 
the  surface.  Draw  any  tangent  plane  to  this  cone,  and  let 
0§  be  a  perpendicular  from  the  centre  of  gravity  0  on  this 
tangent  plane.     Then  PQ  is  a  principal  axis  at  P.     Thus 
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there  are  an  infinite  number  of  principal  axes  at  P  because  an 
infinite  number  of  tangent  planes  can  be  drawn  to  the  cone. 
But  at  any  given  point,  there  cannot  be  more  than  three 
principal  axes  unless  two  of  the  principal  axes  be  equal,  and 
then  the  locus  of  the  principal  axes  is  a  plane.  Hence  the 
point  P  is  situated  on  a  focal  conic,  and  the  locus  of  all  the 
lines  PQ  is  a  normal  plane  to  the  conic.  The  point-  Q  lies 
on  a  sphere  whose  diameter  is  OP,  hence  the  locus  of  Q  is  a 
circle. 

(2)  The  two  sheets  have  a  common  tangent  plane  which 
touches  the  surface  along  a  curve.  This  curve  is  a  circle 
whose  plane  is  perpendicular  to  the  plane  of  greatest  and 
least  moments.  Let  OF  be  a  perpendicular  from  0  on  the 
plane  of  the  circle,  then  P'  is  a  point  on  the  circle.  If  R  be 
any  other  point'  on  the  circle  the  principal  axis  at  R  is  RP. 
Thus  there  is  a  circular  ring  of  points  at  each  of  which  the 
principal  axis  passes  through  the  same  point  and  the  mo- 
ments of  inertia  about  these  principal  axes  are  all  equal. 

The  equation  to  the  equi-momental  surface  may  also  be 
used  for  the  purpose  of  finding  the  three  principal  moments 
at  any  point  whose  co-ordinates  [xyz)  are  given.  If  we  clear 
the  equation  of  fractions,  we  have  a  cubic  to  determine  I 
whose  roots  are  the  three  principal  moments. 

Thus  let  it  be  required  to  find  the  locus  of  all  those  points 
in  a  body  at  which  any  symmetrical  function  of  the  three 
principal  moments  is  equal  to  a  given  quantity.  We  may 
express  this  symmetrical  function  in  terms  of  the  coefficients 
by  the  usual  rules,  and  the  equation  to  the  locus  is  found. 


EXAMPLES. 

1.  Determine  the  conditions  that  there  may  be  a  point  in 
a  body  such  that  the  moment  of  inertia  about  every  axis 
through  that  point  is  the  same. 

Result.  Two  of  the  principal  moments  at  the  centre  _  of 
gravity  must  be  equal  and  each  must  be  less  than  the  third 
principal  moment.  There  are  then  two  points  in  the  axis  of 
unequal  moment  which  satisfy  the  conditions. 
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2.  The  principal  axes  of  a  right-angled  triangle  at  the 
right  angle  are,  one  perpendicular  to  the  plane  and  two  others 

inclined  to  its  sides  at  the  angles  -  tan"'  -j — p ,  where  a  and 

b  are  the  sides  of  the  triangle  adjacent  to  the  right  angle. 

Take  the   formula  tan  "iS—  ^^Ti'  ^^^-  ^^'   *''®"  ^^  ^^'  ■^''  '^"'^'6  ' 

3.  The  principal  axes  of  a  quadrant  of  an  ellipse  at  the 
centre  are,  one  perpendicular  to  the  plane  and  two  others  in- 
clined to  the  principal  diameters  at  the  angles  -  tan"'  — g_  w, 
where  a  and  h  are  the  semi-axes  of  the  ellipse. 

4.  The  principal  diameters  of  a  cube  at  any  point  P  are, 
the  straight  line  joining  P  to  0  the  centre  of  gravity  of  the 
cube,  and  any  two  straight  lines  at  P  perpendicular  to  FO. 

5.  Two  particles  each  of  mass  m  are  placed  at  the  ex- 
tremities of  the  minor  axis  of  an  elliptic  area  of  mass  M. 
Prove  that  the  principal  axes  at  any  point  of  the  circum- 
ference of  the  ellipse  will  be  the  tangent  and  normal  to  the 

ellipse,  provided  ^=-  jT^^' 

6.  If  P  be  any  point  in  a  principal  plane  at  the  centre  of 
gravity,  then  every  axis  which  passes  through  P,  and  is  a 
principal  axis  at  some  point,  lies  in  one  of  two  perpendicular 
planes.  One  of  these  planes  is  the  principal  plane  at  the 
centre  of  gravity,  and  the  other  is  a  plane  perpendicular  to 
the  polar  line  of  P  with  regard  to  the  focal  conic. 

7.  If  P  be  any  point  in  a  principal  plane  at  the  centre  of 
gravity,  then  the  locus  of  all  the  points  Q  at  which  QP  is  a 
principal  axis  is  a  circle  passing  through  P  and  having  its 
centre  in  the  principal  plane. 

8.  The  edge  of  regression  of  the  developable  surface 
which  is  the  envelope  of  the  normal  planes  of  any  line  of 
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curvature  drawn  on  a  Subsidiary  quadric  is  a  curve  such  that 
all  its  tangents  are  principal  axes  at  some  point  in  each. 

See  Arts.  29  and  32. 

9.  The  principal  axes  at  the  centre  of  gravity  being  the 
axes  of  reference,  prove  that  the  momental  ellipsoid  at  the 
point  {p,  q,  r)  is 

{A  +  ^  +  r^)X'+  {B  +  r'  +  p')  Y'+iO+p" +  s')  Z" 

-  'Hqr  YZ-  2rpZX-  2pqXY=  e^ 

when  referred  to  its  centre  as  origin. 

10.  Show  that  the  cubic  equation  to  find  the  three  prin- 
cipal moments  of  inertia  at  any  point  {pgr)  may  be  written 
in  the  form  of  a  determinant 

I—lA  +  c^  +  T^)  pq  rp  =0. 

pq  I-{B+^+p^)  qr 

rp  qr  I-{C  +  p'  +  q^ 

If  {I,  m,  n)  be  proportional  to  the  direction-cOsines  of  the 
axis  corresponding  to  any  one  of  the  values  of  1,  their  values 
may  be  found  from  the  equations 

{I-{A  +  ^  +  r')}l+pqm  +  rpn  =  0^ 
pql+{I-{B+'r^+p'')}m  +  qrn  =  oX 
rpl  +  qrm  +  {I-  {G  +  p' +  q")]  n  =  0.\ 

11.  If  an  equi-momental  surface  cut  a  quadric  confocal 
with  the  ellipsoid  of  gyration  at  the  centre  of  gravity,  then 
the  intersections  are  a  sphero-conic  and  a  line  of  curvature. 
But  if  the  quadric  be  an  ellipsoid,  both  these  cannot  be  real. 

For  if  the  surface  out  the  ellipsoid  in  both,  let  P  be  a  point  on  the  line  of 
curvature,  andP'a  point  on  the  sphero-conic,  then  by  Art.  29,  OP^  +  D^^^OP'^, 
which  is  less  than  A+\.  But  OP'+J)i'  +  I>i'=A+B+G+Z\,  therefore 
D^>B+G+  2\,  which  \a>  A  +  2X.  Hence  J)^  >  than  the  greatest  radius  vector 
of  the  ellipsoid,  which  is  impossible. 

12.  Find  the  locus  of  all  those  points  in  a  body  at  which 
(1)     the  sum  of  the  principal  moments  is  equal  to  a  given 

quantity  I. 
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(2)  the  sum  of  the  products  of  the  principal  moments 
taken  two  and  two  together,  is  equal  to  /'. 

(3)  the  product  of  the  principal  moments  is  equal  to  F. 
The  results  are 

(1)  a  sphere  whose  radius  is  U     ~         y ,  Art.  8. 

(2)  the  surface 

+  Ax''  +  Bf+Oz'  +  AB+£0+CA      J        '       "   / 

(3)  the  surface 

A'B'  a  -  A'fz^  -  J5'3 V  -  OVy  -  2a;y s"  =  P, 
where  A!  =  A+y^  +  z',  with  similar  expressions  for  B',  G'. 

13.  Prove  that  the  locus  of  a  point  P  at  which  one  of 
the  principal  axes  is  parallel  to  a  given  straight  line  is  a  rect- 
angular hyperbola  in  the  plane  of  which  the  centre  of  gravity 
of  the  body  lies,  and  one  of  the  asymptotes  is  parallel  to  the 
given  straight  line.  But  if  the  given  straight  line  be  parallel 
to  one  of  the  principal  axes  at  the  centre  of  gravity,  the  locus 
of  P  is  that  principal  axis  or  the  perpendicular  principal 
plane. 

Take  the  origin  at  the  centre  of  gravity,  and  the  axis  of  x  parallel  to  the 
given  straight  line. 


CHAPTER  II. 
d'alembeet's  PEINCIPLE,  &C, 


36.  A  EiGiD  body  is  a  collection  of  material  particles 
connected  together  by  invariable  geometrical  relations.  Our 
first  attempt  therefore  to  determine  the  motion  of  such  a  body 
would  be  to  write  down  the  equations  of  the  several  particles 
according  to  the  principles  laid  down  in  treatises  on  Dynamics 
of  a  particle,  and  then  to  eliminate  the  unknown  reactions 
between  the  particleSj  and  thus  obtain  the  equations  of  motion 
of  a  rigid  body. 

But  if  we  attempt  to  do  this,  we  are  at  once  stopped  by 
our  ignorance  of  the  nature  of  the  actions  of  one  particle  on 
another.  It  would  be  necessary  to  make  some  assumptions 
in  regard  to  these. 

We  might  assume  first,  that  the  action  between  two  par- 
ticles is  along  the  line  which  joins  them ;  secondly,  that  the 
action  and  reaction  between  any  two  are  equal  and  opposite. 

The  equations  of  motion  of  each  separate  particle  on 
these  assumptions  may  be  easily  written  down.  Suppose 
there  are  n  particles,  then  there  will  be  3«  equations,  and 
as  shown  in  any  treatise  on  Statics,  there  must  be  at  least 
3ra  —  6,  unknown  reactions.  It  is  therefore  clear  that  after 
the  elimination  has  been  efiected  there  cannot  be  more  than  6 
resulting  equations  free  from  the  unknown  reactions. 

But  if  the  equations  are  written  down  it  will  be  seen 
that  the  reactions  enter  into  the  equation  in  such  a  manner 
that  we  can  alT^ays  eliminate  them,  however  numerous  the 
particles  may  be;  and  obtain  six  resulting  equations, 
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But  D'Alembert  proposed  a  method  by  which  these  six 
resulting  equations  may  be  obtained  without  writing  down 
the  equations  of  motion  of  the  several  particles,  and  without 
making  any  assumption  as  to  the  nature  of  their  mutual 
actions  except  the  following : — 

The  internal  actions  and  reactions  of  any  system  of  rigid 
hodies  in  motion  are  in  equilibrium  amongst  themselves. 

37.     To  explain  D'Alemheris  PrincipleJ^ 

Consider  any  particle  of  one  of  the  rigid  bodies  of  the 
system.  Let  m  be  its  mass,  (as,  y,  z)  its  co-ordinates  at  the 
time  t  referred  to  any  fixed  rectangular  axes.  Let  F  be  the 
resultant  of  the  impressed  forces,  B  the  resultant  of  the  in- 
ternal actions   on  the    particle.     The   accelerations   of   the 

particle  ^^^^  7^ »   ^ »    j^  •    Let /be  the  resultant  of  these 

accelerations. 

Now  if  we  supposed  the  particle  separated  from  the  rest 
of  the  body  and  acted  on  by  the  forces  F  and  B,  its  accelera- 
tion would  be  f.  But,  as  explained  in  Dynamics  of  a  par- 
ticle, the  force  which  would  produce  this  acceleration  is 
measured  by  mf.  Hence  mfmaj  be  called  the  effective  force 
on  the  particle  m.  And  it  follows  that  if  we  reverse  this,  the 
three  F,  B,  mf  are  in  equilibrium. 

We  may  apply  the  same  reasoning  to  every  particle  of  the 
system,  and  we  shall  then  have  a  group  of  forces  similar  to  i?, 
a  group  of.  forces  similar  to  F,  and  a  group  similar  to  mf, 

*  D'Alembert  uses  the  following  words; — "Soient  A,  B,  O,  &c.  les  corps 
qui  composent  le  systSme,  et  supposons  qu'on  leur  ait  imprim^  les  raouvemens 
a,  b,  c,  &c.  qtfils  soient  forces,  &  cause  de  leur  action  mntueHe,  de  changer 
dans  les  raouvemens  a,  b,  c,  &c.  II  est  clair  qu'on  peut  regarder  le  mourement 
a  imprim^  au  corps  A  comme  composi  du  mouvement  a,,  qu'il  a  pria,  et  d'un 
autre  mouvement  a;  qu'on  peut  de  meme  regarder  les  raouvemens  b,  c,  &c. 
comrae  composes  des  mouvemens  b,  |8 ;  c,  7 ;  &c.  d'oti  il  B'ensuit  que  le  mouve- 
ment des  corps  A,  B,  G,  &c.  entr'eux  auroit  ^t^  le  m£me,  si  au  lieu  de  leur 
donner  les  impulsions  o,  6,  c,  on  leur  eUt  donn^  k-la-foia  les  doubles  impulsions 
■A,  a;h,  P;  &c.  Or  par  la  supposition  les  corps  A,  B,  0,  &o.  ont  pris  d'eux- 
mSmes  les  mouvemens  a,  b,  c,  &c.  done  les  mouvemens  a,  j3,  y,  &o.  doivent 
Stre  tela  qu'ils  ne  d^rangent  rien  dana  les  mouvemens  a,  b,  c,  &v.  c'est-k-dire 
que  si  lea  coipa  n'avoient  reju  que  les  mouvemens  a,  p,  y,  &c.  ces  mouvemens 
auroient  dfl  se  ddtruire  mutuellement,  et  le  systSme  demeurer  en  repos." 
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acting  on  a  group  of  particles  connected  by  invariable  rela- 
tions, and  these  three  groups  will  form  a  systeni  of  forces  in 
equilibrium. 

Now  D'Alembert's  principle  assumes  that  the  internal 
reactions  between  the  particles  of  a  system  of  rigid  bodies  are 
such  that,  taken  all  together,  they  form  a  system  of  forces  in 
fequilibrium.  This  is  equivalent  to  asserting  that  the  group 
It  will  itself  form  a  system  of  forces  in  equilibrium.  Whence 
it  follows  that  the  group  F  will  be  in  equilibrium  with  the 
group  mf. 

Hence,  if  forces  equal  to  the  effective  forces  hut  acting  in 
exactly  opposite  directions  were  applied  at  each  point  of  the 
si/stem,  these  would  he  in  equilihrium  with  the  impressed  forces. 

38.  In  D'Alembert's  principle  no  assumption  has  been 
made  as  to  the  nature  of  the  actions  between  the  particles ; 
hence  the  principle  is  true  whether  the  particles  be  rigidly 
connected  or  not.  We  may,  for  example,  apply  the  principle 
to  the  case  of  a  fluid  in  motion  or  to  any  elastic  or  flexible 
body. 

The  principle  is  in  reality  an  extension  of  the  first  law  of 
motion.  That  law  is  equivalent  to  an  assertion  that  the 
molecular  actions  of  the  particles  which  constitute  a  body  do 
not  affect  the  motion  of  translation  of  that  body.  D'Alembert's 
principle  asserts  further  that  they  do  not  affect  its  motion 
when  that  motion  consists  of  a  combination  of  a  motion  of 
translation  with  one  of  rotation. 

The  truth  of  the  principle  cannot  be  established  by 
abstract  reasoning.  It  must  be  considered  as  resting  on  ex- 
perimental evidence,  or  rather  on  that  inductive  proof  which 
is  derived  from  the  accurate  coincidence  of  the  results  of  cal- 
culations founded  on  this  principle  with  the  observed  motions 
of  a  rigid  body. 

39.  To  apply  D'Alembert's  principle  to  obtain  the  equa- 
tions of  motion  of  a  system  of  rigid  bodies. 

Let  (aj,  y,  s)  be  the  co-ordinates  of  the  particle  m  at  the 
time  t  referred  to  any  set  of  rectangular,  axes  fixed  in  space. 

E.  D.  4 
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Then  -f-s- ,   -r^ ,  and  -1-5 ,  will  be  the  accelerations  of  the 
df  ^    df  df^ 

particle.    Let  X,  Y,  Z  be  the  impressed  accelerating  forces  on 

the  same  particle  resolved  parallel  to  the  axes.     By  D'Alem- 

bert's  principle  the  forces 


m 


{^-%  -(^-f).  "(^-S)- 


together  with  similar  forces  on  every  particle  will  be  in  equi- 
librium. Hence  by  the  principles  of  Statics  we  have  the 
equation 

^     d^x     ^     „ 

and  two  similar  equations  for  y  and  z ;  these  are  obtained 
by  resolving  parallel  to  the  axes.    Also  we  have 

and  two  similar  equations  for  zx  and  xy ;  these  are  obtaihed 
by  taking  moments  about  the  axes. 

These  equations  may  be  written  in  the  more  convenient 
forms 


(A), 


dt 
d 


d  ^     (  dx       dz\     _,    ,  __       „, 
J^^\^-j^-^-^y^ra{zX-xZ) 


(B). 
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In  a  precisely  similar  manner  by  taking  the  expressions 
for  the  accelerations  in  polar  co-ordinates  we  should  have  ob- 
tained another  but  equivalent  set  of  equations  of  motion. 

40.  Let  us  consider  the  meaning  of  these  equations  a 
little  more  minutely.  If  we  multiply  the  mass  m  of  any  par- 
ticle by  its  velocity  v  we  have  the  momentum  mv  of  that  par- 
ticle. Let  us  suppose  the  particle  to  be  animated  with  this 
momentum  acting  in  the  direction  of  its  motion.  The  sum 
of  the  resolved  parts  of  the  momenta  of  all  the  particles  in 
any  direction,  and  the  sum  of  their  moments  about  any 
straight  line,  will  not  be  altered  if  we  combine  all  these 
momenta  together  as  if  they  were  forces  according  to  the 
rules  of  Statics.  For  the  purpose  therefore  of  finding  these 
resolved  parts  and  moments  we  may  say  that  the  whole 
momentum  of  a  system  is  equivalent  to  a  resultant  linear 
momentum  acting  at  any  assumed  point  0,  and  a  resultant 
couple.  In  the  same  way,  if  we  multiply  the  mass  of  any 
particle  by  its  acceleration  /  we  have  mf  the  effective  force  of 
the  particle.  These  also  may  be  compounded  in  the  same 
way.  So  that  the  whole  effective  force  of  a  body  may  be 
said  to  be  equivalent  to  a  resultant  linear  effective  force  act- 
ing at  any  assumed  point  0,  and  a  resultant  couple. 

The  momentum  of  any  one  particle  m  is  equivalent  to  a 
single  linear  momentum  acting  at  the  origin  0,  and  a  couple. 
Let  OM,  ON  be  two  straight  lines  drawn  through  the  origin 
to  represent  in  direction  and  magnitude  at  the  time  t  the 
linear  momentum  and  the  axis  of  the  couple.  Let  OM',  ON' 
be  the  positions  of  these  lines  at  the  time  t  +  dt.  Then  MM' 
and  NN'  represent  the  resultant  linear  momentum  and  the 
resultant  couple  added  on  in  the  time  dt.  _  Hence  the  effective 
force  of  any  particle  m  is  equivalent  to  a  single  linear  effective 

MM'  . 

force  acting  at  0  represented  by  —jr->  ^^^^  ^  smgle  effective 

:,^     NN 

couple  whose  axis  xs  represented  by  —^  • 

Let  OV,  OH  he  two  straight  lines  drawn  through  the 
origin  0  to  represent  in  direction  and  magnitude  the  result- 
ant linear  momentum  and  resultant  couple  of  the  whole  sys- 
tem at  any  time  t.    Let  OV,  OH'  be  the  positions  of  these 

4—2 
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lines  at  the  time  t  +  dt.  Then  OF  is  the  resultant  of  the 
group  OM  corresponding  to  all  the  particles  of  ike  system, 

and  OV  the  resultant  of  the  group  OM'.  Hence  -j—  repre- 
sents the  whole  linear  effective  force  of  the  system  at  the 
time  t.     By  similar  reasoning      ,      represents  the  resultant 

effective  couple  of  the  system.  Thus  it  appears  that  the 
points  V  and  S  trace  out  two  curves  in  space  whose  proper- 
ties are  analogous  to  those  of  the  hodograph  in  Dynamics  of 
a  particle.  From  this  reasoning  it  follows,  that  if  V^  be  the 
resolved  part  of  the  momentum  of  a  system  in  the  direction 
of  any  straight  line  Ox,  and  IT^  the  moment  of  the  momentum 

about  that  straight  line,  then  -^  and  -~  are  respectively 

the  resolved  part  along,  and  the  moment  about  that  straight 
line,  of  the  effective  force  of  the  whole  system. 

Let  us  now  refer  the  whole  system  to  Cartesian  co-ordi- 
nates as  in  Art.  39.     We  see  that  m  t-  ,  m-^ ,  m^  are  the 

at         at         at 

resolved  parts  of  the  momentum  of  the  particle  m.     Hence 

0  F  is  the  resultant  of  %m~,  tm-^  ,  and  2m  -^ .     Also 

at  at  '  dt 

m  \^'^~y'j:)  ^3  t^®  moment  of  the  momentum  of  the  par- 
ticle m  about  the  axis  of  z.     Hence  OH  is  the  resultant  of 

,  H4-y'iy  H4-4)-  HS-4)- 

NowD'Alembert's  principle  asserts  that  the  whole  effective 
forces  of  a  system  are  together  equivalent  to  the  impressed 
forces.  Hence  whatever  co-ordinates  may  be  used,  if  X  and 
L  be  the  resolved  parts  and  moment  of  the  impressed  moviiig 
forces  respectively  along  and  about  any  fixed  straight  line 
which  we  shall  call  the  axis  of  x,  the  equations  of  motion  are 

dV,_  „      dR,     ^ 
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The  first  of  these  corresponds  to  equations  (A),  the 
second  to  equations  (B)  of  Art.  39. 

We  may  notice  the  following  cases. 

(1)  If  no  impressed  forces  act  on  the  system,  the  two 
Imes  OV,  OH  are  absolutely  fixed  in  direction  and  magni- 
tude throughout  the  motion. 

_  (2)  If  8,11  the  impressed  forces  pass  through  a  fixed 
point,  let  this  point  be  chosen  as  the  origin,  then  though 
OF  may  be  variable,  OH  is  fixed  in  position  and  magnitude. 

(3)  If  all  the  impressed  forces  be  equivalent  to  a  system 
of  couples,  then  though  OH  may  be  variable,  OF  is  fixed  in 
position  and  magnitude*. 

41.  The  position  of  a  body  in  space  is  given  when  we 
know  the  co-ordinates  of  some  point  in  it  and  the  angles 
which  two  straight  lines  fixed  in  the  body  make  with  the 
axes  of  co-ordinates.  There  are  three  geometrical  relations 
existing  between  these  six  angles,  so  that  the  position  of  a 
body  may  be  made  to  depend  on  six  independent  variables, 
viz.  three  co-ordinates  and  three  angles.  These  might  be 
called  the  co-ordinates  of  the  hod^f.  By  the  term  "  co-ordi- 
nates of  a  body"  is  meant  any  quantities  which  determine 
the  position  of  the  body  in  space. 

It  is  evident  that  we  may  express  the  co-ordinates  {x,  y,  s) 
of  any  particle  m  of  a  body  in  terms  of  the  co-ordinates  of 
that  body  and  quantities  which  are  known  and  remain  con- 
stant during  the  motion.  First,  let  us  suppose  the  system  to 
consist  only  of  a  single  body,  then  if  we  substitute  these 
expressions  for  x,  y,  z  in  the  equations  (A)  and  (B)  of  Art. 
39,  we  shall  have  six  equations  to  determine  the  six  co-ordi- 
nates of  the  body  in  terms  of  the  time.  Thus  the  motion 
will  be  found.  If  the  'system  consist  of  several  bodies,  we 
shall,  by  considering  each  separately,  have  six  equations  for 

*  In  a  memoir  on  the  differential  coefficients  and  determinants  of  lines, 
Mr  Cohen  has  discussed  some  of  the  properbies  of  these  resultant  lines.  Phil. 
TraMs.  1862. 

+  Sir  "W.  Hamilton  uses  the  phrase  "  marks  of  position,"  but  subsequent 
writers  have  adopted  the  term  co-ordinates.  See  Oayley's  Report  to  the  Brit. 
Assoc.  1857. 
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each  body.  If  there  be  any  unknown  reactions  between  the 
bodies,  these  will  be  included  in  X,  Y,  Z.  For  each  reaction 
there  will  be  a  corresponding  geometrical  relation  connecting 
the  motion  of  those  bodies.  Thus  on  the  whole  we  shall 
have  suflScient  equations  to  determine  the  motion  of  the 
system. 

In  order  that  the  equations  (A)  and  (B)  may  not  become 
complicated  expressions  after  substitution  for  (a;,  y,  z)  in 
terms  of  the  co-ordinates  of  the  body,  it  is  necessary  to  make 
a  proper  choice  of  what  these  co-ordinates  shall  be.  In  this  we 
must  be  somewhat  guided  by  our  results. 

42.  To  find  the  resolved  part  of  the  momentum  of  a  sys- 
tem in  any  direction. 

Let  the  given  direction  be  taken  as  the  axis  of  x.  Let 
{x,  y,  z)  be  the  co-ordinates  of  any  particle  whose  mass  is  m. 
The  resolved  part  of  its  momentum  in  the  given  direction  is 

m-T-  •    Hence  the  resolved  part  of  the  momentum  of  the 
at 

dsG  

whole  system  is  %m  -v- .    Let  {x,  y,  z)  be  the  co-ordinates  of 

the  centre  of  gravity  of  the  system  and  M  the  whole  mass. 
Then 

Mx  =  'tmx 


■  J 


Hence  the  resolved  part  of  the  momentum  of  a  system  in 
any  direction  is  equal  to  the  whole  mass  multiplied  into  the 
resolved  part  of  the  velocity  of  the  centre  of  gravity. 

That  is,  the  linear  momentum  of  a  system  is  the  same 
as  if  the  whole  mass  were  collected  into  its  centre  of  gravity. 

In  the  same  way,  the  resolved  part  of  the  effective  forces 
of  a  system  in  any  direction  is  equal  to  the  whole  mass 
multiplied  into  the  resolved  part  of  the  acceleration  of  the 
centre  of  gravity. 

It  appears  from  this  proposition  that  it  will  be  convenient 
to  take  the  co-ordinates  of  the  centre  of  gravity  of  each  rigid 
body  in  the  system  as  three  of  the  co-ordinates  of  that  body. 
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We  can  then  express  in  a  simple  form  the  resolved  part  of 
the  effective  forces  in  any  direction. 

Having  chosen  the  co-ordinates  of  the  centre  of  gravity  of 
a  hody  as  a  means  of  expressing  its  linear  momentum,  it  will 
generally  be  found  convenient  to  refer  its  angular  motion  to  a 
system  of  co-ordinate  axes  meeting  at  its  centre  of  gravity. 
We  shall  therefore  need  the  following  proposition. 

43.  The  moment  of  the  momentum  of  a  system  about  any 
straight  line  is  equal  to  the  moment  of  the  momentum  of  the 
whole  mass  supposed  collected  at  its  centre  of  gravity  and  mov- 
ing with  it,  plus  the  moment  of  the  momentum  of  the  system 
relative  to  its  centre  of  gravity  about  a  straight  line  drawn 
parallel  to  the  given  straight  line  through  the  centre  of  gravity. 

Let  the  given  straight  line  be  taken  as  the  axis  of  x,  then 
following  the  same  notation  as  before,  the  moment  of  the 
momentum  about  the  axis  of  x  is 


/    ds       dy\ 

\^di-'i) 


Now  this  is  an_expression_of  the  second  degree.    If  then, 
we  substitute  y  =  y  +  y',  z  =  s  +z',we  get  by  Art.  10 


itm 


[^    dt  dtj^^^Vdt  dtj' 


where  M  is  the  mass  of  the  system  or  body  under  con- 
sideration. 

The  second  term  of  this  expression  is  the  moment  about 
the  axis  of  x  of  the  momentum  of  a  mass  ilf  moving  with  the 
centre  of  gravity. 

The  first  term  is  the  moment  about  a  straight  line  parallel 
to  the  axis  of  x,  not  of  the  actual  momenta  of  all  the  several 
particles  but  of  their  momenta  relatively  to  that  of  the  centre 
of  gravity.  In  the  case  of  any  particular  body  it  therefore 
depends  only  on  the  motion  of  the  body  relatively  to  its  cen- 
tre of  gravity.  In  finding  its  value  we  shall  suppose  the  centre 
of  gravity  reduced  to  rest  by  applying  to  every,  particle  of  the 
system  a  velocity  equal  and  opposite  to  that  of  the  centre  of 
gravity. 
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In  the  same  way,  this  proposition  will  be  also  true  if  for 
the  "momentum"  of  the  system  we  substitute  "effective 
force." 

44.  We  cannot  at  this  stage  find  convenient  expressions 
for  the  moment  of  the  momentum  about  any  straight  line 
through  the  centre  of  gravity.  Different  expressions  will 
be  found  advantageous  under  different  circumstances.  These 
will  be  discussed  in  the  subsequent  chapters  of  this  treatise. 

The  quantity  ^'^V^-^.-V'^  expresses  the  moment  of 

the  momentum  about  the  axis  of  z.  It  is  then  called  the 
angular  momentum  of  the  system  about  the  axis  of  z.  There 
is  another  interpretation  which  can  be  given  to  it.  If  we 
transform  to  polar  co-ordinates,  we  have 

dv       dx       „  dO 
dt     "^  dt         dt 

Now  -r^d6  is  the  elementary  area  described  round  the 

origin  in  the  time  dt  by  the  projection  of  the  particle  on  the 
plane  of  xy. .  If  twice  this  polar  area  be  multiplied  by  the 
mass  of  the  particle,  it  is  called  the  area  conserved  by  the 
particle  in  the  time  dt  round  the  axis  of  z.     Hence 


t,m 


Vdt    ^  dt) 


is  called  the  area  conserved  lay  the  system  in. a  unit  of  time, 
or  more  simply  the  area  conserved. 

45.  We  may  now  collect  together  for  reference  the 
results  of  the  preceding  articles. 

Let  u,  V,  w  be  the  velocities  of  the  centre  of  gravity  of 
any  rigid  body  of  mass  Jf  resolved  parallel  to  any  three  fixed 
rectangular  axes,  let  h^  h^  \  be  the  three  moments  of  the 
momentum  relative  to  the  centre  of  gravity  about  three 
rectangular  axes  fixed  in  direction  and  meeting  at  the  cen- 
tre of  gravity.     Then  the  effective  forces  of  the  body  are 

equivalent  to  the  three  effective  forces  M-^,  M-^,  M-^ 
^      •  dt^       dt'       dt 
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acting  at  the  centre  of  gravity  parallel  to  the  directions  into 
which  the  velocities  have  been  resolved,  and  to  the  three 

effective  couples  -^ ,  -^,  -^  about  the  axes  meeting  at  the 

centre  of  gravity  about  which  the  moments  were  taken.  The 
effective  forces  of  all  the  other  bodies  of  the  system  may  be 
expressed  in  a  similar  manner. 

Then  all  these  effective  forces  and  couples,  being  reversed, 
will  be  in  equilibrium  with  the  impressed  forces.  The  equa- 
tions of  equilibrium  may  then  be  found  by  resolving  in  such 
directions  and  taking  moments  about  such  straight  lines  as 
may  be  most  convenient.  Instead  of  reversing  the  effective 
forces  it  is  usually  found  more  convenient  to  write  the  im- 
pressed and  effective  forces  on  opposite  sides  of  the  equations. 

46.  There  is  another  mode  of  enunciating  the  results  of 
arts  42  and  43  which  is  often  useful. 

(1)  The  motion  of  the  centre  of  gravity  of  a  system 
acted  on  by  any  forces  is  the  same  as  if  all  the  mass  were 
collected  at  the  centre  of  gravity  and  all  the  forces  were 
applied  at  that  point  parallel  to  their  former  directions. 

(2)  The  motion  of  a  body  acted  on  by  any  forces  about 
its  centre  of  gravity  is  the  same  as  if  the  centre  of  gravity 
were  fixed  and  the  same  forces  acted  on  the  body. 

These  are  called  the  principles  of  the  conservation  'of  ■  the 
motions  of  translation  and  rotation.  / 

These  two  propositions  follow  at  once  from  the  summ'ary 
of  results  given  in  Art.  45.  It  may  however  be  useful;  to 
deduce  them  from  first  principles. 

Taking  any  one  of  the  equations  [A)  we  have 
^     d  X     ^     -T7- 
dv 
If  S  ^  a  be  the  co-ordinates  of  the  centre  of  gravity,  then 
Wtm  =  '%mx 

(t  X  ^  ^       xr 

.'.  -^-  Zm  =  2,mX, 
at 

and  the  other  equations  may  be  treated  in  a  similar  manner. 


i,m 
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But  these  are  the  equations  which  give  the  motion  of  a 
mass  S»i  acted  on  by  forces  'ZmX  &c.  Hence  the  first 
principle  is  proved. 

Taking  any  one  of  equations  {B)  we  have 

Let  x  =  x  +  x',  y  =  y  +  y',  z  =  s  +  z',  then  by  Art.  10  this 
equation  becomes 

Now  the  axes  of  co-ordinates  are  quite  arbitrary,  let  them 
be  so  chosen  that  the  centre  of  gravity  is  passing  through  the 
origin   at  the   moment  under   consideration.     Then    x  =  0, 

y  —  O,  but  -^  -~  are  not  necessarily  zero.     The  equation 

then  becomes 

This  equation  does  not  contain  the  co-ordinates  of  the 
centre  of  gravity  and  holds  at  every  separate  instant  of  the 
motion  and  therefore  is  always  true.  But  this  and  the  two 
similar  equations  obtained  from  the  other  two  equations  of 
{B)  are  exactly  the  equations  of  moments  we  should  have 
had  if  we  had  regarded  the  centre  of  gravity  as  a  fixed  point 
and  taken  it  as  the  origin  of  moments. 


Application  of  D'Alemlerfs  Principle  to  impulsive  forces. 

47.     If  a  force  F  act  on  a  particle  of  mass  m  always  in 
the  same  direction,  the  equation  of  motion  is 

where  v. is  the  velocity  of  the  particle  at  the  time  t.    Let  T 
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be  the  interval  during  which,  the  force  acts,  and  let  v,  v'  be 
the  velocities  at  the  beginning  and  end  of  that  interval. 
Then 

fT 

m{v  -v)  =  j  Fdt. 
Jo 

Now  suppose  the  force  F  to  increase  without  limit,  while 
the  interval  T  decreases  without  limit.  Then  the  integral 
may  have  a  finite  limit.  Let  this  limit  be  P.  Then  the 
equation  becomes 

m{v'  —  v)  =  P. 

The  velocity  in  the  interval  T  has  increased  or  decreased 
from  V  to  v'.  Supposing  the  velocity  to  have  remained  finite, 
let  V  be  its  greatest  value  during  this  interval.  Then  the 
space  described  is  less  than  VT.  But  in  the  limit  this 
vanishes.  Hence  the  particle  has  not  moved  during  the 
action  of  the  force  F.  It  has  not  had  time  to  move  but  its 
velocity  is  suddenly  changed  from  v  to  v'. 

We  may  consider  that  a  proper  measure  has  been  found 
for  a  force  when  from  that  measure  we  can  deduce  all  the 
effects  of  the  force.  In  the  case  of  finite  forces  we  have  to 
determine  both  the  change  of  place  and  the  change  in  the 
velocity  of  the  particle.  It  is  therefore  necessary  to  divide 
the  whole  time  of  action  into  elementary  times  and  determine 
the  effect  of  the  force  during  each  of  these.  But  in  the  case 
of  infinite  forces  which  act  for  an  indefinitely  short  time,  the 
change  of  place  is  zero,  and  the  change  of  velocity  is  the  only 
element  to  be  determined.  It  is  therefore  more  convenient  to 
collect  the  whole  force  expended  into  one  measure.  Such  a 
force  is  called  an  impulse.  It  may  be  defined  as  the  limit 
of  a  force  which  is  infinitely  great,  but  acts  only  during  an 
infinitely  short  time.  There  are  of  course  no  such  forces  in 
nature,  but  there  are  forces  which  are  very  great,  and  act 
only  during  a  very  short  time.  The  blow  of  a  hammer  is 
a  force  of  this  kind.  They  may  be  treated  as  if  they  were 
impulses,  and  the  results  will  be  more  or  less  correct  accord- 
ing to  the  magnitude  of  the  force  and  the  shortness  of  the 
time  of  action.  They  may  also  be  treated  as  if  they  were 
finite  forces,  and  the  displacement  of  the  body  during  the 
time  of  action  of  the  force  may  be  found. 
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The  quantity  P  may  be  taken  as  the  measure  of  the 
force.  An  impulsive  force  is  measured  by  the  whole  mo- 
mentum generated  by  the  impulse. 

48.  In  determining  the  effect  of  an  impulse  on  a  hody,  the 
effect  of  all  finite  forces  which  act  on  the  'body  at  the  same  time 
may  he  omitted. 

For  let  a  finite  force ./  act  on  a  body  at  the  same  time 
as  an  impulsive  force  F.    Then  as  before  we  have 


Fdt        fdt 

Jo  ,  Jo 


m  m 

m      m 

But  in  the  limit  fT  vanishes.  Similarly  the  force  /  may 
be  omitted  in  the  equation  of  moments. 

49.  To  obtain  the  general  equations  of  motion  of  a  system 
acted  on  by  any  number  of  impulses  at  once. 

Let  u,  V,  w,  u,  v' ,  w  be  the  velocities  of  a  particle  of 
mass  m  parallel  to  the  axes  just  before  and  just  after  the 
action  of  the  impulses.  Let  X',  Y',  Z'  be  the  resolved  parts 
of  the  impulse  on  m  parallel  to  the  axes. 

Taking  the  same  notation  as  before,  we  have  the  equation 
"tm  —T^  =  1,mX, 
or  integrating 

tT 

^m  [u  —u)  =  %m,  I    Xdt 
Jo 

=  S^' (!)• 

Similarly  we  have  the  equations 

^m{v'-v)=tY' (2), 

'Zm{w'-w)  =  %Z' (3). 
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Again  the  equation 

becomes  on  integration 

^^{^i-y^^  =  ^^{^JYdt-yfxdt), 

or  taken  between  limits, 

Xm{x(v'-v)-y(u'-u)}  =  X{xY'-yX') (4), 

and  the  other  two  equations  become 

2m  y  {w'-w)-s{v'-v)}  =  2  i^Z'-zT) (5), 

tm{z{u'-u)-x{w'-w)}  =  'Z{zX'-xZ') (6). 

In  all  the  following  investigations  it  will  be  found  con- 
venient to  use  accented  letters  to  denote  the  states  of  motion 
after  impact  wliich  correspond  to  those  denoted  by  the  same 
letters  unaccented  before  the  action  of  the  impulse.  Since 
the  changes  in  direction  and  magnitude  of  the  velocities  of 
the  several  particles  of  the  bodies  are  the  only  objects  of 
investigation,  it  will  be  more  convenient  to  express  the  equa- 
tions of  motion  in  terms  of  these  velocities,  and  to  avoid  the 

introduction  of  such  symbols  as  ^ ,  -^ ,  -j- . 

50.  In  applying  D'Alembert's  Principle  to  impulsive 
forces  the  only  change  which  must  be  made  is  in  the  mode  of 
measuring  the  effective  forces.  If  (m,  v,  w),  {u,  v,  w')  be  the 
resolved  parts  of  the  velocity  of  any  particle,  just  before  and 
just  after  the  impulse,  and  if  m  be  its  mass,  the  effective  forces 
will  be  measured  by  »?i(m'  — m),  m{v'  —  v),  and  m{w'  —  w). 
The  quantity  mf  in  Art.  37  is  to  be  regarded  as  the  measure 
of  the  impulsive  force-  which,  if  the  particle  were  separated 
from  the  rest  of  the  body,  would  produce  these  changes  of 
momentum. 

In  this  case  if  we  follow  the  notation  of  Arts.  42  and  43, 

the  resolved  part  of  the  effective  force  in  the  direction  of  the 

dz  . 
axis  of  s  is  the  difference  of  the  values  of  %m  -yr  just  before 
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and  just  after  the  action  of  the  impulses,  and  this  is  the  same 

as  the  difference  of  the  values  of  if -^  at  the  same  instants. 

at 
In  the  same  way  the  moment  of  the  effective  forces  about  the 
axis  of  z  will  be  the  difference  of  the  values  of 

just  before  and  just  after  the  action  of  the  impulses. 

We  may  therefore  extend  the  general  proposition  of  Art. 
45  to  impulsive  forces  in  the  following  manner. 

Let  (m,  V,  w),  (m',  v,  w')  be  the  velocities  of  the  centre  of 
gravity  of  any  rigid  body  of  mass  M  just  before  and  just 
after  the  action  of  the  impulses  resolved  parallel  to  any  three 
fixed  rectangular  axes.  Let  (Aj,  \,  h^,  (\',  h^,  h^')  be  the 
three  moments  of  the  momentum  relative  to  the  centre  of, 
gravity  about  three  rectangular  axes  fixed  in  direction 
and  meeting  at  the  centre  of  gravity,  the  moments  being 
taken  just  before  and  just  after  the  impulses.  Then  the 
effective  forces  of  the  body  are  equivalent  to  the  three  effec^ 
tive  forces  M{u'  —  u),  M{v'  —  v),  M(w'  —  w)  acting  at  the 
centre  of  gravity  parallel  to  the  rectangular  axes  together 
with  the  three  effective  couples  (h^  —  h^),  (Ji^  —  h^,  (^"^s) 
about  those  axes. 

These  effective  forces  and  couples  being  reversed  will  be  • 
in  equilibrium  with  the  impreissed  forces.  The  equations  of 
equilibrium  may  then  be  formed  according  to  the  rules  of 
statics. 


EXAMPLES. 

1.  Two  particles  moving  in  the  same  plane  are  projected 
in  parallel  but  opposite  directions  with  velocities  inversely 
proportional  to  their  masses.  Find  the  motion  of  their  centre 
of  gravity. 

2.  A  person  is  placed  on  a  perfectly  smooth  table,  show 
how  he  may  get  off. 
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3.  Explain  how  a  person  sitting  on  a  chair  is  able  to 
move  the  chair  across  the  room  by  a  series  of  jerks,  with- 
out touching  the  ground  with  his  feet. 

4.  A  person  is  placed  at  one  end  of  a  perfectly  rough 
board  which  rests  on  a  smooth  table.  Supposing  he  walks  to 
the  other  end  of  the  board,  determine  how  much  the  board 
has  moved.  Supposing  that  he  stepped  off  the  board,  show 
how  to  determine  its  subsequent  motion. 

5.  The  motion  of  the  centre  of  gravity  of  a  shell  shot 
from  a  gun  in  vacuo  is  a  parabola,  and  its  motion  is  unaffected 
by  the  bursting  of  the  shell. 

6.  A  rod  revolving  uniformly  in  a  horizontal  plane  round 
a  pivot  at  its  extremity  suddenly  snaps  in  two :  determine 
the  motion  of  each  part. 

7.  A  circular  disc  is  capable  of  motion  about  a  horizontal 
tangent  which  rotates  with  uniform  angular  velocity  D,  about 
a  vertical  axis  through  the  point  of  junction  which  is  fixed. 
Prove  that  if  the  disc  be  inclined  at  a  constant  angle  a  to  the 

horizon,  fl"  sin  a  =  -^^ . 
5a 


CHAPTER  III. 
Motion  about  a  fixed  Axis. 


51.  A  rigid  body  can  turn  freely  about  an  axis  fixed  in 
the  body  and  in  space,  to  find  the  moment  of  the  effective  forces 
about  the  axis  of  rotation.. 

Let  any  plane  passing  through  the  axis  and  fixed  in 
space  be  taken  as  a  plane  of  reference,  and  let  6  be  the  angle 
which  any  other  plane  through  the  axis  and  fixed  in  the 
body  makes  with  the  first  plane.  Let  m  be  the  mass  of  any 
element  of  the  body,  r  its  distance  from  the  axis,  let  ^  be  the 
angle  a  plane  through  the  axis  and  the  element  m  makes  with 
the  plane  of  reference. 

The  velocity   of  the  particle  m   is  r-^  in  a  direction 

perpendicular  to  the  plane  containing  the  axis  and  the  par- 
ticle.    The  moment  of  the  momentum  of  this  particle  about 

the  axis  is  clearly  mr^-^ .  Hence  the  moment  of  the  mo- 
menta of  all  the  particles  is  SfjMr"-^).  Since  the  particles 
of  the  body  are  rigidly  connected  with  each  other,  it  is 
obvious  that  ^  is  the  same  for  every  particle,  and  equal  to 

-J- .    Hence  the  moment  of  the  momenta  of  all  the  particles 
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jn 

of  the  body  about  the  axis  is  tmr^^,  i.e.  the  moment  of 

at 
inertia  of  the  body  about ^the  axis  multiplied  into  the  angular 
velocity. 

The    accelerations    of   the    particle    m    are   r~    and 

~  *■  [^j  perpendicular  to,  and  along  the  directions  in  which 
r  is  measured,  the  moment  of  the  moving  forces  of  m  about 
the  axis  is  i^r^^,  hence  thie  moment  of  the  moving  forces 

of  all  the  particles  of  the  body  about  the  axis  is  timr?--^. 

By  the  same  reasoning  as  before  this  is  equal  to  2m>-'  -^  i.e. 

the  moment  of  inertia  of  the  body  about  the  axis  into  the 
angular  acceleration. 

52.  To  determine  the  motion  of  a  lody  about  a  fixed  axis 
under  the  action  of  any  forces. 

By  D'Alembert's  principle  the  effective  forces  -when 
reversed  will  be  in  equilibrium  with  the  impressed  forces. 
To  avoid  introducing  the  unknown  reactions  at  the  axis,  let 
us  take  moments  about  the  axis. 

First,  let  the  forces  be  impulsive.  Let  co,  m  be  the  angular 
velocities  of  the  body  just  before  and  just  after  the  action  of 
the  forces.     Then,  following  the  notation  of  the  last  article, 

to'.  %mr^—  m  .  '%mr^=  L^ 

where  L  is  the  moment  of  the  impressed  forces  about  the 
axis ;, 

moment  of  forces  about  axis 


(O  —co  = 


moment  oi"  inertia  about  axis  * 


This  equation  will  determine  the  change  in  the  angular 
velocity  produced  by  the  action  of  the  forces. ' 

E.  D.  6 
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Secondly,  let  the  forces  be  finite.  Then  taking  moments 
about  the  axis,  we  have 

d''9  _  moment  of  forces  about  axis 
' '  df~  moment  of  inertia  about  axis " 

This  equation  when  integrated  will  give  the  values  of 

6  and  -^  at  any  time.      Two  undetermined   constants  will 

make  their  appearance  in  the  course  of  the  solution.  These  are 

to  be  determined  from  the  given  initial  values  of  6  and  -=- . 

at 

Thus  the  whole  motion  can  be  found. . 

53.  A  perfectly  rough  circular  horizontal  hoard  is  capable 
of  revolving  freely  round  a  vertical  axis  through  its  centre. 
A  man  whose  weight  is  equal  to  that  of  the  hoard  walks  on  and 
round  it  at  the  edge:  when  he  has  completed  the  circuit  what 
will  he  his  position  in  space  ? 

Let  a  be  the  radius  of  the  board,  Mk^  its  moment  of 
inertia  about  the  vertical  axis.  Let  <b  be  the  angular  velocity 
of  the  board,  oi'  that  of  the  man  about  the  vertical  axis  at  any 
time.  And  let  F  be  the  action  between  the  feet  of  the  man 
and  the  board. 

The  e(juation  of  motion  of  the  board  is  by  Art.  52 

^^^S  =  -^« (1). 

The  eq^uation  of  motion  of  the  man  is  by  Art.  46 

-_  dca'      _ 

^«-^  =  ^- (2). 

Eliminating  F  and  integrating,  we  get 

Fo)  +  aV  s=  0, 

the  constant  being  nothing,  because  the  .man  and  the  board 


ON  THE  PENDULUM.  67 

Start  from  rest.    Let  6,  &  be  the  angles  described  by  the  board 

and  man  round  the  vertical  axis.  Then  <i!i  =  -r ,  to  =-t-    and 

a* '  at 

7,2 

Hence,  when  6' -6  =  2^,  we  have  0'  =  yr, =  27r.     This 

ftr  +  a 

gives  the  angle  in  space  described  by  the  man. 

o'  2 

If  ^^  =  2  we  have  6'  =  --ir.    Let  V  be  the  mean  relative 

velocity  with  which  the  man  walks  along  the  board.    Then 

V 
o)  — o)  =  —  ; 
a 

Va  2V 


This  gives  the  mean  angular  velocity  of  the  board. 

On  the  Pendulum. 

54.  A  body  moves  about  a  fixed  horizontal  axis  acted  on 
by  gravity  only,  to  determine  the  motion. 

Take  the  vertical  plane  through  the  axis  as  the  plane 
of  reference,  and  the  plane  through  the  axis  and  the  centre 
of  gravity  as  the  plane  fixed  in  the  body.  Then  the  equation 
of  motion  is 

d'd  _  moment  of  forces  ,  , 

df  "~  moment  of  inertia 

_     Mgh  sin  9 

M{F  +  h^)' 

where  Ji  is  the  distance  of  the  centre  of  gravity  from  the  axis 
and  MJ^  is  the  moment  of  inertia  of  the  body  about  an  axis 
through  the  centre  of  gravity  parallel  to  the  fixed  axis.   Hence 

Miwh^'-" ■•••<^)- 

6—2 
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The  equation  (2)  cannot  be  integrated  in  finite  terms,  but 
if  the  oscillations  be  small,  we  may  reject  the  cubes  and  higher 
powers  of  6  and  the  equation  will  become 

Hence  the  time  of  a  complete  oscillation  is  27r  a/ ,  — . 

If  h  and  yfc.be  measured  in  feet  and  ^  =  32 '18,  this  formula 
gives  the  time  in  seconds. 

The  equation  of  motion  of  a  particle  of  any  mass  suspended 
by  a  string  I  is 

S+f--^=« (3)' 

which  may  be  deduced  from  equation  (2)  by  putting  k=  0 
and  h  =  l.  Hence  the  angular  motions  of  the  string  and  the 
body  under  the  same  initial  conditions  will  be  identical  if 

.'=^- w- 

This  length  is  called  the  "  length  of  the  simple  equivalent 
pendulum." 

Through  G,  the  centre  of  gravity  of  the  body,  draw  a  per- 
pendicular to  the  axis  of  revolution  cutting  it  in  C.  Then  G 
is  called  the  centre  of  suspension.  Produce  CG  to  0  so  that 
GO  =  I.  Then  0  is  called  the  centre  of  oscillation.  If  the 
whole  mass  of  the  body  were  collected  at  the  centre  of  oscilla- 
tion and  suspended  by  a  thread  to  the  centre  of  suspension,  its 
angular  motion  and  time  of  oscillation  would  be  the  same  as 
that  of  the  body  under  the  same  initial  circumstances. 

The  equation  (4)  may  be  put  under  another  form..  Since 
GO  =  h  and  OG  =  l  —  h,we  have 

CQ.OQ  =  ¥. 

This  equation  shows  that  if  0  be  made  the  centre  of  suspen- 
sion, the  axis  being  parallel  to  the  axis  about  which  k  was 
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taken,  then  G  will  be  the  centre  of  oscillation.  Thus  the 
centres  of  oscillation  and  suspension  are  corwertihle  and  the 
time  of  oscillation  about  each  is  the  same. 

If  the  time  of  oscillation  he  given,  I  is  given  and  the 
equation  (4)  will  give  two  values  of  h.  Let  these  values  be 
\,\.  Let  two  cylinders  be  described  with  that  straight  line 
as  axis  about  which  the  radius  of  gyration  h  was  taken,  and  let 
the  radii  of  these  cylinders  be  h^,h^.  Then  the  times  of  oscil- 
lation of  the  body  about  any  generating  lines  of  these  cylin- 
ders are  the  same,  and  are  approximately  equal  to  27r  a /-  - 

With  the  same  axis  describe  a  third  cylinder  whose  radius 
(Ji  _  ]if 
is  h.     Then  l=iTc  +  - — 7—^ ,  hence  I  is  always  greater  than 

2A,  and  decreases  continually  as  h  decriea^es  and  approaches  the 
value  k.  Thus  the  length  of  the  equivalent  pendulum  con- 
.tinually  decreases  as  the  axis  of  suspension  approaches  from 
without  to  the  circumference  of  this  third  cylinder.  When 
the  axis  of  suspension  is  a  generating  line  of  the  cylinder 
the  length  of  the  equivalent  pendulum  is  24.  When  the 
axis  of  suspension  is  within  the  cylinder  and  approaching  the 
centre  of  gravity  the  length  of  the  equivalent  pendulum  con- 
tinually increases  and  becomes  infinite  when  the  axis  passes 
through  the  centre  of  gravity. 

The  time  of  oscillation  is  therefore  least  when  the  axis 
is  a  generating  line  of  the  circular  cylinder  whose  radius  is 
h.  But  the  time  about  the  axis  thus  found  is  not  an  abso- 
lute minimum.  It  is  a  minimum  for  all  axes  drawn  paral- 
lel to  a  given  straight  line  in  the  body.  To  find  the  axis 
about  which  the  time  is  absolutely  a  minimum  we  must 
find  the  axis  about  which  A;  is  a  minimum.  Now  it  is  proved 
in  Art.  16,  that  of  all  axes  through  0  the  axis  about  which 
the  moment  of  inertia  is  least  or  greatest  is  one  of  the  prin- 
cipal axes.  Hence  the  axis  about  which  the  time  of  oscilla- 
tion is  a  minimum  is  parallel  to  that  principal  axis  through 
Q  about  which  the  moment  of  inertia  is  least.  _  And  if  Mk' 
be  the  moment  of  inertia  about  that  axis,  the  axis  of  suspen- 
sion is  at  a  distance  k  measured  in  any  direction  from  the 
principal  axis. 


70  MOTION  ABOUT  A  FIXED  AXIS. 

55.  In  a  clock  which  is  regulated  by  a  pendulum,  it  is 
necessary  that  the  time  of  oscillation  should  be  invariable. 
As  all  substances  expand  and  contract  with  every  alteration 
of  temperature,  it  is  clear  that  the  distance  of  the  centre  of 
gravity  of  the  pendulum  from  the  axis  and  the  moment  of 
inertia  about  that  axis  will  be  continually  altering.  The 
length  of  the  simple  equivalent  pendulum  does  not  however 
depend  on  either  of  these  elements  simply,  but  on  their  ratio. 
If  then  we  can  construct  a  pendulum  such  that  the  expansion 
or  contraction  of  its  different  parts  does  not  alter  this  ratio,  the 
time  of  oscillation  will  be  unaifected  by  any  changes  of  tem- 
perature. For  an  account  of  the  various  methods  of  accom- 
plishing this  which  have  been  suggested,  we  refer  the  reader 
to  any  treatise*  on  clocks.  We  shall  here  only  notice  for  the 
sake  of  illustration  one  simple  construction,  which  has  re- 
ceived general  approval. 

Mercury  is  enclosed  in  a  cast  iron  cylindrical  jar  into  the 
top  of  which  an  iron  rod  is  screwed.  This  rod  is  then  sus- 
pended in  the  usual  manner  from  a  fixed  point.  The  down- 
ward expansion  of  the  iron  on  any  increase  of  temperature 
tends  to  lower  the  centre  of  oscillation,  but  the  upward  ex- 
pansion of  the  mercury  tends  on  the  contrary  to  raise  it.  It 
is  required  to  determine  the  condition  that  the  position  of  the 
centre  of  oscillation  may  on  the  whole  be  unaltered. 

Let  Mle'  be  the  moment  of  inertia  of  the  iron  jar  and  rod 
about  the  axis  of  suspension,  c  the  distance  of  their  common 
centre  of  gravity  from  that  axis.  Let  I  be  the  length  of  the 
pendulum  from  the  point  of  suspension  to  the  bottom  of  the 
jar,  a  the  internal  radius  of  the  cylindrical  jar.  Let  nM  be 
the  mass  of  the  mercury,  h  the  height  it  occupies  in  the  jar. 
Then  the  length  L  of  the  simple  equivalent  pendulum  is 


n 


m-H'-'s 


+1^ 


'\ 


lA\^c 


*  Keid  on  Clocks ;  Denison'Ei  treatise  on  Clocks  and  Clockmaking  in  Weale's 
Series,  1867 ;  Captain  Katur's  treatise  on  Mechanics  in  Larduer's  Cyclopeedia, 
1830. 
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(E). 


+  c 


Let  the  linear  expansion  of  the  substance  which  forms  the 
rod  and  jar  be  denoted  by  a  and  that  of  mercury  be  /3  for 
each  degree  of  the  thermometer.  If  the  thermometer  used 
be  Fahrenheit's,  we  have  a  = '0000065668,  /3  = -00003336, 
according  to  some  experiments  of  Dulong  and  Petit.  Thus 
we  see  that  a  and  fi  are  so  small  that  their  squares  may  be 
neglected.  In  calculating  the  height  of  the  mercury  it  must 
be  remembered  that  the  jar  expands  laterally,  and  thus  the 
relative  vertical  expansion  of  the  mercury  is  3^  —  2  a,  which 
we  shall  represent  by  7. 

If  then  the  temperature  of  every  part  be  increased  t°,  we 
have  a,  I,  k,  c,  all  increased  in  the  ratio  1  +at :  1,  while  h  is 
increased  in  the  ratio  1  +  7* :  1.  Since  L  is  to  be  unaltered, 
we  have 

/dL        dL ,     dL ,      dL  \      ,  dL ,       „ 
[d^''^-d[^^dlc^^d^V''''dh^'=^- 

But  2/  is  a  homogeneous  function  of  one  dimension,  hence 

dL        dL,     dL,      dL     ,  ^z_r 
da         dl        dk         da         dh 
The  condition  becomes  therefore  by  substitution 
a     _h   dL 
a  —  7     L  dh 
Let  A,  B  be  the  numerator  and  denominator  of  the  ex- 
pression for  L  given  by  equation  (E).     Then  taking  the 
logarithmic  differential 

^aL   "(l^-')J» 

L  dh  A        '^  B 
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Hence  the  required  condition  is 

a  h 


7  —  a      ,     A     c 

56.  The  oscillations  of  a  rigid  body  may  be  made  nse 
of  to  determine  the  numerical  value  of  the  accelerating  force 
of  gravity.  Let  L  be  the  length  of  a  simple  equivalent 
pendulum  of  any  body,  and  let  T  be  the  time  of  _  a  com- 
plete oscillation.  Then  we  have  when  the  oscillations  are 
small, 


r=27r 


W  9' 


Thus  g  can  be  determined  as  soon  as  L  and  Tare  known. 

The  simplest  body  to  make  use  of  for  this  purpose  is  a 
straight  rod,  drawn  as  a  wire,  and  suspended  from  one  ex- 
tremity. It  is  easily  proved  that  the  centre  of  oscillation  is  at 
a  distance  from  the  point  of  suspension  two-thirds  of  the  length 
of  the  rod.  Thus  L  is  known.  Tm&j  be  found  by  comparing 
its  oscillations  with  those  of  the  pendulum  of  a  clock. 

By  inverting  the  rod  and  taking  the  mean  of  the  results  in 
each  position  any  error  arising  from  want  of  uniformity  in 
density  or  figure  may  be  partially  obviated.  But  it  is  very 
difficult  to  obtain  a  rod  so  uniform  as  to  give  results  sufficiently 
accordant  with  each  other.  Captain  Kater  therefore  proposed 
to  use  the  property  (Art.  54)  of  the  convertibility  of  the  cen- 
tres of  suspension  and  oscillation  to  obtain  more  accurate 
results.     Phil.  Trans.  1818. 

Let  a  body,  furnished  with  a  moveable  weight,  be  pro- 
vided with  a  point  of  suspension  C,  and  another  point  on  which 
it  may  vibrate,  fixed  as  nearly  as  can  be  estimated  in  the 
centre  of  oscillation  0,  and  in  a  line  with  the  point  of  suspen- 
sion and  the  centre  of  gravity.  The  oscillations  of  the  body 
must  now  be  observed  when  suspended  from  G  and  also  when 
suspended  from  0.  If  the  vibrations  in  each  position  should 
not  be  equal  in  equal  times,  they  may  readily  be  made  so  by 
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shifting  the  moveable' weight.  When  this  is  done,  the  distance 
between  the  two  points  C  and  0  is  the  length  of  the  simple 
equivalent  pendulum.  Thus  the  length  L  and  the  correspond- 
ing time  T  of  vibration  will  be  found  uninfluenced  by  any 
irregularity  of  density  or  figure.  In  these  experiments,  after 
numerous  trials  of  spheres,  &c.  knife  edges  were  preferred 
as  a  means  of  support.  At  the  centres  of  suspension  and 
oscillation  there  were  two  triangular  apertures  to  admit  the 
knife  edges  on  which  the  body  rested  while  making  its 
oscillations. 

Having  thus  the  means  of  measuring  the  length  L 
with  accuracy,  it  remains  to  determine  the  time  T.  This 
is  eifected  by  comparing  the  vibrations  of  the  body  with 
those  of  a  clock.  The  time  of  a  single  vibration  or  of  any 
small  arbitrary  number  of  vibrations  cannot  be  observed 
directly,  because  this  would  require  the  fraction  of  a  second 
of  time,  as  shown  by  the  clock,  to  be  estimated  either  by  the 
eye  or  ear.  The  vibrations  of  the  body  may  be  counted,  and 
here  there  is  no  fraction  to  be  estimated,  but  these  vibrations 
will  not  probably  fit  in  with  the  oscillations  of  the  clock  pen- 
dulum, and  the  differences  must  be  estimated.  This  defect  is 
overcome  by  "the  method  of  coincidences."  Supposing  the 
time  of  vibration  of  the  clock  to  be  a  little  less  than  that  of  the 
body,  the  pendulum  of  the  clock  will  gain  on  the  body,  and 
at  length  at  a  certain  vibration  the  two  will  for  an  instant 
coincide.  The  two  pendulums  will  now  be  seen  to  separate 
and  after  a  time  will  again  approach  each  other,  when  the 
same  phenomenon  will  take  place.  If  the  two  pendulums 
continue  to  vibrate  with  perfect  uniformity,  the  number  of 
oscillations  of  the  pendulum  of  the  clock  in  this  interval  will 
be  an  integer,  and  the  number  of  oscillations  of  the  body  in 
the  same  interval  will  be  less  by  one  complete  oscillation 
than  that  of  the  pendulum  of  the  clock.  Hence  by  a  simple 
proportion  the  time  of  a  complete  oscillation  may  befound. 

The  coincidences  were  determined  in  the  following  man- 
ner. '  Certain  marks  made  on  the  two  pendulums^  were  ob- 
served by  a  telescope  at  the  lowest  point  of  their  arcs  of 
vibration.  The  field  of  view  was  limited  by  a  diaphragm  to 
a  narrow  aperture  across  which  the  marks  were  seen  to  pass. 
At  each.succeeding.vibration  the  clock  pendulum  follows  the 
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other  more  closely,  and  at  last  the  clock-mark  completely 
covers  the  other  during  their  passage  across  the  field  of  view 
of  the  telescope.  After  a  few  vibrations  it  appears  again  pre- 
ceding the  other.  The  time  of  disappearance  was  generally 
considered  as  the  time  of  coincidence  of  the  vibrations,  though 
in  strictness  the  mean  of  the  times  of  disappearance  and  re- 
appearance ought  to  have  been  taken,  but  the  error  thus  pro- 
duced is  evidently  very  small.  Encyc.  Met.  Figure  of  the 
Earth.  In  the  experiments  made  in  Harton  coal-pit  in  1854, 
the  Astronomer  Eoyal  used  Kater's  method  of  observing  the 
pendulum,  (Phil.  Trans.  1856). 

The  value  of  J' thus  found  will  require  several  corrections. 
These  are  called  "Reductions."  If  the  centre  of  oscillation 
do  not  describe  a  cycloid,  allowance  must  be  made  for  the 
alteration  of  time  depending  on  the  arc  described.  This  is 
called  "the  reduction  to  infinitely  small  arcs."  If  the  point  of 
support  be  not  absolutely  fixed,  another  correction  is  required 
{Phil.  Trans.  1831).  The  effect  of  the  buoyancy  and  the 
resistance  of  the  air  must  also  be  allowed  for.  This  is  the 
"reduction  to  a  vacuum."  The  length  L  must  also  be  cor- 
rected for  changes  of  temperature. 

The  time  of  an  oscillation  thus  corrected  enables  us  to  find 
the  value  of  gravity  at  the  place  of  observation.  A  correction 
is  now  required  to  reduce  this  result  to  what  it  would  have 
been  at  the  level  of  the  sea.  The  attraction  of  the  interven- 
ing land  must  be  allowed  for  by  Dr  Young's  rule  {PhiL. 
Trans.  1819).  We  thus  obtain  the  force  of  gravity  at  the 
level  of  the  sea,  supposing  all  the  land  above  this  level  were 
cut  off  and  the  sea  constrained  to  keep  its  present  level.  As, 
the  sea  would  tend  in  such  a  case  to  change  its  level,  further 
corrections  are  still  necessary  if  we  wish  to  reduce  the  result 
to  the  surface  of  that  spheroid  which  most  nearly  represents 
the  earth.    See  Camh.  Phil.  Trans,  Vol.  x. 


57.  There  is  another  use  to  which  the  experimental  de- 
termination of  the  length  of  a  simple  equivalent  pendulum 
may  be  applied.  "It  has  been  adopted  as  a  standard  of 
length  on  account  of  being  invariable  and  capable  at  any 
time  of  recovery.    An  Act  of  Parliament,  5  Geo.  IV.  defines 
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the  yard  to  contain  36  sucli  parts^  of  which  parts  there  are 
39"1393  in  the  length  of  a  pendulum  vibrating  seconds  of 
mean  time  in  the  latitude  of  London  in  vacuo  at  the  level  of 
the  sea  at  temperature  62"  F.  The  Commissioners,  however, 
appointed  to  consider  the  mode  of  restoring  the  standards  of 
weight  and  measure  which  were  lost  by  fire  in  1834,  report 
that  several  elements  of  reduction  of  pendulum  experiments 
are  yet  doubtful  or  erroneous,  so  that  the  results  of  a  convert- 
ible pendulum  are  not  so  trustworthy  as  to  serve  for  supply- 
ing a  standard  of  length ;  and  they  recommend  a  material 
standard,  the  distance  namely  between  two  marks  on  a  certain 
bar  of  metal  under  given  circumstances,  in  preference  to  any 
standard  derived  from  measuring  phenomena  in  nature  {Re- 
port, 1841)."     Griffin's  Dynamics  of  a  Rigid  Body,  page  24. 


58.  A  rod  B'CB  can  turn  freely  about  its  centre  of 
gravity  C  which  is  fixed,  and  is  acted  on  by  a  very  fine 
spiral  spring  AB.  The  spring  has  one  end  A  fixed  in  posi- 
tion in  such  a  manner  that  the  tangent  at  A  is  also  fixed,  and 
has  the  other  end  B  attached  to  the  rod  so  that  the  tangent 
at  B  makes  a  constant  angle  with  the  rod.  The  rod  being 
turned  through  any  angle,  it  is  required  to  find  the  timfe  of 
oscillation.  This  is  the  construction  used  in  watches,  just  as 
the  pendulum  is  used  in  clocks,  to  regulate  the  motion. 

Let  Cx  be  the  position  of  the  rod  when  in  equilibrium, 
and  let  6  be  the  angle  the  rod  makes  with  Cx  at  any  time  t, 
MH  the  moment  of  inertia  of  the  rod  about  Q.  Let  p  be 
the  radius  of  curvature  at  any  point  P.  of  the  spring,  p„  the 
value  of  p  when  in  equilibrium.  Let  (a;,  ^)  be  the  co-ordi- 
nates of  P  referred  to  G  as  origin  and  Gx  as  axis  of  x.  Let 
us  consider  the  forces  which  act  on  the  rod  and  the  portion 
BP  of  the  spring.  The  forces  on  the  rod  are  X,  Y  the 
resolved  parts  of  the  reaction  at  G  parallel  to  the  axes  of 
co-ordinates,  and  the  reversed  efiective  forces  which  are  equiva- 

lent  to  a  couple  Mi?  -tt  .     The  forces  on  the  spring  are,  the 

reversed  effective  forces  which  are  so  small  that  they  may  be 
neglected,  and  the  resultant  action  across  the  section  of  the 
spring  at  P.     This  resultant  action  is  equivalent  to  a  couple 
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S( ),  and  a  force  acting  at  P.     Taking  moments  sibout 

\P     PJ 
P  we  have 

This  equation  is  true  wliatever  point  P  may  "be  chosen. 
Considering  the  left  side  constant  at  any  moment  and  {x,  y) 
variable,  this  becomes  the  intrinsic  equation  to  the  form  of 
the  spring. 


Let  BP=  s,  multiply  this  equation  by  ds  and  integrate 
along  the  whole  length  l  of  the  spiral  spring,  we  have 

ds 
Now  —  is  the  angle  between  two  consecutive  normals, 

P 
fds 
hence  I  —  is  the  angle  between  the  extreme  normals.     Now 

^     r 

at  A  the  normal  to  the  spring  is  fixed  throughout  the  motion, 

therefore    ( )  is  the  angle  between  the  normals  at  B  in 

■  J\P,     Pj         , 
the  two  positions  in  which  6  =  6  and  ^  =  0.     But  since  the 
normal  at  B  makes  a  constant  angle  with  the  rod,  this  angle 
is  the  angle  6  which  the  rod  makes  with  its  position  of  equi- 
librium.    Also  if  X,  y  be  the  co-ordinates  of  the  centre  of 

gravity   of  the  spring  at  the  time  t,  we  have    I  xds  =  xl, 


I 


yds  =  yl.     Hence  the  equation  of  motion  becomes 

^6__E 
di'~      I 


MJc'^^  =  -j6+Yx-Xy. 
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Let  us  suppose  that  in  the  position  of  equilibrium  there 
is  no  pressure  on  the  axis  G,  then  X  and  F  wij.1,  throughout 
the  motion,  be  small  quantities  of  the  order  0,  Let  us  also 
suppose  that  the  fulcrum  G  is  placed  over  the  centre  of  gra- 
vity of  the  spring  when  at  rest.  Then  if  the  number  of 
spiral  turns  of  the  spring  be  numerous  and  if  each  turn  be 
nearly  circular,  the  centre  of  gravity  will  never  deviate  far 
from  C.  So  that  the  terms  Yx  and  Xy  are  each  the  product 
of  two  small  quantities,  and  are  therefore  at  least  of  the 
second  order.     Neglecting  these  terms  we  have 

Hence  the  time  of  oscillation  is  27r , 

This  brief  discussion  of  the  motion  of  a  watch  halance  is 
taken  from  a  memoir  presented  to  the  Academy  of  Sciences„ 
The  reader  is  referred  to  an  article  in  Liouville's  Journal, 
1860,  for  a  further  investigation  of  the  conditions  necessary 
for  isochronism  and  for  a  determination  of  the  best  forms  for 
the  spring. 


Pressures  on  the  fixed  axis. 

59.  A  iody  moves  about  a  fixed  axis  under  the  action  of 
any  farces,  to  find  the  pressures  on  the  axis. 

First,  Suppose  the  body  and  the  forces  to  be  symmetri- 
cal about  the  plane  through  the  centre  of  gravity  .perpen- 
dicular to  the  axis.     Then  it  is  evident  that  the  pressures 
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on  the  a^is  are  reducible  to  a  single  force  at  G  the  centre 
of  suspension. 

Let  F,  G  be  the  actions  of  the  point  of  support  on  the 
body  resolved  along  and  perpendicular  to  QO,  where  0  is  the 
centre  of  gravity.  Let  X,  F  be  the  sum  of  the  resolved 
parts  of  the  impressed  forces  in  the  same  directions,  and  L 
their  moment  round  G. 

Let  GO  =  h  and  6  =  angle  which  CO  makes  with  any 
straight  line  fixed  in  space. 

Taking  moments  about  G,  we  have 

-=-^  m 

df    if(^•^+A^) ^^''• 

The  motion  of  the  centre  of  gravity  is  the  same  as  if  all 
the  forces  acted  at  that  point.  Now  it  describes  a  circle 
round  G;  hence,  taking  the  tangential  and  normal  resolutions, 
we  have 

,  d'e     F+  G 

^^=-r- (2) 


-©^  = 


•d6\^     X  +  F 

IT (3). 


Equation  (1)  gives  the  values  of  -5-5-  and  -j- .  and  then 

the  pressures  may  be  found  by  equations  (2)  and  (3). 

If  the  only  force  acting  on  the  body  be  that  of  gravity, 
and  if  the  body  start  from  rest  in  that  position  which  make^ 
GO  horizontal,  then  we  have 

X=Mgco&e,     Y=-Mgsme,    L  =  -  Mgh  sin  6 ; 

d^_        gh.      .    „ 


integrating,  we  have 

&'  +  A' 


m- 
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but  when  ^=2>    -ji  vanishes,  therefore  G=0;  suhstituting 
these  values  (2)  and  (3),  we  get 

G  =  Mgsia0, 


'A'  +  A^ 

where  6  is  the  angle  which  CO  makes  with  the  vertical. 

Let  -v/r  be  the  angle  the  direction  of  the  pressure  at  C 
makes  with  the  line  GO,  the  angle  being  measured  from  CO 
downwards  to  the  left,  then 


coti^=ri  +  3p)cot^, 


which  is  a  convenient  formula  to  determine  the  direction  of 
the  pressure*. 

60.  Secondly.  Suppose  either  the  bodj  or  the  forces 
not  to  be  symmetrical. 

Let  the  fixed  axis  be  taken  as  the  axis  of  z  with  any 
origin  and  plane  of  xs.  These  we  shall  afterwards  so  choose 
as  to  simplify  our  process  as  much  as  possible.  Let  x,y,z 
be  the  co-ordinates  of  the  centre  of  gravity  at  the  time  t. 

Let  CO  be  the  angular  velocity  of  the  body,/  the  angular 

acceleration,  so  that  f—-T:' 

•  Let  miJ  be  the  resultant  of  i?  and  Q,  and  let 

then  "^^+"6^       !?• 

Construct  an  ellipse  with  C  for  centre  and  axes  equal  to  a  and  5  measured 
along  and  perpendicular  to  CO.  Th^jj  the  resultant  pressure  varies  as  the 
diameter  along  which  it  acts.  And  %^  direction  may  be  found  thus  ;  let  the 
auxiliary  circle  cut  the  vertical  in  F,  and  let  the  perpendicular  from  F  on 
CO  cut  the  ellipse  in  R,    Then  flR  Is  the  direction  of  the  pressure. 
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Now  every  element  m  of  the  tody  describes  a  circle  atout 
the  axis,  hence  its  accelerations  along  and  perpendicular  to 


the  radius  vector  r  from  the  axis  are  —  wV  and  fr.  Let  0  be 
the  angle  which  r  makes  with  the  plane  of  xz  at  any  time, 
then  from  the  resolution  of  forces  it  is  clear  that 

-T  J  =  —  (bV  cos  d  —fr,  sin  0 

=  -(i?x-fy  I 

These  equations  may  also  be  obtained  by  differentiating 
the  equations  a;  =  r  cos  0,  y  =  r  sin  ^  twice,  remembering  that 
r  is  constant. 

Conceive  the  Ibody  to  be  fixed  to  the  axis  at  two  points, 
distant  a  and  a  from  the  origin,  and  let  the  reactions  of  the 
points  on  the  body  resolved  parallel  to  the  axes  be  re- 
spectively F,Q,H;  F',  a;,  H\ 

The  equations  of  motion  then,  give 
tmX  +  F+F-  =  tm~ 

=  tm  (-  ay'x  -fy) 

=  -(i?Mx-fM.y (1), 


i' 


tmY+G+G'=tm^ 


'y 


—  %m  {—o?y->rfx). 
^-m'^My+fM.x. 


(2), 
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at 

^     .  =0 (3). 

Taking  moments  about  the  axes,  we  have 

2m  (^Z- z  Y)  -  Ga -  G'd  ^tm(y^-z^\ 

=  tiP%m,yz  —f2mxz , (4) , 

by  merely  introducing  z  into  the  results  in  (2), 

tm  {zX- xZ)  +Fa  +  F'a'  =  tm(z^-x ^] 

\    dtr         dO 

=  -  m^'Zmxz  -fZmi/z (5) , 

v>      9   dm 

=  Zmr" .  -r 

dt 

^Mk'\f (6). 

Equation  (6)  serves  to  determine  f  and  w,  and  equations 
(1),  (2),  (4),  (5)  then  determine  F,  G,  F',  G' ;  H  and  B'  are 
indeterminate,  but  their  sum  is  given  by  equation  (3). 

Looking  at  these  equations,  we  see  that  they  would  be 
greatly  simplified  in  two  cases. 

First,  if  the  axis  of  »  be  a  principal  axis  at  the  origin, 

"Zmxz  =  0,     "^myz  =  0, 

and  the  calculation  of  the  right-hand  sides  of  equations  (4)  and 
(5)  would  only  be  so  much  superfluous  labour.  Hence,  in  at- 
tempting a  problem  of  this  kind,  we  should,  when  possible,  so 
choose  the  origin  that  the  axis  of  revolution  is  a  principal  axis 
of  the  body  at  that  point. 

Secondly,  except  the  determination  of_/and  w  by  inte- 
grating equation  (6),  the  wJiole  process  is  merely  an  algebraic 

E.D.  6 
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substitution  of  /  and  a  in  the  remaining  equations.  Hence 
our  results  will  still  be  correct  if  we  choose  the  plane  oixz  to 
contain  the  centre  of  gravity  at  the  moment  under  considera- 
tion; this  will  make  y  =  0,  and  thus  equations  (1)  and  (2) 
will  be  simplified. 

61.  If  the  forces  which  act  on  the  body  be  impulsire, 
the  equations  will  require  some  alterations. 

Let  (o,  a'  be  the  angular  velocities  of  the  body  just  before 
and  just  after  the  action  of  the  impulses.  In  the  case  in 
which  the  body  and  forces  are  symmetrical,  the  equations 
(1),  (2),  (3)  of  Art.  59  become  respectively 

""'"-JW^^TF) ^^>' 

h{co'-m)  =  -j^ (2), 

»-T ■ («. 

where  all  the  letters  have  the  same  meaning  as,  before,  except 
that  F,  Q,  X,  Y  are  now  impulsive  instead  of  finite  forces. 

Let  us  next  consider  the  case  in  which  the  forces  on  the 
body  are  not  symmetrical.  Let  u,  v,  w,  u',  v,  w  be  the  velo- 
cities resolved  parallel  to  the  axes  of  any  element  m  whose 
co-ordinates  are  as,  y,  z.  Then  u  =  —ym,  m'  =  —ym',  v—xw, 
v'  =  x(o',  and  w,  w'  are  both  zero. 

The  several  equations  of  Art.  60  will  then  be  replaced  by 
the  following :  ; 

tX+FJrF^tmiu'-u) 

=  —  "Zmy  (o)' .—  a) 

My{J-a>) (1). 

tY+Q  +  0'  =  tm{v'-v) 
—  %mx  (&)'  —  w) 

.      -  ,,  =Mx{m'~a) (2)',' 

tZ+H  +  B'^Q /3). 


PKESSURES  ON  THE  FIXED  AXIS.  83 

t  ^Z-zY)  -Qa-  G'a'  =  2m  {y  {w'  -  w)  -z{v'  -  n)] 

=  —  'Zmxz.  (co  —  a) (4), 

2  {zX  -  xZ)  ■+Fa  +  F'a'  =  Xm  {z  {u'  -u)-x  \w'  -  w) } 

—  -'%myz,{m'  —  m) (5), 

2  {xY-yX)  =2m(a!»  +  2^»).(o)'-ffl)....  (a). 

These  six  equations  are  sufficient  to  determine  to,  F,  F', 
G,  G'  and. the  sum  H+H'  of  the  two-pressures  along  the 
axis. 

These  equations  admit  of  simplification  when  the  origin 
can  te  so  chosen  that  the  axis  of  rotation  is  a  principal  axis 
at  that  point.  In  this  case  the  right-hand  sides  of  equations 
(4)  and  (5)  vanish.  Also  if  the  plane  of  xz  be  chosen  to 
pass  through  the  centre  of  gravity  of  the  body,  we  have. 
y  =  0,  and  the  right-hand  side  of  equation  (1)  vanishes. 

62.  It  is  sometimes  important  to  determine  beforehand 
whether  the  pressures  on  the  fixed  axis  can  be  reduced  to  a 
single  resultant  or  not.  The  general  condition  is  somewhat 
complicated,  but  there  are  some  cases  which  are  very  simple. 

Let  the  axis  of  revolution  be  a  principal  axis  at  some 
point  0  in  its  length,  and  let  the  forces  be  such  that  their 
moments  about  any  two  axes  at  0  at  right  angles  to  the  axis 
of  revolution  are  zero.  In  this  case,  if  we  take  0  for  origin, 
the  terms  2m  {yZ—zY)  and  'Zm{zX—xZ)  on  the  left-hand 
sides  of  the  equations  (4)  and  (5)  are  zero.  The  _  right-hand 
sides  also  vanish,  because  the  axis  of  ^  is  a  principal  axis  at 
the  origin.     Hence  the  equations  become 

Ga  +  G'a'  =  0\ 
Fa+Fa=^o]' 

These  show  that  the  moments  of  the  pressures  on  the  fixed' 
points  of  the  axis  about  the  co-ordinate  axesare  zero.  Hence 
the  pressures  are  together  equivalent  to  a  single  force  acting 
at  0. 

The  magnitude  of  this  single  pressure  may  be  found  very 
conveniently  by  the  method  of  Art.  59,  even  though  there 
be  no  symmetry  either  of  the  body  or  the  forces, 

6—2 
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For  example,  suppose  the  body  to  be  in  motion  about  a 
fixed  horizontal  axis,  parallel  to  a  principal  axis  at  the  centre 
of  gravity  G.  Let  GO  be  a  perpendicular  to  the  axis  meet- 
ing it  in  0.  Then  by  Art.  29  the  axis  is  a  principal  axis  at 
0.  Also  the  weight  of  the  body,  acting  at  G  has  no  moment 
about  any  axis  through  0  perpendicular  to  the  axis  of  rota- 
tion. Hence  by  what  precedes,  the  pressures  on  the  axis  are 
equivalent  to, a  single  force  at  0, . 

63.  If  a  body  be  set  in  rotation  about  any  axis  which  is 
a  principal  axis  at  some  point  0  in  its  length,  and  if  there  be 
no  impressed  forces  acting  on  the  body,  it  follows  at  once 
from  these  conditions  that  the  pressures  on  the  axis  are  equi- 
valent to  a  single  resultant  force  acting  at  0.  Hence  if  0  be 
fixed  in  space,  the  body  will  continue  to  rotate  about  that 
axis  as  if  it  also  were  fixed  in  space.  Such  an  axis  is 
called  a  permanent  axis  of  rotation  at  the  point  0. 

If  the  body  be  entirely  free  and  yet  turning  about  an 
axis  of  rotation  which  does  not  alter  its  position  in  space, 
we  may  suppose  any  point  we  please  in  the  axis  to  be  fixed. 
In  this  case  the  axis  must  be  a  principal  axis  at  every  point 
of  its  length.  It  must  therefore  by  Art.  24  pass  through  the 
centre  of  gravity. 

The  existence  of  principal  axes  was  first  established  by 
Segner  in  the  work  Specimen  Theorioe  Turbinum.  His  course 
of  investigation  is  the  opposite  of  that  pursued  in  this  treatise. 
He  defines  a  principal  axis  to  be  such  that  when  a  body 
revolves  round  it  the  forces  arising  from  the  rotation  have  no 
tendency  to  alter  the  position  of  the  axis.  From  this  dyna-, 
mical  definition  he  deduces  the  geometrical  properties  of 
these  axes.  Cayley's  report  to  the  British  Association  on 
the  special  problems  of  Dynamics,  1862.  Bossut,  Histoire 
de  Mathematique,  Tome  II. 

64.  There  is  another  case  in  which  the  pressures  on  the. 
fixed  axis  may  be  reduced  to  a  single  resultant  pressure. 
Supposing  such  a  single  resultant  pressure  to  exist,  we  can 
take  as  origin  that  point  of  the  axis  at  which  it  is  intersected 
by  the  single  resultant.  Then  the  moments  of  the  two 
pressures  on  the  axis  of  rotp,tion  about  the  co-ordinate  axes 


The  plane  of  the  couple  wHose  resolved  parts  about  the 
axes  are  L,  M,  N  is  known  by  Statics  to  be 
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will  vanidh.  :  Hence  the  equations  (4),  (5),  and  (6)  of  Art.  61 
become 

L=     m^'tmyz  —fZm  xz  v 

M=  —  o)"  "tm  xz  —ftmyz  \  > 

N=    MkJ  > 

where  we  have  written  L,  M,  N  for  the  three  moments 
S»i  {yZ—zT),  &c.  of  the  impressed  forces  about  the  co-ordi- 
nate axes. 

If  the  body  start  from  rest  we  have  at  that  instant  ©  =  0. 

le  couple  whose  resolv 
3  known  by  Statics  to 

LX+MY  +  NZ^O, 
or  in  our  case, 

-tmxzX-tmysY  +  Mk"'Z=  0. 

Let  the  momental  ellipsoid  at  the  fixed  point  be  con- 
structed, and  let  its  equation  be 

AX'  +  BY'  +  CZ' -  2DYZ-  lEZX-'iFXY=  e*. 
The  equation  to  the  diametral  plane  of  the  axis  of  Z  is 
-EX-BY-vGZ=(i. 

Hence  the  plane  of  the  resultant  couple  must  be  the 
diametral  plane  of  the  axis  of  revolution. 

Since  the  pressures  on  the  axis  are  equivalent  to.  a  single 
resultant  force  acting  at  some  point  0  of  tlie  axis,  we  may 
suppose  this  point  alone  to  be  fixed  and  the  axis  of  rotation 
|o-be  otherwise  free.  If  then  a  body  at  rest  with-  one  point 
fixed  be  acted  on  by  any  couple,  it  will  begin  to  rotate  about 
the  diametral  line  of  the  plane  of  the  couple  with  regard  to 
the  momental  ellipsoid  at  the  fixed  point. 

Thus  the  body  will  begin  to  rotate  about  a  perpendicular 
to  the  plane  of  the  couple  only  when  the  plane  of  the  couple 
is  parallel  to  a  principal  plane  of  the  body  at  the  fixed  point. 

If  the  acting  couple  be  an  impulsive  couple,  the  equations 
of  motion,  by  Art.  61,  .will  be  the  same  as  those  obtained 
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above  when  m  is  put  zero  and  to'  written  for  f.   ■  Hence  the 
same  conclusion  will  follow. 

The  body  will  not  in  general  continue  to  rotate  about  the 
diametral  line. 

65.  Example.  A  door  is  suspended  hy  two  hinges  from 
a  fixed  axis  mahing  an  angle  a  with  the  vertical.  Find  the 
motion  and  pressures  on  the  hinges. 

Since  the  fixed  axis  is  evidently  a  principal  axis  at  the 
middle  point,  we  shall  take  this  point  for  origin.  Also  we 
shall  take  the  plane  of  xz  so  that  it  contains  the  centre  of 
gravity  of  the  door  at  the  moment  under  consideration. 

The  only  force  acting  on  the  door  is  gravity,  which  may 
be  supposed  to  act  at  the  centre  of  gravity.     We  must  first 


resolve  this  parallel  to  the  axes.  Let  ^  be  the  angle  the 
plane  of  the  door  makes  with  a  vertical  plane  through  the 
axis  of  suspension.  If  we  draw  a  plane  ZON  such  that  its 
trace  ON  on  the  plane  of  XO  Y  makes  an  angle  <]>  with  the 
axis  of  X,  this  will  be  the  vertical  plane  through  the  axis* 
and  if  we  draw  0  F  in  this  plane  making  ZO  V==  a,  OV  will 
be  vertical.     Hence  the  resolved  parts  of  gravity  are 

X=^sinaeos^,     F=^sinasin^, 


Z= 


-g  cos  01. 
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The  six  equations  of  motion  are 

Mg  sin  a  cos  <^  +  F-vF  =  tm~- 

=  Sm  .  (—  (o'x) 

=  -€a^M^ (1), 

%sinasin^+  Q+  G'  =  'Zm~A 
=  Sm  (fx) 
=/^    (2), 

-  Mgcosa+  R+  H'  =  l,m^ 

=  0  (3), 

-Ga+G'a  =  0 (4), 

MffCosax  +  Fa~F'a  =  0  (5), 

because  the  fixed  axis  is  a  principal  axis 

~Mg  sin  a.  sin  <}>.x  =  Mk'^.-~ (6). 

Integrating  the  last  equation,  we  have 
C+2ff  sin  a  cos  <^5  =  Jc'W. 

Suppose  the  door  to  be  initially  placed  at  rest,  with  its 
plane  making  an  angle  ^8  with  the  vertical  plane  through 
the  axis;  then  when  ^  =j8,  e*  =  0 ;  hence 

k'W  =  25r5'sin  a  (cos  ^  —  cos  ^)\ 
and  k'Y=  —  ^  sin  a  sin  ^ .  a;  J 

By  substitution  in  the  first  four  equations  F,  F',  G,  G\ 
may  be  found. 
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The  Centre  of  Fercusiion. 

66.  When  the  fixed  axis  is  given  and  the  body  can  be 
so  struck  that  there  is  no  impulsive  pressure  on  the  axis,  any 
point  in  the  line  of  action  of  the  force  is  called  a  centre  of 
percussion. 

When  the  line  of  action  of  the  blow  is  given,  the  axis 
about  which  the  body  begins  to  turn  is  called  the  axis  of 
spontaneous  rotation.  It  obviously  coincides  with  the  position 
of  the  fixed  axis  in  the  first  case. 

67.  Peop.  a  iody  is  capable  of  turning  freely  about  a 
fixed  axis.  To  determine  the  conditions  that  there  shall  be  a 
centre  of pettussian  and  to  find  its  position, 

'  Take  the  fixed  axis  as  the  axis  of  z,  and  let  the  plane  of 
ajs  pass  through  the  centre  of  gravity  of  the  body.  Let  X, 
Y,  Z  be  the  resolved  parts  of  the  impulse,  and  let  ^,  77,  f  be 
the  co-ordinates  of  any  point  in  its. line  of  action.  Let  Jf/c'" 
be  the  moment  of  inertia  of  the  body  about  the  fixed  axis. 
Then  since  y=-  0,-  the  equations  of  motion  are,  by  Art.  61, 

x=o  1 

r=ilfS(ffl'-a)  i (t), 

.^■=0  J 

i]Z  —  %Y=  —  {as  —  a)  %mx3  ] 
■  ^-^Z=-{co'-m)tmys  i (2). 

The  impulsive  pressures  on  the  fixed  axes  are  omitted  because 
by  hypothesis  they  do  not  exist. 

From  these  equations  we  may  deduce  the  following  con- 
ditions. 

I.  From  (1)  we  see  that  X  =  0,  Z=  0,  and  therefore  the 
force  must  act  perpendicular  to  the  plane  containing  the  axis 
and  the  centre  of  gravity. 
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II.  Substituting  from  (1)  in  the  first  two  equations  of 

(2)  we  have  Xmyz  =  0  and  f  =    !"-^ .     Since  the  origin  may 

be  taken  anywhere  in  the  axis  of  rotation,  let  it  be  so  chosen 
that  "Zmxz  =  0.  Then  the  axis  of  a  must  be  a  principal  axis 
at  the  point  where  a  plane  passing  through  the  line  of  (action 
of  the  blow  perpendicular  to  the  axis  cuts  the  axis.  So  that 
there  _  can  be  no  centre  of  percussion  unless  the  axis  be  a 
principal  axis  at  some  point  in  its  length. 

III.  Substituting  from  (1)  in  the  last  equation  of  (2)  we 
have  f  =  -T-*     -^7  ■^^^'  ^*  this  is  the  equation  to  determine 

the  centre  of  oscillation  of  the  body  about  the  fixed  axis 
treated  as  an  axis  of  suspension.  Hence  the  perpendicular 
distance  between  the  line  of  action  of  the  impulse  and  the 
fixed  axis  must  be  equal  to  the.  distance  of  the  centre  of  oscil- 
lation from  the  axis. 

If  the  fixed  axis  be  parallel  to  a  principal  axis  at  the 
centre  of  gravity,  the  line  of  action  of  the  blow  will  pass 
through  the  centre  of  oscillation. 


The  Ballistic  Pendulum. 

68.  A  rifle  is  attached  in  a  horizontal  position  to  a  large 
block  of  wood  which  can  turn  freely  about  a  horizontal  axis. 
The  rifle  being  fired,  the  recoil  causes  the  pendulum  to  turn 
round  its  axis,  until  brought  to  rest  by  the  action  of  gravity. 
A  piece  of  tape  is  attached  to  the  pendulum,  and  is  drawn 
out  of  a  reel  during  the  backward  motion  of  the  pendulum, 
and  thus, serves  to  measure  the  amount  of  the  angle  of  recoil. 
The  initial  velocity  of  the  bullet  is  so  much  greater  than  that 
■  of  the  pendulum  that  we  may  suppose  the  ball  to  have  left 
the  rifle  before  the  pen'dulum  has  sensibly  moved  from  its 
initial  position.  The  initial  momentum  of  the  bullet  may  be 
taken  as  a  ineasure  of  the  impulse  commuiiicated  to  the 
pendulum. 

Let  h  be  the  distance  of  the  centre .  of  gravity  from  the 
axis 'of  suspension ;  /the  distance  from  the  axis  of  the  rifle  to 
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the  axis  of  suspension;  c  the  distance  from  the  axis  of 
suspension  to  the  point  of  attachment  of  the  tape,  m  the  mass 
of  the  bullet ;  M  that  of  the  pendulum  and  rifle,  and  n  the 
ratio  oi  Mto  m;  b  the  chord  of  the  arc  of  the  recoil  which  is 
measured  by  the  tape.  Let  k  be  the  radius  of  gyration  of  the 
rifle  and  pendulum  about  the  axis  of  suspension,  v  the  initial 
velocity  of  the  bullet. 

The  explosion  of  the  gunpowder  generates  an  equal  im- 
pulsive action  on  the  bullet  and  on  the  rifle.  Since  the  initial 
velocity  of  the  bullet  is  v,  this  action  is  measured  by  mv. 
The  initial  angular  velocity  generated  in  the  pendulum  by 

this  impulse  is  by  Art.  52  w  =  p^ .    The  subsequent  motion 

is  given  (Art.  54)  by  the  equation 

d^0         qh  .   a 


fddV     ^     2qh        . 


when  ^  =  0  we  have  tt  =  w,  and  if  a  be  the  angle  of  recoil, 

when  ^=  a,  ^-  =  0. 
at 


Hence  <o'  =  -%  (1  —  cos  a). 

Eliminating  w  we  have 

nic    „   .    a   , 

«=y--2sm-Vp. 

But  the  chord  of  the  arc  of  the  recoil  is  &  =  2c  sin-  • 

2' 


note    , — . 


nhK 

'V 

The  magnitude  of  k'  may  be  found  experimentally  by 
observing  the  time  of  a  small  oscillation  of  the  pendulum  and 

rifle.  If  y  be  a  half-time  we  have  T=  tta/  —, ,  (Art.  54). 
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The  reader  will  find  in  the  Phil.  Mag.  for  June  1854,  an 
account  of  some  recent  experiments  conducted  by  S.  Haughton 
on  the  velocities  of  rifle  bullets.  See  also  Poisson's  M&xmique, 
Vol.  II.  p.  119. 

This  instrument  is  called  the  Ballistic  Pendulum,  and  was 
invented  by  Kobins. 


Examples. 

1.  Find  the  time  of  the  small  oscillations  of  a  cube  (1) 
when  one  side  is  fixed,  (2)  when  the  diagonal  of  one  of  its 
faces  is  fixed ;  the  axis  in  both  cases  being  horizontal. 

JResuIt,  If  2a  be  a  side  of  the  cube,  the  length  of  the 
simple  equivalent  pendulum  is  in  the  first  case  — —  a,  and  in 

the  second  -  a. 
o 

2.  An  elliptic  lamina  is  such  that  when  it  swings  about 
one  latus  rectum  as  a  horizontal  axis,  the  other  latus  rectum 
passes  through  the  centre  of  oscillation,  prove  that  the  eccen- 

...       1 

tncity  IS  =  o  • 

3.  A  circular  arc  oscillates  about  an  axis  through  its 
middle  point  perpendicular  to  the  plane  of  the  arc.  Prove 
that  the  length  of  the  simple  equivalent  pendulum  is  inde- 
pendent of  the  length  of  the  arc,  and  is  equal  to  twice  the 
radius. 

4.  The  density  of  a  rod  varies  as  the  distance  from  one 
end,  find  the  axis  perpendicular  to  it  about  which  the  time  of 
oscillation  is  a  minimum. 

Besult.    The  axis  passes  through  either  of  two  points 

a/2 
whose  distance  from  the  centre  of  gravity  is  —  a,  where  a  is 

the  length  of  the  rod. 
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5.  Find  what  axis  in  the  area  of  an  ellipse  must  be  fixed 
that  the  time  of  a  small  oscillation  may  be  a  minimum. 

Result.  The  axis  must  be  parallel  to  the  major  axis,  and 
bisect  the  semi-minor  axis. 

6.  A  uniform  stick  hangs  freely  by  one  end,  the  other 
end  being  close  to  the  ground.  An  angular  velocity  in  a 
vertical  plane  is  then  communicated  to  the  stick,  and  when  it 
has  risen  through  an  angle  of  90°,  the  end  by  which  it  was 
hanging  is  loosed.  What  must  be  the  initial  angular  velocity 
so  that  on  falling  to  the  ground  it  may  pitch  in  an  upright 
position? 

Besult,     The  required  angular  velocity  a  is  given  by 

where  n  is  any  integer,  and  2a  is  the  length  of  the  rod. 

7.  Two  bodies  can  move  freely  and  independently  under 
the  action' of  gravity  about  "the  same"  horizontal  axis;  their 
masses  are  m,  m',  and  the  distances  of  their  centres  of  gravity 
from  the  axis  are  h,  h'.  If  the  lengths  of  their  simple  equiva- 
lent pendulums  be  L,  L',  prove  that  when  fastened  together 

the  length  of  the  equivalent  pendulum  will  be  — • ,    — rn— 

8.  When  it  is  required  to  regulate  a  clock  without  stop- 
ping the  pendulum,  it  is  usual  to  add  or  subtract  some  small 
weight  from  a  platform  attached  to  the  pendulum.  Show 
that  in  order  to  make  a  given  alteration  in  the  going  of  the 
clock  by  the  addition  of  the  least  possible  weight,  the  plat- 
form must  be  placed  at  a  distance  from  the  point  of  suspen- 
sion half  the  simple  equivalent  pendulum.  Show  also  that,  a 
slight  error  in  the  position  of  the  platform  will  not  afifect  the 
weight  required  to  be  added. 

9.  A  uniform  heavy  lamina  in  the  form  of  a  sector  of  a 
circle  is  suspended  by  a  horiizontal  axis  parallel  to  the  radius 
which  bisects  the  arc,  and  oscillates   under   the   actioil ,  of 
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gravity.     Show  that  the  pressures  on  the  axis  are  equivalent 
to  a  single  force,  and  find  its  magnitude.     See  Art.  62. 

10.  A  solid  ellipsoid  is  fixed  at  its  centre,  and  is  acted 
on  by  a  couple  in  a  plane  whose  direction-cosines  referred 
to  the  principal  diameters  are  Qmn).  Prove  that  the  direction- 
cosines  of  the  initial  axis  of  rotation  are  proportional  to  ^ ^, 

-5 -„  and  -g— -To .     See  Art.  64. 

c"  +  a'  a"  +  ¥ 

11.  Any  plane  section  being  taken  of  the  momental 
ellipsoid  of  a  body  at  a  fixed  point,  the  body  may  be  made 
to  rotate  about  either  of  the  principal  diameters  of  this 
section  by  the  application  of  a  couple  of  the  proper  magnitude 
whose  axis  is  the  other  principal  diameter. 

For  assume  the  body  to  be  turning  uniformly  about  the  axis  of  z.  Then  the 
couples  which  must  act  on  the  body  to  produce  thia  motion  are  L=<a''Zmyz, 
M=  -«*2mxs,  N=Q.  Then  by  taking  the  axis  of  x  such  that  2maa=0  we 
see  that  the  axis  of  the  couple  must  be  the  axis  of  x  and  the  magnitude  of  the 
couple  will  be  Z  =  u'Smj/a. 

12.  A  body  having  one  point  0  fixed  in  space  is  made 
to  rotate  about  any  proposed  straight  line  by  the  application 
of  the  proper  couple.  The  position  of  the  axis  of  rotation 
when  the  magnitude  of  the  couple  is  a  maximum,  has  been 
called  an  axis  of  maximum  reluctance.  Show  that  there  are 
six  axes  of  maximum  reluctance,  two  in  each  principal  plane, 
each  two  bisecting  the  angles  between  the  principal  axes  in 
the  plane  in  which  they  are. 

Let  the  axes  of  reference  be  the  principal  axes  of  the  body  at  the  fixed 
point,  let  (I,  m,  n)  be  the  direction-cosines  of  the  axis  of  rotation,  (\,  /x,  v)  those 
of  the  axis  of  the  couple  0.  Then  by  the  last  question  and  the  fifth  and  sixth 
propositions  of  Art.  22,  we  have 

\  _         !>■        _         v 

(B-C)mn'~{C-A)nl     {A-B)lm' 

G'  =  (A-  JB)Vm'>  +{B-  CfmV  +  ((7  -  AfnHK 

We  have  then  to  mate  6  a  maximum  by  variation  of  (Zmn)  subject  to  the 
condition  Z^ +  »»'  +  «.''=  I.  The  positions  of  these  axes  were  first  investigated 
by  Mr  Walton  in  the  Quarterly  Journal  of  Mathematics,  1865. 

13.  If  a  body  revolve  with  uniform  angular  velocity  w 
about  a  fixed  axis  whose  direction7COsines  relative  to  the 
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principal  axes  at"  any  point  0  in  its  length  £tre  (Z>wre),tlien  the 
whole  effective  forces  pf  the  body  are  together  equivalent  to  a 
linear  effective  force  Mra^  at  0,  and  a  couple  whose  resolved 
parts  about  the  axes  are  -{B-  G)mnQ)\  -{G-A)nI(o^  and 
—  {A-B)lmm^,  where  r  is  the  distance  of  the  centre  of 
gravity  from  the  axis. 

14.  A  circular  table  centre  0  is  supported  by  three 
legs  AA,  BB',  CG'  which  rest  on  a  perfectly  rough  horizon- 
tal floor,  and  a  heavy  particle  P  is  placed  on  the  table- 
Suddenly  one  leg  GG'  gives  way,  show  that  the  table  and 
the  particle  will  immediately  separate  if^c  be  greater  than  /c"; 
where  p  and  c  are  the  distances  of  P  and  0  from  the  line  AB 
joining  the  tops  of  the  legs  and  k  is  the  radius  of  gyration  of 
the  table  and  legs  about  the  line  A!B'  joining  the  points 
where  the  legs  rest  on  the  floor. 

The  condition  of  separation  is  that  the  initial  normal  acceleration  of  the  point 
of  the  table  at  P  should  be  greater  than  the  normal  acceleration  of  the  particle 
itself. 

15.  A  body  at  rest  with  one  point  fixed  in  space  is 
acted  on  by  an  impulsive  couple  whose  moment  is  G,  the 
plane  of  which  cuts  the  momental  ellipsoid  at  the  fixed  point 
in  a  section  whose  area  is  V.  If  Mk'  be  the  moment  of 
inertia  about  the  initial  axis  of  rotation  and  a  the  initial 

angular  velocity,  prove  that  — =,  is  always  the  same  for  the 


same  body,  and  is  equal  to  — j  a/ ■ 


ABC 

M   ' 


16.  A  string  without  weight  is  placed  round  a  fixed 
ellipse  whose  plane  is  vertical,  and  the  two  ends  are  fastened 
together.  The  length  of  the  string  is  greater  than  the  peri- 
meter of  the  ellipse.  A  heavy  particle  can  slide  freely  on 
the  string  and  performs  small  oscillations  under  the  action  of 
gravity.  Prove  that  the  simple  equivalent  pendulum  is  the 
radius  of  curvature  of  the  confocal  ellipse  passing  through  the 
position  of  equilibrium  of  the  particle.  ^ 


CHAPTER  IV. 

MOTION  IN  TWO   DIMENSIONS. 

69.  The  position  of  a  body  in  space  of  two  dimensions 
may  be  determined  by  the  co-ordinates  of  its  centre  of 
gravity,  and  the  angle  some  straight  line  fixed  in  the  body 
makes  with  some  straight  line  fixed  in  space.  These  three 
are  called  the  "  co-ordinates  of  the  body,"  and  it  is  out 
object  to  determine  them  in  tertns  of  the  time. 

The  manner  in  which  this  may  be  done  has  been  ex- 
plained in  the  second  chapter.  All  that  is  now  necessary  is 
to  find  an  expression  for  the  moment  of  the  momentum 


7    <    /  <^y'     i^^\ 


in  terms  of  the  co-ordinates  of  the  body.  Let  6  be  the 
"angular  co-ordinate"  of  the  body,  i.e.  the  angle  some 
straight  line  fixed  in  the  body  makes  with  some  fixed  straight 
line  in  space.  Let  (»•',  ^')  be  the  polar  co-ordinates  of  any  par- 
ticle m  referred  to  the  centre  of  gravity  of  the  body  as  origin. 

Then  r'  is  constant  throughput  the  motion,  and  ~~  is  the 

d6 
same  for  every  particle  of  the  body  and  equal  to  ^  .     Then 

the  angular  momentum 
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where  Ml^  is  the  moment  of  inertia  of  the  body  about  its 
centre  of  gravity. 

The  general  method  of  proceeding  according  to  the  Arti- 
cle already  quoted  will  therefore  be  as  follows. 

Let  {x,  y)  be  the  co-ordinates  of  the  centre  of  gravity  of 
any  body  of  the  system  referred  to  rectangular  axes  fixed  in 
space,  M  the  mass  of  the  body.  Then  the  effective  forces  of 
the  body   are  together  equivalent  to   two   forces   measured 

by  M  -JT )  ^~ji   acting  at  the  centre  of  gravity  parallel  to 

the  axes  of  co-ordinates,  together  with  a  couple  measured  by 

MF  -j-^  tending  to  turn  the  body  about  its  centre  of  gravity 

Wo 

in  the  direction  in  which  6  is  measured.  By  D'Alembert's 
principle  the  effective  forces  of  all  the  bodies,  if  reversed,  will 
be  in  equilibrium  with  the  impressed  forces.  The  dynamical 
equations  may  then  be  formed  according  to  the  ordinary  rules 
of  Statics. 

For  example,  if  we  took  moments  about  a  point  whose 
co-ordinates  are  {p,  q)  we  should  have  an  equation  of  the  form 

where  L  is  the  moment  of  the  impressed  forces.  In  this 
equation  (p,  q)  maybe  the  co-ordinates  of  any  point  whatever, 
whether  fixed  or  moving.  Just  as  in  a  statical  problem,  the 
solution  of  the  equations  may  frequently  be  much  simplified 
by  a  proper  choice  of  the  point  about  which  to  take  moments. 
Thus  if  we  wished  to  avoid  the  introduction  into  our  equations 
of  some"  unknown  Reaction,  we  might  take  moments  about  the 
point  of  application.     So   again  in  resolving  our  forces  we 

might  replace  the   Cartesian  expressions  M  -7^ ,  M  -f^  by 

the  polar  forms 

for  the  resolved  pai-ts  parallel  and  perpendicular  to  the  radius 
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vector.     If  V  be  the  velocity  of  the  centre  of  gravity,  p  the 
radius  of  curvature  of  its  path,  we  may  sometimes  also  use 

with  advantage  the  forms  -5-  and  —  for  the  resolved  parts  of 

the  effective  forces  along  the  tangent  and  radius  of  curvature 
of  the  path  of  the  centre  of  gravity. 

70.  Suppose  we  form  the  equations  of  motion  of  each 
body  by  resolving  parallel  to  the  axes  of  co-ordinates  and  by 
taking  moments  about  the  centre  of  gravity*  We  shall  get 
three  equations  for  each  body  of  the  form 


MW^=    Fp     +... 


(1), 


where  F  is  any  one  of  the  forces  acting  on  the  body,  whose 
resolved  parts  are  Fcos<l>,  Fain^,  and  whose  moment  about 
the  centre  of  gravity  is  Fp.  These  we  shall  call  the  "  Dy- 
namical equations"  of  the  body. 

Besides  these  there  will  be  certain  geometrical  equations 
expressing  the  connections  of  the  system.  As  every  such 
forced  connection  is  accompanied  by  a  reaction  and  every 
reaction  by  some  forced  connection,  the  number  of  geometri- 
cal equations  will  be  the  same  as  the  number  of  unknown 
reactions  in  the  system. 

Having  obtained  the  proper  number  of  equations  of  mo- 
tion we  proceed  to  their  solution.  Two  general  methods 
have  been  proposed. 

First  Method.     Differentiate  the  geometrical  equations 

^      V  .-x  .    i-     '^"'^     «^V     d'd 
twice  with  respect  to  t,  and  substitute  tor  -^  ,  -^  ,  -^ , 

from  the  dynamical  equations.  We  shall  then  have  a  suf- 
ficient number  of  equations  to  determine  the  reactions.  This 
method  will  be  of  great  advantage  whenever  the  geometrical 
equations  are  of  the  form 

Ax  +  By+  Ce  =  D (2), 

E.  D.  7 
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where  A,  B,  C,  D  are  constants.  Suppose  also  that  the 
dynamical  equations  are  such  that  when  written  in  the  form  (1) 
they  contain  only  the  reactions  and  constants  on  the  right- 
hand  side  without  any  x,  y,  or  6.  Then,  when  we  substitute 
in  the  equation 

.d^x  r^d^y  ^d^d  ^ 
^^  +  ^W  +  V  =  '' 
obtained  by  differentiating  (1),  we  have  an  equation  contain- 
ing only  the  reactions  and  constants.  This  being  true  for  all 
the  geometrical  relations,  it  is  evident  that  all  the  reactions 
will  be  constant  throughout  the  motion  and  their  values  may 
be  -found.  Hence  when,  these  values  are  substituted  in  the 
dynamical  equations  (1),  their  right-hand  members  will  all 
be  constants  and  the  values  of  x,  y,  and  0  may  be  found  by 
an  easyintegration. 

If  however  the  '  geometrical  equations  are  not  of  the 
form  (2),  this  method  of  solution  will  usually  fail.  For  sup- 
pose^ any  geome.trical  equation  took  the  form 

x'^  +  f  =  c\ 

containing  squares  instead  of  first  powers,  then  its  second 
differential  equation  will  be 

"^  de^y  dt'^\dtl^\di)-^' 

and  though  we  can  substitute  for  -5-5 ,  ^-M ,  we  cannot,  in 

general,  eliminate  the  terms  i-jA  and  (-^)  . 

71.  -Second  Method.  Suppose  the  system  to  consist  of  only 
one  body  of  mass  m,  and  let  the  equations  of  motion  be 
written  in  the  form 


y (2), 
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where  A,  B,  O  are  the  coefficients  of  some  unknown  reaction 
R  which  may  enter  into  all  the  equations,    Multiplying  these 

equations  respectively  by  2  -^  ,  2  -^  and  2  -^  ,  and  adding, 

we  get 

2^*^*  ^  +  2m^  ^y+2ml^^  ^ 

^"^dt  df^^'^dt  dr^--dt  d? 


-(^S+^I+4D**' 


then  it  will  he  proved  in  a  subsequent  chapter  that,  by  virtue 
of  the  geometrical  equations,  the  coefficient  of  B  will  vanish. 
And  in  the  same  way  all  the  other  unknown  reactions  will 
disappear  from  the  equation. 

Integrating  this  equation  we  get 

m(-j-]  +m  [-^)  +"*^^(j7)  ~  ^  known  function  of  x,  y, 

and  6. 

If  there  be  two  geometrical  equations  we  shall  be  able  to 
express  x  and  y  in  terms  of  Q,  and  substituting  we  shall  have 

T-  =  a  known  function  of  Q. 
at 

This  when  solved  will  enable  us  to  determine  x,  y,  and  d 
as  functions  of  is. 

If  there  be  only  one  geometrical  equation  there  will  be 
only  one  unknown  reaction  in  the  original  equations  (1).  This 
must  be  eliminated  from  the  equations  by  some  process  differ- 
ent from  that  described  above,  and  adapted  to  the  pa:rticular 
case  in  question.  It  is  obvious  there  cannot  be  more  than 
two  independent  geometrical  relations,  for  then  no  motion 
would  in  general  be  possible. 

If  there  be  several  bodies  in  the  proposed  Dynamical 
System,  the  same  process  will  apply.  Each  set  of  equations 
must  be  multiplied  by  the  factors  above  described  and  all  the 
aets  roust  be  add^d  together.  '  '      '      ' 

7—2 
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This  method,  with  a  few  exceptions,  will  give  a  first 
integral  of  the  original  equations  free  from  any  unknown 
reactions.  If  the  whole  system  of  bodies  be  so  connected  by 
its  geometrical  relations  that  only  one  independent  motion  of 
the  whole  system  is  possible  this  one  equation  will  be  sufficient 
to  give  that  motion. 

This  is  called  the  method  of  vis  viva,  and  the  cases  of 
exception  will  be  considered  under  that  head. 

72.  Ex.  1.  A  sphere  whose  centre  of  gravity  is  in  its 
centre  rolls  down  a  perfectly  rough  inclined  plane.  Find  the 
motion. 


Let  a  be  the  inclination  of  the  plane  to  the  horizon,  a  the 
radius  of  the  sphere,  jkF  its  moment  of  inertia  about  a  hori- 
zontal diameter. 

Let  0  be  that  point  of  the  inclined  plane  which  was 
initially  touched  by  the  sphere,  and  N  the  point  of  contact  at 
the  time  t.  Then  it  is  obviously  convenient  to  choose  0  for 
origin  and  O^for  the  axis  of  a;. 

The  forces  which  act  on  the  sphere  are  first  the  reaction 
B  perpendicular  to  ON,  secondly,  F  the  friction  acting  at  N 
along  NO  and  mg  acting  vertically  at  C  the  centre. 

.  d^x        c?V 

The  effective  forces  are  m  ^ ,  m  -=^  acting  at  G  parallel 

to  the  axes  of  x  and  y  and  a  couple  m¥  -p-  tending  to  turn 
the  sphere  round  G  in  the  direction  NA.    Here  6  is  the 
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angle  any  fixed  straight  line  in  the  body  makes  with  a  fixed 
straight  line  in  space.  We  shall  take  the  fixed  straight  line 
in  the  body  to  be  the  radius  OA,  and  the  fixed  straight  line 
in  space  the  normal  to  the  inclined  plane,  Then  d  is  the 
angfe  turned  through  by  the  sphere. 

Eesolving  along  and  perpendicular  to  the  inclined  plane 
we  have 

m-^  =  mgmxa-F (1), 


-^=-mffCoaa  +  R (2), 


Taking  moments  about  N  to  avoid  the  reactions,  we  have 

d'x  ,      ..d'0 
ina-r^  -\-mkr-T^  =mffa sm  a (3). 

Since  there  are  two  unknown  reactions  F  and  B,  we  shall 
require  two  geometrical  relations.  Because  there  is  no  slip- 
ping at  N,  we  have 

x  =  ad (4). 

Also  because  there  is  no  jumping 

2/  =  « (5). 

Both  these  equations  are  of  the  form  described  in  the  first 
method. 

Differentiating  (4)  we  get 

d^_    d^ 

df~'^  de  ■ 

Joining  this  to  (3)  we  have 

d^x        a^         .  ,-, 

^  =  ^m:¥^^^°" (*^- 

2 

If  the  sphere  be  homogeneous,  ^^  =  t  «°>  ^iid  we  have 


d  X     5 

-j-jj-  =  -  ff  sm  a, 

dt"      7^ 
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If  the  sphere  had  been  sliding  down'  a  smooth  plane,  the. 
equation  of  motion  would  have  been 

...  d?=^sin«, 

so  that  two-sevenths  of  gravity  is  used  in  turning  the  sphere, 
and  five-sevenths  in  Urging  the  sphere  downwards.  Suppos- 
ing the  sphere  to  start  from  rest  we  have  clearly 

and  the  whole  motion  is  determinedi 

In  the  above  solutions,  only  a  few  oi  the  equations  of  mo- 
tion have  been  used,  and  if  only  the  motion  had  been  required 
it  would  have  been  unnecessary  to  write  down  any  equations 
except  (3)  and  (4),  If  the  reactions  also  be  required,  we  must 
use  the  remaining  equations.     From  (1)  we  have 

i'  =  -  mgr  sm  a. 

From  (2)  and  (5)  we  have 

It  =  mg  cos  a. 

It  is  usual  to  delay  the  substitution  of  the  value  of  J^  in 
the  equations  until  the  end  of  the  investigation,  for  this  value 
is  often  very  complicated.  But  there  is  another  advantage. 
It  serves  as  a  verification  of  the  signs  in  our  original  equa- 
tions, for  if  equation  (6)  had  been 

d^x         a" 

we  should  have  expected  some  error  to  exist  in  the  solution. 

For  it  seems  clear  that  the  acceleration  could  not  be  made 
infinite  by  any  alteration  of  the  internal  structure  of  the 
sphere. 

73.  Ex.  2,  A  sphere  rolls  down  another  perfectly  rough 
fixed  sphere.     Fvnd  the  motion. 

Let  a  and  h  be  the  radii  of  the  moving  and  fixed  sphere, 
respectively,  C  and  0  the  two  centres. 
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JL    ^^\>^^   T®  *  vertical  tadius  of  the  fixed  sphere,  and 
<p  =  ^IiOC.    Let  F  and  R  be  the  friction  and  -the-  normal 


reaction  at  N.     Then  taking  the  tangential  and  normal  reso- 
lutions, the  equations  to  determine  the  motion  of  C  are 


(1); 

(2). 


_  Let  A  be  that  point  of  the  moving  sphere  ^rhich  originally 
coincided  with  B.  Then  if  d  be  the  angle  wliich  any  fixed 
line  C4  in  the  body  makes  with  any  fixed  line  in  space  as  the 
vertical,  we  have  by  taking  momenta  about  C 


df  '' 


Fh 


(3). 


It  should  be  observed  that  we  cannot  take  Q  as  the  angle 
AGO  because,  though  OA  is  fixed  in  the  body,  CO  is  not 
fixed  in  space. 

The  geometrical  equation  is  clearly 

a{e-<^)^h^ ...(C 

No  other  is  wanted,  since  in  forming  equations  (1)  and  (2) 
the  constancy  of  the  distance  CO  has  been  already  supposed. 
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The  form  of  equation  (4)  shews  that  we  can  apply  the  first 
method.    We  thus  obtain 

and  we  are  finally  led  to  the  equation 

,       ,.  d  d)     5      .     , 
(a  +  J)-^  =  7^sin^. 

By  multiplying  by  2  -^  and  integrating  we  get  after  de- 
termining the  constant 

the  rolling  body  being  supposed  to  start  from  rest  at  a  point 
indefinitely  near  B. 

To  find,  where  the  body  leaves  the  sphere  we  must  put 
B  =  0.    This  gives  by  (2) 

•'•  y  5'  (1  -  cos  c}))=^gcos(f>; 
•••  cos<^  =  — . 

It  may  be  Temarked  that  this  result  is  independent  of  the 
magnitudes  of  the  spheres. 

74.  Ex.  3.  A  rod  OA  can  turn  about  a  hinge  at  0, 
while  the  end  A  rests  on  a  smooth  wedge  which  can  slide  along 
a  smooth  horizontal  plane  through  0.    Find  the  motion. 

Let  a  =  the  inclination  of  the  wedge,  M=  its  mass  and 

x=oa 

Let  7=  the  length  of  the  beam,  m=  its  mass  and  6  =  AOC. 
Let  B  =  the  reaction  at  A.    Then  we  have 
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the  dynamical  equations, 

cPx  _  i2  sin  a 


I 


-.^n       SI  .  COS  {Ol.  —  ffj—mff-  COS  0 


mA^ 


and  the  geometrical  equation 
I 


x  = 


sin« 


.  sin  (a  -  0) 


(1), 
•(2). 

(3). 


It  is  obvious  we  must  apply  the  second  method  of  solu- 
tion.   Hence 


dt    df 


■'-  ^^    .,d0  d'0  ,       „d0 

+  2mfir  -j;  ^^2"  =  —  mgl  cos  0  -j- 


dt  df 


dt 


„  T»  f  .         dx       1         I         n\  d0 

+  2i?|sma;^^+7cos(a-5)^. 


The  coefficient  of  R  is  seen  to  vanish  by  differentiating 
equation  (3).     Integrating  we  have 

Substituting  from  (3)  we  have 
jlf^  cos"  (a -^)  +  »iA;4fJY=  C-mglsm0.  .,.(4). 


If  the  beam  start  frond  rest  when  ^=^8,  tben  0=mglam^. 
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This  equation  cannot  be  integrated  any  further.  We  can- 
not therefore  find  0  in  terms  of  i.  But  the  angular  velocity  of 
the  beam,  and  therefore  the  velocity  of  the  wedge,  is  given  by 
the  above  equation. 

75.  Ex.  4.  l%e  hoi  of  a  heavy  pendulum  contains  a 
spherical  cavity  which  is  filled  with  water.  To  determine  the 
motion. 

Let  0  be  the  point  of  suspension,  0  the  centre  of  gravity 
of  the  solid  part  of  the  pendulum,  MK^  its  moment  of  inertia 
about  0  and  let  00  =  h.  Let  (7 be  the  centre  of  the  sphere 
of  water,  a  its  radius  and  OG=c.  Let  m  be  the  mass  of  the 
water. 

If  we  suppose  the  water  to  be  a  perfect  fluid,  the  action 
between  it  and  the  ciase  must,  by  the  definition  of  a  fluid,  be 
normal  to  the  spherical  boundary.  There  will  therefore  be 
no  force  tending  to  turn  the  fluid  round  its  centre  of  gravity. 
As  the  pendulum  oscillates  to  and  fro,  the  centre  of  the 
sphere  will  partake  of  its  motion,  but  there  will  be  no 
rotation  of  the  water. 

In  order  to  avoid,  introducing  into  the  equations  the  un- 
known reactions  at  the  point  of  support,  we  shall  take 
moments  for  the  whole  system  about  this  point.  Let  6  be  the 
angle  GO,  a,  fixed  line  in  the'  body,  makes  with  the  vertical. 

Then,  by  Art.  51,  the  moment  about  0  of  the  effective  forces 

Jin 

on  the  solid  part  of  the  pendulum  is  MK'^  —g. .   The  effective 

forces  on  the  water  arei  equivalent,  to  —mci—jA  and  mc-y-^ 

along  and  perpendicular  to   OC.     Their  moment  about  0  is 

therefore  mc^—^ .    The  only  impressed  force  is  gravity,  and 

its  moment  about  0  is  {Mh  +  mc)  g  sin  6.     The  equation   of 
motion  is  therefore 

(MK^+  m^)  ^+{Mh  +  mc)g  sin  5  =  0. 

The  length  L'  of  the  simple  equivalent  pendulum  is,  by 
Art.  .54, 

~  Mh  +  mo  ' 
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Let  mW  be  the  moment  of  inertia  of  the  sphere  of  watef 
about  a  diameter.  Then  if  the  water  were  to  become  solid 
and  to  be  rigidly  connected  with  the  case,  the  length  L  of  the 
simple  equivalent  pendulum  would  be,  by  similar  reasoning, 


i  =  - 


Mh-^mc 


It  appears  that  L'  <L,  so  that  the  time  of  oscillation  is 
less  than  when  the  whole  is  solid* 


On  the  strain  at  any  point  of  a  rod. 

76.  Suppose  a  rod  OA  to  be  in  equilibrium  under  the 
action  of  any  forces,  it  is  required  to  determine  the  action 
across  any  section  of  the  rod  at  P.  This  action  may  be 
conceived  to  be  the  resultant  of  the  tensions  positive  or 
negative  of  the  innumerable  fibres 'which  form  the  material  of 
the  rod.  .  All  these  we  know  by  Statics  may  be  compounded 
into  a  single  force  E  and  a  couple  G  acting  at  any  point  Q 
we  may  please  to  choose.  Since  each  portion  of  the  rod  is  in 
equilibrium,  these  must  also  be  the  resultants  of  all  the 
external  forces  which  act  on  the  rod  on  one  side  of  the  section 
at  P.  If  the  section  be  indefinitely  small  it  is  usual  to  take 
Q  in  the  plane  of  the  section,  and  these  two,  the  force  R  and 
the  couple  G,  will  together  measure  the  "strain"  at  the 
section. 

If  the  rod  be  bent  by  the  action  of  the  forces,  the  fibres 

on  one  side  will  all  be  stretched  and  on  the  other  compressed. 

The  rod  will  begin  to  break  as  soon  as  these  fibres  have  been 

suflBciently  stretched   or    compressed.     Let  us  compare  the 

tendencies  of  the  force  R  and  the  couple  G  to  break  the  rod. 

Let  A  be  the  area  of  the  section  of  the  rod,  then  a  force  .F 

pulling  the  rod  will  cause  a  resultant  force  R  =  F,  and  will 

produce  a  tepsion  in  the  fibres  which  when  referred  to  a  unit 

F 
of  area  is  equal  to  -^ .     The  same  force  F  acting  on  the  rod 

at  an  arm   from  P  whose  length  is  p,  will   cause  a  couple 
(^  =  25?,  which  must  be  balanced  by  the  couple  formed  by 
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the  tensions.  Let  2a  be  the  mean  breadth  of  the  rod,  then 
the  mean  tension  referred  to  a  unit  of  area  produced  by  G  is 

of  the  order  ^.^.    Now  if  the  section  of  the  rod  be  very 
A   a 

small  2  wiU  be  large.    It  appears  therefore  that  the  couple, 

when  it  exists,  will  generally  have  much  more  effect  in 
breaking  the  rod  than  the  force.  This  couple  is  therefore 
often  taken  to  measure  the  whole  effect  of  the  forces  to  break 
the  rod.  The  "Undency  to  break"  at  any  point  P  of  a  rod 
OA  of  very  small  section  is  measured  by  the  moment  about 
P  of  all  the  forces  which  act  on  either  of  the  sides  OP  or  PA 
of  the  rod. 

If  the  rod  be  in  motion  the  same  reasoning  _  will,  by 
D'Alembert's  principle,  be  applicable;  provided  we  include 
the  reversed  effective  forces  among  the  forces  which  act  on 
the  rod. 

In  most  cases  the  rod  will  be  so  little  bent  that  in 
finding  the  moment  of  the  impressed  forces  we  may  neglect 
the  effects  of  curvature. 

If  the  section  of  the  rod  be  not  very  small,  this  measure 
of  the  "Tendency  to  break"  becomes  inapplicable.  It  then 
becomes  necessary  to  consider  both  the  force  and  the  couple. 
This  does  not  come  within  the  limits  of  the  present  treatise, 
and  the  reader  is  referred  to  works  on  Elastic  Solids. 

In  the  case  of  a  string  the  couple  vanishes  and  the  force 
acts  along  a  tangent  to  the  string.  The  strain  at  any  point 
is  therefore  simply  measured  by  the  tension. 

77.  To  find  the  "Tendency  to  break"  at  any  point  P of 
the  rod  OA  in  the  problem  of  Art.  74. 

Let  du  be  any  element  of  the  rod  distant  u  from  P  and  on 
the  side  of  P  nearer  the  end  A  of  the  rod,  and  let  PA  =  s. 
The  effective  forces  on  du  are 


m- 


du ,       ,      .d''d      3         du ,       ,      .  /ddy 
,^{u  +  l-z)^^ni-m-j-{u+l-^){^-^j, 

respectively  perpendicular  to,  and  along  the  rod.    The  im- 
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pressed  force  \&m—j-g.    The  effective  forces  being  reversed, 

the  tendency  to  break  at  P  is  equal  to  the  moment  about  P 
of  all  the  forces  which  act  on  the  part  PA  of  the  rod.  If  this 
be  called  L,  we  have 

r      Pf    <?M,     ,  ,       .     d^d .        du  /.It,, 

li=  \  ■  m ^  {u  -^  t  —  z)  u  -j^  +  m  -j- gu cos  d>  —  Rs cos  [a—  6) 

d^Q 
and  the  values  of  -^  and  B,  must  be  substituted. 

To  find  where  tbe  rod,  supposed  equally  strong  through;- 
out,  is  most  likely  to  break,  we  must  make  L  a  maximum. 

This  gives  t-  =  0; 

,".  7  ]  (^■^  - 1)  ^  +^'^  COS  6\=R  cos  (a  -  0). 
Substituting  for  i2  from  equation  (2)  we  get 

('-j-'^)?-^""^!-') » 

But  from  equation  (4)  we  have 

fdQ'^  _         mgl  (sin  /3  -  sin  g) 

^'^^      M  ^coB\a- 6) +mh^ 
sm^a         ^  ' 

Therefore  differentiating  with  respect  to  t  and  dividing  by 

d6       , 
-;-  we  have 
dt 

^e  ,    >»^cosg  +  if^^.cos(a-g).P 

\     sm  a  ) 

where        P  =  cos  a  +  sin  («  -  6)  (2  sin  /3  -  sin  ff). 
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Substituting  this  in  equation  (6)  we  have  a  quadratic  to 
find  z. 


On  friction  between  imperfectly  rough  bodies. 

78.  When  one  part  of  a  body  rests  on  another  a  force 
is  called  into  play  tending  to  prevent  slipping.  This 
force  is  called  friction.  Its  direction  is  always  opposite 
to  that  ..of  the  relative  motion  of  the  points  in  contact. 
Its  magnitude  is  just  sufficient  to  prevent  motion.  But 
no  more  than  a  certain  amount  can  be  called  into-  play,  if 
more  be  required  to  prevent  relative  motion,  motion  will 
ensue.  This  amount  is  called  "  limiting  friction."  The 
amount  of  limiting  friction  is  found  by  experiment  to  bear  a 
constant  ratio  to  the  magnitude  of  the  normal  pressure.  This 
ratio  is  called  the  coefficient  of  friction.  It  is  independent  of 
the  velocity  of  the  body  and  the  extent  of  the  surfaces  in 
contact.  If  however  the  bodies  have  remained  in  contact  for 
some  time  in  a  position  of  equilibrium,  it  is  found  that  the 
coefficient  of  friction  is  a  little  greater  than  it  is  after  motion 
has  begun.  The  magnitude  of  the  coefficient  of  friction 
depends  only  on  the  nature  of  the  bodies  in  contact,  and  may 
be  taken  as  a  proper  measure  of  their  mutual  roughness. 

There  is  a  certain  discontinuity  about  friction.  When 
two  bodies  touch  each  other,  it  will  generally  be  part  of  the 
problem  to  determine  whether  the  friction  is  limiting  friction 
or  not.  Even  when  we  have  discovered  the  nature  of  the 
initial  friction,  we  shall  have  to  watch  for  sudden  changes. 
If  when  a  body  is  rolling  the  magnitude  of  the  friction  should 
approach  its  limit,  or  if  when  a  body  is  sliding  the  velocities 
of  the  points  of  contact  should  approach  eqiiality,  we  may 
expect  a  change  in  the  nature  of  the  friction.  We  may 
generally  determine  whether  the  friction  is  limiting  or  not  in 
the  following  manner. 

Assume  F  to  be  the  friction  required  to  make  the  bodies 
roll  on  each  other.  Let  B  be  the  normal  reaction  between 
them,  and  jj,  the  coefficient  of  friction.  Then  by  writing  down 
the  equations  of  motion  and  solving  them  by  the  methods 
indicated  in  Art.  71  we  may  determine  both  .F  and  R.   If 
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n  be  not  greater  than  n,  enough  friction  can  he  called  Into 

play  to  make  the  bodies  roll  on  each  other.  In  this  case 
therefore  we  have  obtained  the  true  equations  of  motion.    But 

if  -^  be  greater  than  /A4he  bodies  are  not  sufficiently  rough  to 

secure  rolling.  The  relative  motion  will  therefore  be  a  sliding 
motion,  possibly  -accompanied  by  rotations  of  each  body.  In 
this  case  the  equations  do  not  represent  the  true  motion. 
To  correct  them  we  must  replace  F  by  fiJS,  and  remove  the 
geometrical  equation,  which  expressed  the  fact  that  there  is 
no  slipping  between  the  bodies.  The  whole  form  of  the 
solution  will  probably  be  changed. 

If  the  bodies  be  perfectly  rough  /a  Is  Infinite,  and  there  Is 
no  limit  to  the  amount  of  friction  which  can  be  called  into 
play.     There  can  therefore  be  no  sliding  between  the  bodies. 

We  have  spoken  only  of  the  friction  which  tfends  to  prevent 
one  body  from  sliding  over  another.  But  when  one  body 
rolls  on  another  without  any  tendency  to  rub,  there  is  another 
cause  of  resistance,  which  arises  rather  from  the  cohesion  of 
the  surfaces  than  from  friction  properly  so  called.  This  is 
much  less  than  the  former,  and  is  usually  neglected. 

79.  Ex.  1.  A  sphere  is  placed  at  rest  on  a  rough 
inclined  plane,  the  coefficient  of  friction  being  fi,  determine 
whether  the  sphere  will  slide  or  roll. 

Let  F  be  the  friction  'required  to  make  the  sphere  roll. 
The  problem  then  becomes  the  same  as  that  discussed  in 
Art.  '72.     We  have  therefore 

F     2^       ' 
;g  =  ytana, 

where  a.  is  the  inclination  of  the  plane  to  the  horizon. 

If  then  -  tan  a  be  not  greater  than  /i,  the  solution  given 

2 
in  the  article  referred  to  is  the  correct  one.    .But  if  /*  <  -  tan  a 
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the  sphere  will  begin  to  slide  on  the  Inclined  plane.     The 
subsequent  motion  will  be  given  by  the  equations 

^'"^  •        .^B 


m  -p  =  mg  sin  a  ■ 


0  =  -  »M^  cos  a  +  ^. 

d'ss  .      „  d'd 
«wa  -T^  +  inlc^  —j-2  =  mga  sin  a. 


de 


dif 


.(1), 
■(2). 
•(3), 


whence  we  have,  remembering  that  ^  =  -  a', 

o 


d^x 
■^=5r(sina-^cosa) 

d^Q     5     a 

-7-3  =  ^  /«■     cos  a 


>* 


Since  the  sphere  starts  from  rest,  we  have  by  integration 


x  =  -g^  (sin  a  —  /*  cos  a) 

6  =-  fi-  <*cosa 
4     a 


k 


The  velocity  of  the  point  of  the  sphere  in  contact  with 

the  plane  is 

dx       dd  /  .         ?  \ 

j-aj^=^gt{sma--,,cosa). 

2 

But  since,  by  hypotbesis,  fi  is  less  than  -  tan  a,  this 

velocity  can  never  vanish.  The  friction  therefore  will  never 
change  to  rolling  friction.  The  motion  has  thus  been  com- 
pletely determined. 

80.  Ex.  2.  A  sphere  is  rotating  about  a  Tiorizontal 
diameter,  and  is  gently  placed  on  a  rmigh  horizontal  plane,' the 
coefficient  of  friction  being  ji.    Determine  the  subsequent  motion. 

Since  the  velocity  of  the  point  of  contact  with  the 
horizontal  plane  is  not  zero,  the  sphere  will  evidently  begin  to 
slide,  and  the  motioii  of  its  centre  will  be  along  a  straight  line 
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perpendicular  to  the  initial  axis  of  rotation.  Let  this  straight 
line  be  taken  as  the  axis  of  x,  and  let  9  be  the  angle  between 
the  vertical  and  that  radius  of  the  sphere  which  was  initially 
vertical.  Let  a  be  the  radius  of  the  sphere,  mP  its  moment 
of  inertia  about  a  diameter,  and  fl  the  initial  angular  velocity. 
Let  ^  be  the  normal  reaction  of  the  plane.  Then  the  eq[ua- 
tions  of  motion  are  clearly 


^x        „ 
0  =  mg  —  B 


de 


■(1), 


whence  we  have 
A^x 


df  '' 


5      I 
2  '*a. 


.(2). 


de 

dt 


Integrating,  and  remembering  that  the  initial  value  of 
is  n,  we  have 


.(3). 


x=  -fifff 

4'^  a 

But  it  is  evident  that  these  equations  cannot  represent  the 
whole  motion,  for  they  would  make  -^ ,  the  velocity  of  the 

centre  of  the  sphere,  increase  continually.    This  is   q^uite 
contrary  to  experience. 

The  velocity  of  the  point  of  the  sphere  In  contact  with  the 
plane  is 

dx        dd  rt  ,  '^    -.* 

K.  D.  8 


•(5). 
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This  Tanishes  at  a  time 

2  aQ,  ,,, 

'■-?« «• 

At  this  instant  the  friction  suddenly  changes  its  character. 
It  now  becomes  only  of  sufBcient  magnitude  to  keep  the 
point  of  contact  of  the  sphere  at  rest. 

Let  F  be  tlie  friction  required  to  effect  this.  The  equations 
of  motion  will  then  be 

0=mff-B 

mT^  ^rs  =—Fa 

and  the  geometrical  equation  will  be 

x  =  a6. 

Differentiating  this  twice,  and  substituting  from  the 
dynamical  equations,  we  get 

F{a;'  +  B)  =  0. 

Therefore  F=  0. 

That  Is,  no  friction  Is  required  to  keep  the  point  of  contact 
of  the  sphere  at  rest,  and  therefore  none  will  be  called  into 
play.  The  sphere  will  therefore  move  uniformly  with  the 
velocity  which  it  had  at  the  time  t^.     Substituting  the  value " 

of  ti  in  the  expression  for  -7-  obtained  from  equations  (3)  we 

2 

find  that  this  velocity  Is  -  afi.     It  appears  therefore  that  the 

Sphere  will  move  with  a  -uniformly  increasing  velocity  for  a 

2  aO       1     .11  1  9 

time  -  —  and  will  then  move  uniformly  with  a  velocity  -  aD,. 

It  may  be  remarked  that  this  velocity  is  Independent  of  /j,. 

If  the  plane  be  perfectly  rough,  /t  is  Infinite,  and  the  time 
t^  vanishes.     Ths   sphere  therefore  immediately  begins  to 

move  with  a  uniform  velocity  =  -  ail. 
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The  effect  of  tlie  cohesion  of  the  sphere  to  the  plane  is  to 
diminish  the  angular  velocity.  The  velocity  of  the  lowest 
.point  will  therefore  tend  to  be  no  longer  equal  to  zero,  a 
sliding  friction  will  then  be  called  into  play.  The  combined 
effect  of  these  two  will  gradually  reduce  the  sphere  to  rest. 


On  Impulsive  Forces. 

81.  In  the  case  in  which  the  impressed  forces  are  impul- 
sive the  general  principle  enAnciated  in  Art.  69  of  this  chap 
ter  requires  but  slight  modification. 

Let  (m,  v),  {u,  v)  be  the  velocities  of  the  centre  of  gravity 
of  any  body  of  the  system  resolved  parallel  to  any  rectan- 
gular axes  respectively  just  before  and  just  after  the  action  of 
the  impulses.  Let  «  and  m  be  the  angular  velocities  of  the 
body  about  the  centre  of  gravity  at  the  same  instants.  And 
let  Mk^  be  the  moment  of  inertia  of  the  body  about  the  cen- 
tre of  gravity.  Then  the  effective  forces  on  the  body  are 
equivalent  to  two  forces  measured  by  M{u'  —u)  and  M{v'—v) 
acting  at  the  centre  of  gravity  parallel  to  the  axes  of  co- 
ordinates together  with  a  couple  measured  by  Mk^{co'  —  a). 

The  resultant  effective  forces  of  all  the  bodies  of  the  sys- 
tem may  be  found  by  the  same  rule.  By  D'Alembert's  prin- 
ciple these  will  be  in  equilibrium  with  the  impressed  forces. 
The  equations  of  motion  may  then  be  found  by  resolving 
in  such  directions  and  taking  moments  alsout  such  points  as 
may  be  found  most  convenient. 

In  many  cases  it  will  be  found  that  by  the  use  of  Virtual 
Velocities  the  elimination  of  the  unknown  reactions  may  be 
effected  without  difficulty. 

82.  Two  hodies  impinge  on  each  other,  to  explain  the 
nature  of  the  action  which  takes  place  between  them. 

When  two  spheres  of  any  hard  material  impinge  on  each 
other,  they  appear  to  separate  almost  immediately,  and  a 
finite  change  of  velocity  is  generated  in  each  by  their  mutual 
action.     This  sudden  change  of  velocity  is  the  characteristic 

8—2 
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of  ah  impulsive  force.  Let  the  centres  of  griavity  of  the 
spheres  be  moving  before  impact  in  the  same  straight  line 
■with  velocities  m  and  v.  Then  after  impact  they  will  conn 
tinue  to  move  in  the  same  straight  line,  and  let  u,  v  be  the 
velocities.  Let  m,  m'  be  the  masses  of  the  spheres,  B  the 
action  between  them,  then  we  have  by  the  last  Article, 


R 

u 

—  M  = 

m- 
R 

V 

—  v  = 

m' 

.(1). 


These  equations  are  not  sufficient  to  determine  the  three, 
quantities  m',  v  ,  R.  To  obtain  a  third  equation  we  must  con- 
sider what  tates  place  during  the  impact. 

Each  of  the  balls  will  be  slightly  compressed  by  the- 
other,  so  that  they  will  no  longer  be  perfect  spheres.  Each 
also  will,  in  general,  tend  to  return  to  its  original  shape  so 
that  there  will  be  a  rebound.  The  period  of  impact  may 
therefore  be  divided  into  two  parts,  First,  the  period  of 
compression,  while  the  distance  between  the  centres  of  gravity 
of  the  two  bodies  is  diminishing,  and  secondly  the  period  of 
restitution  while  the  distance  between  the  centres  of  gravity 
is  increasing.  At  the  termination  of  this  second  period  the 
bodies  separate. 

The  arrangement  of  the  particles  of  a  body  being  dis- 
turbed by  impact,  we  ought  to  determine  the  relative  motions 
of  the  several  parts  of  the  body.  Thus  we  might  regard 
each  body  as  a  collection  of  free  particles  connected  by  their 
mutual  actions.  These  particles  being  thus  set  in  motion 
might  continue  always  in  motion  oscillating  about  some  mean 
positions. 

It  is  however  usual  to  assume  that  the  changes  of  shape 
and  structure  are  so  small  that  the  effect  in  altering  the  posi- 
tion of  the  centre  of  gravity  and  the  moments  of  ineirtia  of 
the  body  may  be  neglected,  and  that  the  whole  time  of  im- 
pact is  so  short  that  the  motion  of  the  body  in  that  time  may 
be  neglected.  If  for  any  bodies  these  assumptions  are  not 
true,  the  effects  of  their  impact  must  be  deduced  from  the 
equations  of  the  secon,d  order.     We  may  therefore  assert  that 
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at  the  moment  of  greatest  compression  the  centres  of  gravity 
of  the  two  bodies  are  moving  with  equal  velocity. 

The  ratio  of  the  magnitude  of  the  action  between  the 
bodies  during  the  period  of  restitution  to  that  during  com- 
pression is  found  to  be  different  for  bodies  of  different  mate- 
rials. In  some  cases  this  ratio  is  so  small  that  the  force 
during  the  period  of  restitution  may  be  neglected.  The 
bodies  are  then  said  to  be  inelastic.  In  this  case  we  have 
just  after  the  impact 

u  ==v. 

This  gives 

„        mm'    ,        X 
m  +  m 


whence 


,     mu  +  mv 

u  = ^ — ;—  , 

m  +  m 


If  the  force  of  restitution  cannot  be  neglected,  let  B  be 
the  whole  action  between  the  balls,  i?„  the  action  up  to  the 
moment  of  greatest  compression.  The  magnitude  of  E  must 
be  found  by  experimeait.  This  may  be  done  by  determining 
the  values  of  u'  and  v',  and  thus  determining  B  by  means  of 
equations  (1).      These   experiments  were  made  in  the  first 

instance  by  I^ewton,  and  the  result  is  that  ^  is  a  constant 

ratio  depending  on  the  material  of  the  balls.  Let  this  con- 
stant ratio  be  called  1  +  .e.  The  quantity  e  is  always  less 
than  unity,  in  the  limiting  case  when  e  =  1  the  bodies  are 
said  to  be  perfectly  elastic. 

The  value  of  e  being  supposed  known  the  velocities 
after  impact  may  be  easily  found.  The  action  B^  must  be 
first  calculated  as  if  the  bodies  were  inelastic,  then  the  whole 
value  of  B  may  be  found  by  multiplying  this  result  by  1  +  e. 
This  gives 

„        mm'     I  \  /i   r  „^ 

whence  u  and.w'  may  be  found  by  equations  (1). 
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83.  Ex.  1.  A  string  is  wound  round  the  circumference 
of  a  circular  reel,  and  the  free  end  is  attached  to  a  fixed  point. 
The  reel  is  then  lifted  up  and  let  fall  so  that  at  the  moment 
when  the  string  becomes  tight  if  is  vertical,  and  a  tangent  to  the 
reel.  The  whole  motion  being  supposed  to  take  place  in  one 
plane,  determine  the  effect  of  the  impulse. 

The  reel  in  the  first  instance  falls  vertically  without  rotar 
tion.  Let  V  be  the  velocity  of  the  centre  at  the  moment  when 
the  string  becomes  tight ;  v',  a  the  velocity  of  the  centre  and 
the  angular  velocity  just  after  the  impulse.  Let  T  be  the 
impulsive  tension,  ml^  the  moment  of  inertia  of  the  reel  about 
its  centre  of  gravity,  a  its  radius. 

In  order  to  avoid  introducing  the  unknown  tension  into 
the  equations  of  motion,  let  us  take  moments  about  the  point 
of  contact  of  the  string  with  the  reel ;  we  then  have 

m  {v  —  v)  a  +  ml^co  =0 (1). 

At  the  moment  of  greatest  compression  the  part  of  the 
reel  in  contact  with  the  string  has  no  velocity. 

Hence  v'  —  aw  =0 (2). 

Solving  these  we  have  m  ■■ 


d'  +  lc' 


a 
If  the  reel  be  a  homogeneous  cylinder  ^  =  —,  and  in  this 

,  ,      2  «         ,     2 

case  we  nave  co  =-  -,     v  =-v. 

6  a  6 

If  it  be  required  to  find  the  impulsive  tension,  we  have 
resolving  vertically 

m[v'-v)=-T. (3). 

Hence  T=  -  mv. 

These  results  will  give  the  initial  motion  after  the  string 
has  become  tight  if  the  string  and  reel  be  inelastic.  If  they 
have  a  common  elasticity  e,  then  we  know  that  the  correct 
value  of  Ti& 

T  =  \m,v{l  +  e). 
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The  motion  of  a  reel  acted  on  by  this  known  impulsive 
force  is  easily  found, 

Resolving  vertically  we  have 

m  [v  —v)=  —  - mv  (1  +  e). 
Taking  moments  about  the  centre  of  gravity 
m¥a)'  =  -mva{l  +  e), 
whence  v'  and  a!  may  be  found. 

To  find  the  subseq[uent  motion.  The  centre  of  the  reel 
iegins  to  descend  vertically,  and  there  is  no  horizontal  force 
on  it  Hence  it  will  continue  to  descend  in  a  vertical  straight 
line,_  and  throughout  all  the  subsequent  motion  the  string  is 
vertical.     The  motion  may  therefore  be  easily  investigated  as 

in  Art.  72.     If  we  put  a  =  ^,  and  let  ^=the  finite  ten- 

sion  of  the  string,  it  may  be  shown  that  F=  one-third  of 

the  weight,  and  that  the  reel  descends  with  a  uniform  accele- 

2 
ration  =  ^  y.     The  initial  velocity  of  the  reel  has  been  found 

in  this  article  =  v',  so  that  the  space  descended  in  a  time  t 

1    2 

after  the  impact  is  =v't  +  -.- gf. 

a     O 

84.  Ex.  2.  .  An  inelastic  spherical  hall,  moving  without 
rotation  on  a  smooth  horizontal  plane,  impinges  with  velocity  v 
against  a  rough  vertical  wall  whose  coefficient  of  friction  is  fi. 
The  line  of  motion  of  the  centre  of  gravity  before  incidence 
making  an  angle  a  with  the  normal  to  the  wall,  determine  the 
motion  after  impact. 

Let  Vx ,  vj  be  the  velocities  of  the  centre  of  the  ball  just 
before  and  just  after  impact  resolved  along  the  wall,  Vy,  vj 
the  velocities  resolved  perpendicular  to  the  Wall  in  such 
directions  that.  v„, .  and  v^  are  positive..  Then  Vx  =  v  sin  a, 
«y=«cosa;  let  to'  be  the  angular  velocity  of  the  ball,  let 
m  be  its  mass,  and  a  its  radius. 
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Let  It  be  the  normal  blow,  then  the  impulsive  friction 
cannot  be  greater  than  /jlB.     Let  the  friction  be  F. 

The  equations  of  motion  are 

""'-''^'^-m ^^^' 

<-^-~ (^)' 

•"'=i  ••••■^^)- 

At  the  moment  of  greatest  compression  the  velocity  of 
the  point  of  the  ball  In  contact  with  the  wall  must  be  zero. 
Hence  we  have 


vj  -  aw'  =  0 1  ,  . 

<  =  o} ^'> 

This  gives 

B  =  mv  cos  a  "l 

whence  vj  and  «'  can  be  found. 

This  result  is  only  true  provided  F  is  not  greater  than 
fiR,  that  is     a_i_/a tan 0'  not  greater  than  a. 

If  a  be  so  great  that  this  inequality  does  not  hold,  we 
must  have  F=[iB.  The  equations  (2)  now  reduce  to  the 
single  one 

<  =  0 (4), 

because  it  is  no  longer  true  that  the  sliding  motion  of  the 
ball  along  the  wall  is  destroyed.  This  equation  gives  the 
same  value  of  B  as  before,  and 

.'.  F=fimv  cos  a (5), 

whence  v^  and  w'  can  be  found. 
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85.  Ex.'  3.  Four  equal  rods  each  of  length  2a  and  mass 
m  are  freely  jointed  so  as  to  form  a  rhombus.  The  system  falls 
from  rest  with  a  diagonal  vertical  under  the  action  of  gravity 
and  strikes  against  a  fixed  horizontal  inelastic  jplane.  Find 
the  subsequent  motion. 

Let  AB,  BO,  OD,  DE  be  the  rods  and  let^C  Wthe 
vertical  diagonal  impinging  on  the  horizontal  plane  at  A, 
Let  V  be  the  velocity  of  every  point  of  the  rhombus  just 
before  impact  and  let  a  be  the  angle  any  rod  makes  with  the 
vertical. 

Let  Mj  «  be  the  horizontal  and  vertical  velocities  of  the 
centre  of  gravity  and  m  the  angular  velocity  of  either  of  the 
upper  rods  just  after  impact.  Then  the  effective  forces  on 
either  rod  are  equivalent  to  the  force  m  (v  —  F)  acting  verti- 
cally and  mu  horizontally  at  the  centre  of  gravity  and  a 
couple  mJ^a  tending  to  increase  the  angle  a.  Let  B  be  the 
impulse  at  G,  the  direction  of  which  by  the  rule  of  symmetry 
is  horizontal.  To  avoid  introducing  the  reaction  at  B  into 
our  equations,  let  us  take  moments  for  the  rod  BG  about  B 
and  we  have 

m^^ft)  +  m(v  — F)asina  — w2Macosa  =  — i2.2acosa (1). 

Each  of  the  lower  rods  will  begin  to  turn  round  its  ex- 
tremity ^  as  a  fixed  point.  If  «'  be  its  angular  velocity  just 
after  impact,  the  moment  of  the  momentum  about  A  just 
after  impact  will  be  m  {¥  +  a")  w'  and  just  before  will  be 
wFasin  a.  The  difference  of  these  two  is  the  moment  about 
A  of  the  effective  forces  on  either  of  the  lower  rods.  We 
may  now  take  moments  about  A  for  the  two  rods  AB,  BG 
together  and  we  have 

»w(A;'+a^)ffl'— jreFasina— »nFa)+?«(«-F)asina+mM.3acosa 

=  jB.4a!C0sa  ....7^ (2). 

The  geometrical  equations  may  be  found  thus. 
Since  the  two  rods  must  make  equal   angles  with  the 
vertical  during  the  whole  motion  we  have 

<o'  =  (o (3). 

Again,  since  the  two  rods  are  connected  at  B  the  velo- 
citjfes  of  the  .estsewtifes  Of  the  two  rods  njust-be  the  same  in 
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direction  and  magnitude.     Eesolving  these  horizontally  and 
vertically,  we  have 

u+  atacosa=  2a(B'cosa {*h 

v  —  a(osma  =  2aa)'sina (5). 

These  five  equations  are  sufficient  to  determine  the  initial 
motion. 

Eliminating  E  between  (1)  and  (2),  substituting  for  u,  v, 
m  in  terms  of  w  from  the  geometrical  equations,  we  find 

_  3         Fsina  fn\ 

'"~2'a(l  +  3sin'a)  

In  this  problem  we  might  have  avoided  the  introduction 
of  the  unknown  reaction  R  by  the  use  of  Virtual  Velocities. 
Suppose  we  give  the  system  such  a  displacement  that  the 
inclination  of  each  rod  to  the  vertical  is  increased  by  the 
same  quantity  Sa.  Then  the  principle  of  Virtual  Velocities 
gives 

m¥(oha.  —  m{v—V)h  (3a  cos  a)  +  mwS  {a  sin  a)]  _  „ 
■\-m{1^  +  <f)(i>'ha.  +  mVh{aco&(x)  ]~   ' 

which  reduces  to 

{2^  +  a')a}—  Va  sin  a  +  3  (u  —  F)  a  sin  a  +  ua  cos  a  =  0, 

and  the  solution  may  be  continued  as  before. 

To  find  the  subsequent  motion.  This  may  be  found  very 
easily  by  the  method  which  will  be  given  in  the  chapter  on 
Vis  Viva.  But  we  may  also  proceed  thus.  The  efiective 
forces  on  either  of  the  upper  rods  will  be  represented  by  the 

difierential  coefficients  m  ^7 ,  m-f- ,  vnii  -7- ,  and  the  moment 
at        at  at 

for  either  of  the  lower  rods  will  be  m  (F+  c^)  -j- .     Let  Q  be 

the  angle  any  rod  makes  with  the  vertical  at  the  time  t. 
Taking  moments  in  the  same  way  as  before,  we  have 

,  „  (?ft)         8m      .    n         du  n 

mk  ^r--\-'m^  a  sm  ff  —  m^=-  a  cos  0 
at         at  at 

=  —  R.  2a cos 6  +  mga sin d (1)', 


ON   IMPULSIVE   FOECES.  123 

,,2       o,  <?£B         Tudto         dv      .    „         du 
"*  ('^  +'')  'dt  ~        di  '^''^'di"'^^'^    '^  ™Tt  '  ^"''^^^^ 

=  J2 .  4a  cos  0  +  2m^a  sin  ^   (2)'. 

The  geometrical  equations  are  the  same  as  those  given 
above,  with  d  written  for  a. 

Eliminating  It  and  substituting  for  u  v,  we  get 

(2P  +  a')  J  +  a^  |9  sin  d~{<o  sin  6)  +  cos  6  j^  («  cos  ^)  • 

=  iqa  sin  0: 

d6 
multiplying  both  sides  by  w  =  -t-  and  integrating,  we  get 

{2  [h^  +  a')  +  8a' sin'  e]ui?=C-  %ga cos  5. 

Initially  when  6  =  a.,w  has  the  value  given  by  equation  (6). 
Hence  we  find  that  the  angular  velocity  w  when  the  inclina- 
tion of  any  rod  to  the  vertical  is  0  is  given  by 

/I    ■  o    •  2  zjN    2      9  ^^        sin"  a        ,  3ff  ,  „. 

(l  +  3sm'^)  ta''  =  -r-r-,  ,  q   •  a    +-  (cosa-cos0). 
'  4a      1  +  3  sm  a       a  ^  ' 

86.  Ex.  4.  ^  _//-ee  lamina  of  any  form  is  turning  in  its 
own  plane  about  an  instantaneous  centre  of  rotation  iS  and  im- 
pinges on  an  obstacle  at  P,  situated  in  the  straight  line  Joining 
the  centre  of  gravity  G  to  S.  To  find  the  point  P  when  the 
magnitude  of  the  blow  is  a  maximum. 

First,  let  the  obstacle  P  be  a  fixed  point. 

Let  GP=x,  and  let  E  be  the  force  of  the  blow.  Let 
8G  =  h,  and  let  m,  co'  be  the  angular  velocities  about  the 
centre  of  gravity  before  and  after  the  impact.  Then'  hco  is  the 
linear  velocity  of  G  just  before  the  impact;  let  v'  be  its  linear 
velocity  j  ust  after  the  impact. 

We  have  the  equations 

-Bx     1 

<B  — 0)=- 


v-hm: -^ 


•(1), 
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and  supposing  the  point  of  impact  to  be  reduced  to  rest, 

v'  +  xco  =0 (2). 

Substituting  for  a  and  v'  from  (1)  in  ecLuation  (2),  we  get 

x-'rh 


B^Mco.F 


x'  +  Jc'' 


This  is  to  be  made  a  maximum.  Equating  to  zero  its 
differential  coefficient  with  respect  to  x,  we  get 

x^  +  2hx-Je'  =  0 (3); 

.•:  a;  =  -A±VF+F. 

One  of  these  values  of  x  is  positive  and  the  other  negative. 
Both  these  correspond  to  maximum  points  of  percussion,  but 
opposite  in  direction.  Thus  there  is  a  point  P  with  which 
the  body  strikes,  in  front  not  only  more  forcibly  than  with 
the  centre  of  percussion  0  itself,  but  also  more  forcibly  than 
with  any  other  point ;  and  at  the  same  time  there  is  another 
point  JP  with  which  the  body  strikes  with  the  greatest  pos- 
sible force,  but  it  does  so  in  the  rear  of  its  own  translation 
through  space*. 

Let  k'  be  the  radius  of  gyration  about  the  instantaneous 
axis  of  rotation,  then  h^-^¥=  Ic^  and  h+x=8P;  .-.  8P=±k'. 
Hence  the  two  points  P,  P'  are  at  equal  distances  from  8, 
Also  if  0  be  the  centre  of  oscillation  with  respect  to  /S'  as  a 
centre  of  suspension.  8G.80=  k" ;    .-.  SP"  =  8G .  80. 

Since  GP,  GP'  are  the  roots  of  the  quadratic  equation  (3), 

.-.  GP-GP=2hl 
GP.GP'  =  ¥]' 

The  latter  equation  shows  that  if  P  be  made  a  point  of 
suspension,  P'  is  the  corresponding  centre  of  oscillation.  It 
is  easy  to  see  that  PP  is  harmonically  divided  in  G  and  0. 


*  Poinsot,  Sur  la  percussion  dea  corps,  LiouiTUe'^  Journal,  1857 ;  translated 
in  the  Annals  of  Philosophy,  1858.  - 
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Secondly,  let  the  obstacle  he  a  free  particle  of  mass  m. 

Then,  besides  the  equations  (1),  we  have  the  equation, 
of  motion  of  "the  particle  m.  Let  F'  be  its  velocity  after 
impact, 

.-.  F  =  - (4), 

The  point  of  impact  in  the  two  bodies  will  have  after 
impact  the  same  velocity,  hence  instead  of  equation  (2)  we 
have 

V'=v'  +  xa}' (5). 

Substituting  for  «»',  v',  V  from  equations  (1)  and  (4)  in 
equation  (5),  we  get 

(M+  m)  F  +  mx' 

This  is  to  be  made  a  maximum.  Equating  to  zero  its 
differential  coefiScient  with  respect  to  x,  we  get 

r?  +  2lx  =  ¥{l+^ (6); 


X 


X 


=  -n±^/J'^^^). 


This  point  does  not  coincide  with  that  found  when  the  ob- 
stacle was  fixed,  unless  m  is  infinite.  To  find  when  it  coin- 
cides with  the  centre  of  oscillation,  we  must  put  ¥  =  xh.    This 

gives  —  =  '"I"     ,  or  if  Z  =  a;  +  A  be  the  length  of  the  simple 
°        m         h 

equivalent  pendulum,  —=  T  • 

Since  F'  =  — ,  it  is  evident  that  when  ^  is  a  maximum 
m 

V  is  a  maximum.     Hence  the  two  points  found  by  equation 

(6)  might  be  called  the   centres   of-  greatest   communicated 

velocity. 

There  are  other  singular  points  in  a  moving  body  whose 
positions  may  be  found;  thus  we  might  inquire  at  what  poirit 
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a  tody  must  impinge  against  a  fixed  obstacle,  that  first  the 
linear  velocity  of  the  centre  of  gravity  might  be  a  maximum, 
or  secondly,  that  the  angular  velocity  might  be  a  maximum. 
These  points,  respectively,  have  been  called  by  Poinsot  the 
centres  of  maximum  Reflexion  and  Conversion.  _  Eeferring 
to  equations  (1),  we  see  that  when  v'  is  a  maximum  R  is 
either  a  maximum  or  a  minimum,  and  hence  it  may  be 
shown  that  the  first  point  coincides  with  the  point  of  greatest 
impact.     When  oj'  is  a  maximum,  we  have  to  make 

Ex 
w  —  -^rn-i  =  maximum. 

Substituting  for  R,  this  gives 

x''-2^x-lc'  =  0 (7). 

h. 

If  0  be  the  centre  of  oscillation,  we  have  GO  =  -r-     Let 

this  length  be  represented  by  h'.  Then  the  equation  (7)  becomes 

ai'-2Ii'x-Jc^=0  (8). 

The  roots  of  this  equation  are  the  same  functions  of  h' 
and  k  that  those  of  equation  (3)  are  of  h  and  k,  except 
that  the  signs  are  opposite.  Now  8  and  0  are  on  opposite 
sides  of  G,  hence  the  positions  of  the  two  centres  of  maximum 
Conversion  bear  to  0  and  Gr  the  same  relation  that  the 
positions  of  the  two  centres  of  maximum  Reflexion  do  to  S 
and  G.  If  the  point  of  suspension  be  changed  from  8  to  0, 
the  positions  of  the  centres  of  maximum  Reflexion  and  Con- 
version are  interchanged. 


Initial  Motions. 

87.  Suppose  a  system  of  bodies  to  be  in  equilibrium  and 
that  one  of  the  supports  suddenly  gives  way.  It  is  required 
to  find  the  initial  motion  of  the  bodies  and  the  initial  values 
of  the  reactions  which  exist  between  the  several  bodies. 

The  problem  of  finding  the  initial  motion  of  a  dynamical 
system  is  the  same  as  that  of  expanding  the  co-ordinates  of 
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the  moving  particles  in  powers  of  the  time  t.  Let  (x,  y,  6) 
be  the  co-ordinates  of  any  body  of  the  system.  For  the 
sake  of  brevity  let  us  denote  by  accents  differential  coeffi- 
cients with  regard  to  the  time,  and  let  the  suffix  zero  denote 

initial  values.     Thus  aj/'  denotes  the  initial  value  of  -y^ . 

By  Taylor's  theorem  we  have 

«'  =  «  +  <'|  +  <"^  + (1), 

the  term  a;„'  is  omitted  because  we  shall  suppose  the  system 
to  start  from  rest. 

First,  let  only  the  initial  values  of  the  reactions  he  required.  ■ 
The  dynamical  equations  will  contain  the  coordinates,  their 
second  differential  coefficients  with  regard  to  t,  and  the  un- 
known reactions.  There  will  be  as  many  geometrical 
equations  as  reactions.  From  these  we  have  to  eliminate  the 
second  differential  coefficients  and  find  the  reactions.  The 
process  will  be  as  follow^s. 

Write  down  the  geometrical  equations,  differentiate  each 
twice  and  then  simplify  the  results  by  substituting  for  the 
coordinates  their  initial  values.  Thus,  if  we  use  Cartesian 
coordinates,  let  ^  [x,  y,  6)=0  be  any  geometrical  relation,  we 
have  since  a;„'  =  0,  y^  =  0,  6 J  =  0, 

#a;"+^v"4-^6'"  =  0 
dx""'   ^dy^o  ^  dd""       "• 

The  process  of  differentiating  the  equations  may  some- 
times be  much  simplified  when  the  origin  has  been  so  chosen 
that  the  initial  values  of  some  at  least  of  the  coordinates  are 
zero.  We  may  then  simplify  the  equations  by  neglecting 
the  squares  and  products  of  all  such  coordinates.  For  if  we 
have  a  term  a?,  its  second  differential  coefficient  is  -Kaia;" +«"),, 
and  if  the  initial  value  of  x  is  zero,  this  vanishes. 

The  geometrical  equations  must  be  obtained  by  supposing 
the  bodies  to  have  their  displaced  position,  because  we  require 
to  differentiate  them.  But  this  is  not  the  case  with  the 
dynamical  equations.  These  we  may  write  down  on  the 
supposition  that  each  body  is  in  its  initial  position.    These 
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equations  may  be  obtained  according  to  the  rules  given  in 
page  96.  The  forms  there  given  for  the  effective  forces  admit 
in  this  problem  of  some  simplifications.  Thus  since  r„'  ==  0, 
^/  =  0,  the  acceleration  along  and  perpendicular  to  the  radius 
vector  take  the  simple  forms  r„"  and  r^^'.    So  again  the 

acceleration  —  along  the  normal  vanishes.     If,  for  example, 

we  know  the  initial  direction  of  motion  of  the  centre  of 
gravity  of  any  one  of  the  bodies,  we  might  conveniently 
resolve  along  the  normal  to  the  path.  This  will  supply  an 
equation  which  contains  only  the  impressed  forces  and 
such  tensions  or  reactions  as  may  act  on  that  body.  If  there 
be  only  one  reaction,  this  equation  will  suffice  to  determine 
its  initial  value. 

We  may  also  deduce  from  the  equations  the  values  of 
a;„",  2^„",  6^',  and  thus  by  substituting  in  equation  (1)  we  have 
found  the  initial  motion  up  to  terms  depending  on  f. 

88;  Secondly,  let  the  initial  motion  he  required.  How 
many  terms  of  the  series  (1)  it  may  be  necessary  to  retain  will 
depend  on  the  nature  of  the  problem.  Suppose  the  radius  of 
curvature  of  the  path  described  by  the  centre  of  gravity  of 
one  of  the  bodies  to  be  required.     We  have 

,_^!+£)* 

''~xy"-y'd" 
and  by  differentiating  equation  (1) 


,n .    ,         lit 


X'  =x,t  +  x-^  +  xry^  +  ... 

x-=x:  +<"«  +  a;„'^.|  +  ... 
&c.  =  &c.; 

•■•  {x'+y"f  =  [<'+ynh'  +  ... 

tdf  - y'^'=  «>;" - x^'yl') {^{x:y--x-y:')  |  +  ... 

results  which  may  also  be  obtained  by  a  direct  use  of  Tay- 
lor's theorem. 
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If  then  the  body  start  from  rest,  the  radius  of  curvature  is 
zero.     But  if  ir/'r/;" - xl"y;,'  =  0,  we  liare 

To  find  these  differential  coefScients  we  may  proceed  thus. 
DiflFerentiateeach  dynamical  equation  twice  and  then  reduce 
it  to  its  initial  fprm  by  writing  for  x,  y,  6,  &c.  their  initial 
values,  and  for  x,  y',  &  zero.  Differentiate  each  geometrical 
equation  four  times  and  then  reduce  each  to  its  initial  form. 
"Vve  shall  thus  have  suflScierit  equations  to  determine  a;„",  a;,'", 
x",  &c.,  i?,,,  jB„',  B,^',  &c.,  where  B,  is  any  one  of  the  un- 
known reactions.  It  will  often  be  an  advantage  to  eliminate 
the  unknown  reactions  from  the  equations  hefore  diflFerentia- 
tion.  We  shall  then  have  only  the  unknown  coefficients  a;„", 
x^'\  &c.  entering  into  the  equations. 

If  we  know  the  direction  of  motion  of  one  of  the  centres 
of  gravity  under  consideration,  we  can  take  the  axis  of  y  a 

tangent  to  its  path.     Then  we  have  p  —  ^,  where  x  is  of  the 

second  order,  y  of  the  first  order,  of  small  quantities.  We  may 
therefore  neglect  the  squares  of  oo  and  the  cubes  of  y.  This 
will  greatly  simplify  the  equations.  If  the  body  start  from  rest 
we  have  a?,'  =  0,  and  if  x^"  =  0,  we  may  then  use  the  formula 


p  =  3 


yr 


^0 


89.  Ex.  A. circular  disc  is  hung  up  .by  three ^  equal 
strings,  attached  to  three  points  at  equal  distances  in  its  cir- 
cumference, and  fastened  to  a  peg  vertically  over  the  centre 
of  the  disc.  One  of  these  strings  is  suddenly  cut.  Deter- 
mine the  initial  circumstances  of  motion. 

Let  0  be  the  peg,  AB  the  circle  seen  by  an  eye  in  its: 
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plane.  Let  OA  be  the  string  which  is  cut  and  O  he  the 
middle  point  of  the  chord  joining  the  points  of  the  circle  to 
which  the  two  other  strings  are  attached.  Then  the  two 
tensions,  each  equal  to  T,  are  throughout  the  motion  equiva- 
lent to  a  resultant  tension  li  along  CO.  If  2a  be  the  angle 
between  the  two  strings,  we  have 

B  =  2Tcosa. 

Let  I  be  the  length  of  0  C,  ^  be  llie  angle  fi^  0  C,  a  be  the 
radius  of  the  disc.  Let  (x,  y]  be  the  co-ordinates  of  the  dis- 
placed position  of  the  centre  of  gfavity  with  reference  to  the 
origin  0,  x  being  measured  horizontally  to  the  left  and  v 
vertically  downwards.  Let  0  be  the  angle  the  displaced 
position  of  the  disc  makes  with  AB. 

By  drawing  the  disc  in  its  displaced  position  it  will  be 
seen  that  the  co-ordinates  of  the  displaced  position  of  C  are 
x  —  lsin0  cos  6,  and  y— I  sin  j3  sin  6.  Hence  since  the  length 
0(7  remains  constant  and  equal  to  I  we  have 

ne'  +  f -2lsixi0{x  cos  9  +  1/ sine)  =  T'cos' 13. 

Suppose  the  initial  tensions  only  to  be  required.  It  will 
be  sufficient  to  differentiate  this  twice.  Since  we  may  neglect 
the  squares  of  small  quantities,  we  may  omit  x",  put  cos  6  =  1, 
sin  6  =  0.  The  process  of  differentiation  will  not  then  be 
very  long,  for  it  is  easy  to  see  beforehand  what  ternis  will 
disappear  when  we  equate  the  differential  coeflScients  (x',  y' ,  6') 
to  zero,  and  put  for  (a;,  y,  6)  their  initial  values  (0,  Zcos/8,  0). 
We  get 

y^'  cos  ;8  =  sin  ;S  {x^"  + 1  cos  /3^;'). 

This  equation  may  also  be  obtained  by  an  artifice  which 
is  often  useful.  The  motion  of  G  is  made  up  of  the  motion 
of  G  and  the  motion  of  G  relatively  to  0.  Since  0  begins 
to  describe  a  circle  from  rest,  its  acceleration  along  CO  is 
zero.     Again,  the   acceleration  of  G  relatively^  to  C  when 

resolved  along  CO  is  GC-r-^  cos ^.  The  resolved  accelera- 
tion of  G  is  the  sum  of  these  two,  but  it  is  also 

2^;'coS;S-a;;'sin/3. 
Hence  the  equation  follows  at  once. 
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In  this  case  we  require  the  differential,  equations  only  in 
their  initial  form.     These  are 

mx^'  =  i2„  sin  /3  l 

my"  =mg-B^<io&^  \, 
mFe,"  =  RJ  sin  ^  cos  13) 

where  m  is  the  mass  of  the  body.     Substituting  in  the  geo- 
metrical equation  we  find 

T>  COS  i8 

^0='>"ff-  72 . 

l  +  psin'/3cos'yS 

The  tension  of  any  string,  lefore  the  string  OA  was  cut, 

may  be  found  by  the  rules  of  statics,  and  is  clearly  T.  =    "'•^    , 

'3  cos  7 
where  7  is  the  angle  AOG.     Hence  the  change  of  tension 
can  be  found. 


On  Relative  Motion  or  Moving  Axes. 

90.  In  many  dynamical  problems  the  relative  motion  of 
the  different  bodies  of  the  system  is  frequently  all  that  is 
required.  In  these  cases  it  will  be  an  advantage  if  we  can 
determine  this  without  finding  the  absolute  motion  of  each 
body  in  space.  Let  us  suppose  that  the  motion  relative  to 
some  one  body  [A)  is  required.  There  are  then  two  cases  to 
be  considered,  (1)  when  the  body  {A)  has  a  motion  of  trans- 
lation only,  and  (2)  when  it  has  a  motion  of  rotation  onlj-. 
The  case  in  which  the  body  {A)  has  a  motion  both  .'of 
translation  and  rotation  may  be  regarded  as  a  combination 
of  these  two  cases.     Let  us  consider  these  in  order. 

91.  Let  it  be  required  to  find  the  motion  of  any  dynami- 
cal system  relative  to  some  moving  point  G.  We  may 
clearly  reduce  C  to  rest  by  applying  to  every  element  of  the 
system  an  acceleration  equal  and  opposite  to  that  of  C.  It 
will  also  be  necessary  to  suppose  that  an  initial  velocity 
equal  and  opposite  to  that  of  C  has  been  applied  to  each 
element. 

9—2 
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'  Let  f  te  the  acceleration  of  G  at  any  time  t.  If  every 
particle  m  of  a  body  be  acted  on  by  tlie  same  accelerating 
force / parallel  to  any  given  direction,  it  is  clear  that. these 
are  together  equivalent  to  a  force  /Sot  acting  at  the  centre  of 
gravity.  Hence  to  reduce  any  point  C  of  a  system  to  rest, 
it  will  be  sufficient  to  apply  to  the  centre  of  gravity  of  each 
body  in  a  direction  opposite  to  that  of  the  acceleration  of  G 
a  force  measured  by  Mf,  where  if  is  the  mass  of  the  body 
and  /  the  acceleration  of  G. 

The  point  G  may  now  be  taken  as  the  origin  of  co-ordi- 
nates. We  may  also  take  moments  about  it  as  if  it  were  a 
point  fixed  in  space. 

Let  us  consider  the  equation  of  moments  a  little  more 
minutely.  Let  (r,  6)  be  the  polar  co-ordinates  of  any  element 
of  a  body  whose  mass  is  m  referred  to  G  as  origin.  The 
accelerations  of  the  particle  are 


d\        fddx"      ,  1   d  f  „de\ 


^-iVi)- 


'  dt 


along  and  perpendicular  to   the   radius   vector  r.     Taking 
moments  about  G,  we  get 

moment  round  G  of  the  impressed  forces 
plus  the  moment  round  G  of  the  reversed 
effective  forces  of  C  supposed  to  act  at 
the  centre  of  gravity. 

If  the  point  G  be  fixed  in  the  body  and  move  with  it,  -p 

Cut 

will  be  the  same  for  every  element  of  the  body,  and,  as  in 
Art;  51,  we  have 

92.      From   the  general  equation  of  moments   about  a 
moving  point  we  learn  that  we  may  use  the  equation 

da>  _  moment  of  forces  about  G 

dt      moment  of  inertia  about  G 

in  the  following  cases. 
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First.  If  the  point  0  be  fixed  both  in  the  body  and  in 
space ;  for  then  the  acceleration  of  C  is  nothing. 

Secondly.  If  the  point  0  being  fixed  in  the  body  move 
in  space  with  uniform  velocity ;  for  the  same  reason  as 
before. 

Thirdly.  If  the  point  G  be  the  centre  of  gravity ;  for  in 
that  case,  though  the  acceleration  of  0  is  not  zero,  yet  the 
moment  vanishes. 

Fourthly.  If  the  point  0  be  the  instantaneous  centre  of 
rotation*,  and  the  motion  be  a  small  oscillation.  At  the 
time  t  the  body  is  turning  about  G,  and  the  velocity  of  G  is 
therefore  zero.  At  the  time  t  +  dt,  the  body  is  turning  about 
some  point  G'  very  near  to  0.  Let  GG'  =  da;  then  the 
velocity^  of  G  is  mda:  Hence  in  the  time  dt  the  velocity  of 
G  has  increased  from  zero  to  ada;  therefore  its  acceleration 

is  w  -T-  .     To  obtain  the  accurate  equation  of  moments  about 

G  we  must  apply  the  effective  force  Sm  .m-j-  in  the  reversed 

dt 

direction  at  the  centre  of  gravity.  But  in  small  oscillations 
0)  and  -J-  are  both  small  quantities  whose  squares  and  pro- 
ducts are  to  be  neglected.  Hence  the  moment  of  this  force 
must  be  neglected,  and  the  equation  of  motion  will  be  the 
same  as  if  G  had  been  a  fixed  point. 

It  is  to  be  observed  that  we  may  take  moments  about  any 
point  very  near  to  the  instantaneous  centre  of  rotation,  but 
it  will  usually  be  most  convenient  to.  take  moments  about 
the  centre  in  its  disturbed  position.  If  there  be  any  unknown 
reactions  at  the  .centre  of  rotation,  their  moments  will  then 
be  zero. 


*  If  a  body  be  in  motion  in  one  plane  it  is  known  that  the  actual  displace- 
ment of  every  particle  in  the  time  dt  is  the  same  as  if  the  body  had  been  turned 
through  some  ^.ngle  adt  about  some  fixed  point  C.  This  may  be  proved  in  the 
same  way  as  the  corresponding  proposition  in  Three  Dimensions  is  proved  in 
the  next  Chapter.  See  Art.  97.  The  point  Cis  called  the  instantaneous  centre 
of  rotation,  and  u  is  called  the  instantaneous  angular  velocity.  See  also  Salmon's 
Higher  Plane  Curves,  1852,  Arts.  246  and  264. 
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If  the  accurate  equation  of  moments  atout  the  instan- 
taneous centre  be  required,  the  value  oi  m  -j-  must  be  found 

from  the  peculiar  circumstances  of  the  problem  under  con- 
sideration. For  example,  if  a  body  roll  on  a  curve,  then  the 
arc  da-  is  described  by  G  when  the  body  has  turned  through 

an  angle 1 — r  where  p,  p  are  the  radii  of  curvature  of  the 

P       P 
body  and  curve  at  the  point  of  contact,  the  curvatures  being 

supposed  to  be  in  opposite  directions.  Hence,  since  adt  is 
the  angle  turned  through  by  the  body  in  the  time  dt, 

da-  _     to 
'di~  1   ,   1  ■ 

-  +  -7 
P         P 

93.  Example.  Two  heavy  particles  whose  masses  are 
m  and  m  are  connected  hy  an  inextensihle  string,  which  is  laid 
over  the  vertex  of  a  double  inclined  plane  whose  mass  is  M, 
and  which  is  capable  of  moving  freely  on  a  smooth  horizontal 
plane.  Find  the  force  which  must  act  on  the  wedge  that  the 
system  may  be  in  a  state  of  relative  equilibrium. 

Here  it  will  be  convenient  to  reduce  the  wedge  to  rest  by 
applying  to  every  particle  an  acceleration  /  equal  and  oppo- 
site to  that  of  the  wedge.  Supposing  this  done  the  whole 
system  is  in  equilibrium.  If  F  be  the  required  force,  we 
have  by  resolving  horizontally  (if -J-  m  +  m')f=  F. 

Let  a,  a'  be  the  inclinations  of  the  sides  of  the  wedge 
to  the  horizontal.  The  particle  m  is  acted  on  by  mg  vertically 
and  mf  horizontally.  Hence  the  tension  of  the  string  is 
m  {g  sin  a  -t-ycos  a).  By  considering  the  particle  m',  we  find' 
the  tension  to  be  also  m'  (g  sin  a  —/cos  a').  Equating  these 
two  we  have 

,     m'  sin  a'  —  m  sin  a 

/  = — i } (f. 

•'      m  cos  a  +wcosa'' 

Hence  F  is  found. 

94.  Next,  let  us  consider  the  case  in  which  we  wish  to 
refer  the  motion  to  two  straight  lines  0^,  Otj  turning  round  a 
fixed  origin  0  with  angular  velocity  to. 
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Let  Ox,  Oy  be  any  fixed  axes  and  let  the  angle  xO^=  $. 
Let  f  =  OM,  1]  —PM  be  the  co-ordinateis  of  iany  point  P. 

It  is  evident  that  the  motion  of  P  is  made  up  of  the 
motions  of  the  two  points  M,^N  hj  simple  addition.      The 

resolved  parts  of  the  velocity  of  M  are  -^  and  fa»  along  and 

perpendicular  to  OM.    The  resolved  parts  of  the  velocity  of 


N  are  in  the  same  way  -^  and  "nas  along  and  perpendicular 
to  ON.    By  adding  these  with  their  proper  signs  we  have 

velocity  of  P\_^ _ 
parallel  to  Of  J  ~  dt     ''"'' 

velocity  of  -Pi  _  ^  ,  t 
parallel  to  Or])      dt 

In  the  same  way  by  adding  the  accelerations  of  M  and 
^we  have 

acceleration  of  P ")  _  ^  _  g  a  _  i  ^  r  i  \ 
parallel  to  Of  J  ~^«^      ^        vdt^'    '' 

acceleration  of  P 1  _  ^  _  „^i!  j.  1  -^  (6%) 
parallel  to  Oijj      df  ^dt^^ 

,      .  ,     .  d^x       ,  d'y 

By  using  these  foriaulse  instead  oi  -^  and  ^  we  may 

•refer  the  motion  to  the  moving  axes  Of,  Oi].. 
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In  a  similar  manner  we  may  use  polar  co-ordinates.  In 
this  case  if  {r,  ^)  be  the  polar  co-ordinates  of  P,  we  have 

acceleration  of  P]      d\        fd4>  .     V 
along  rad.  vect.  J      df        \dt    ^    J ' 

acceleration  of  PI  _  1  d  (  ^  rd^       \] 
perp.  to  rad.  vect.j      r  dt\     \dt        ))' 

95.  Example.  A  particle  under  the  action  of  any  forces 
moves  on  a  smooth  curve  which  is  constrained  to  turn  with 
angular  velocity  a  about  a  fixed  axis.  Find  the  motion  rela- 
tive to  the  curve. 

Let  us  suppose  the  motion  to  be  in  three  dimensions. 
Take  the  axis  of  Z  as  the  fixed  axis,  and  let  the  axes  of  ^,  ij 
be  fixed  relatively  to  the  curve.  Then  the  equations  of 
motion  are 


■(1), 


^^Z+Rn 
at 

where  X,  Y,  Z  are  the  resolved  parts  of  the  impressed 
accelerating  forces  resolved  parallel  to  tire  axes,  R  is  the 
pressure  on  the  curve,  and  {I,  m,  n)  the  direction-cosines  of 
the  direction  of  R.  Then  since  R  acts  perpendicularly  to  the 
curve 

if  +  JjL  +  n^^O. 
as         ds         as 

Suppose  the  moving  curve  to  be  projected  orthogonally 
on  the  plane  of  ^,  17,  let  o-  be  the  arc  of  the  projection,   and 

v'  =  -J-  be  the  resolved  part  of  the  Telocity  parallel  to  the 

plane  of  projection.  Then  the  equations  may  be  written  in 
the  form 
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5.zh-»-s4:,+w|h-5!, 


de 


T7-  .     a       d(o  ^ 


=  ^+  Un. 


2cov'  —2^  +  Em, 
da 


The  two  terms  2mv'  -j-  and  —  Iwv  --—  may  be  regarded 

as  the  resolved  parts  of  a  force  2eov'  acting  in  a  direction 
whose  direction-cosines  are 


?'  = 


dtf 


m  = 


■d^ 


da- '     ""        dar 
These  satisfy  the  equation 


w'  =  0. 


I  ^  +  m  -T^  +  n  1^  =  0. 
ds  ds         ds 

Hence  the  force  is  perpendicular  to  the  tangent  to  the 
curve,  and  also  perpendicular  to  the  axis  of  rotation.  Let 
K  be  the  resultant  of  the  reaction  B  and  of  the  force  2cov'. 
Then  M'  also  acts  perpendicularly  to  the  tangent,  let  {I",  m", 
n")  be  the  direction-cosines  of  its  direction. 

The  equations  of  motion  therefore  become 


d^z 


di 


l  =  Z^R'n". 


(2). 


These  are  the  equations  of  motion  of  a  particle  moving 
on  a  fixed  curve,  and  acted  on  in  addition  to  the  impressed 
forces  by  two  extra  forces,  viz.  (I)  a  force  aPr  tending  directly 
from  the  axis,  where  r  is  the  distance  of  the  particle  from  the 

axis,  and  (2)  a  force  -^r  perpendicular  to  the  plane  contain- 


138  MOTION   IN  TWO  DIMENSIONS. 

ing  the  particle  and  the  axis,  and  tending  opposite  to  the 
direction  of  rotation  of  the  curve. 

In  any  particular  problem  we  may  therefore  treat  the 
curve  as  fixed.  Thus  suppose  the  curve  to  be  turning  round 
the  axis  with  uniform  angular  velocity. 

Then  resolving  along  the  tangent  we  have 

ds~     ds  ds  ds  ds' 

where  r  is  the  distance  of  the  particle  from  the  axis.    Let  V 
be  the  initial  value  of  v,  ?•,  that  of  r.     Then 

«^  _  F'  =  2  j{Xdx  +Ydr/  +  Zdz)  +  a'  (>•»  -  »•/) . 

Let  «„  be  the  velocity  the  particle  would  have  had  under 
the  action  of  the  same  forces  if  the  curve  had  been  fixed.   Then 


v'-V 


iUxdx  +  Ydy  +  Zds). 


Hence  i?  —  v^  =  w"  (r"  -  r/) . 

The  pressure  on  the  moving  curve  is  not  equal  to  the 
pressure  on  the  fixed  curve.  The  pressure  B  on  the  moving 
curve  is  clearly  the  resultant  of  the  pressure  S  on  the  fixed 
cilrve,  and  a  pressure  2o)U  acting  perpendicular  both  to  the 
curve  and  to  the  axis  in  the  direction  of  motion  of  the  curve. 

Thus  suppose  the  curve  to  be  plane  and  revolving  uni- 
formly about  an  axis  perpendicular  to  its  plane,  and  that 
there  are  no  impressed  forces.  We  have,  resolving  along  the 
normal, 

—  =  -  cbV  sin  (A  +  R, 
P 

where  ^  Is  the  angle  r  mates  with  the  tangent. 

If  p  be  the  perpendicular  drawn  from  the  axis  on  the 
tangent,  we  have,  therefore, 

It=  — h  eo'n  +.  2(»u. 
P 
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If  ft)  be  variable,  we  have  in  a  similar  manner 

EXAMPLES. 

1.  A  smooth  sphere  is  ]3laced  on  a  horizontal  plane,  and 
another  sphere  resting  on  it  is  just  disturbed  from  its  position 
of  unstable  equilibrium.  The  two  spheres  being  homo- 
geneous, prove  that  whatever  be  their  radii  or  weights,  the 
upper  sphere  will  leave  the  lower  before  the  angle  with  the 
vertical  made  by  the  straight  line  joining  the  centres  becomes 

equal  to  cos~^-. 
3 

2.  A  beam  is  rotating  on  a  smooth  horizontal  plane 
about  one  extremity,  which  is  fixed,  under  the  action  of  no 
forces  except  the  resistance  of  the  atmosphere.  Supposing 
the  retarding  effect  of  the  resistance  on  a  small  element  of  the 
beam  of  length  a  to  be  Aa.  (vel.)',  then  the  angular  velocity 
at  the  time  t  is  given  by 

1      \  _  Aa* 
ft)     a     AMk' 

3.  A  circular  hoop,  which  is  free  to  move  on  a  smooth 

horizontal  plane,  carries  on  it  a  small  ring  -  th  of  its  weight, 

the  coefficient  of  friction  between  the  two  being  fi.    Initially 

the  hoop  is  at  rest  and  the  ring  has  an  angular  velocity  ft> 

about  the  centre  of  the  hoop.     Show  that  the  ring  will  be 

1  +  w 
at  rest  on  the  hoop  after  a  time . 

4.  A  heavy  circular  wire  has  its  plane  vertical  and  its 
lowest  point  at  a  height  Ji  above  a  horizontal  plane.  A  small 
ring  is  projected  along  the  wire  from  its  highest  point  with  an 

angular  velocity  about  its  centre  equal  to  nrn/u  y  at  the 
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^instant  that  the  wire  is  let  go.  Show  that  when  the  wire 
reaches  the  horizontal  plane,  the  particle  will  just  have  de- 
scribed n  revolutions. 

5.  An  inclined  plane  of  mass  M  is  capable  of  moving 
freely  on  a  smooth  horizontal  plane.  A  perfectly  rough 
sphere  of  mass  m  is  placed  on  its  inclined  face  and  rolls  down 
under  the  action  of  gravity.  If  x  be  the  horizontal  space 
advanced  by  the  inclined  plane,  x  the  part  of  the  plane  rolled 
over  by  the  sphere,  prove  that 

(Jf  +  m)  X  =  mx  cos  a, 

7  ,      1      .       . 

-  a;  —  cos  ax  =  -a  sin  ar, 

where  a  is  the  inclination  of  the  plane  to  the  horizon. 

6.  A  heavy  uniform  sphere  rolls  on  a  rough  plane  and 
is  acted  on  by  a  fixed  centre  of  force  in  the  plane  varying 

•inversely  as  the  square  of  the  distance;  if  the  sphere  be  pro- 
jected along  the  plane  from  a  given  point  in  it,  in  a  direction 
opposite  to  that  of  the  centre  of  force,  find  the  roughness  of 
the  plane  at  any  point,  supposing  the  whole  of  it  to  be 
required. 

7.  Two  equal  uniform  rods  of  length  2a,  loosely  jointed 
at  one   extremity,   are   placed   symmetrically   upon  a  fixed 

smooth  sphere  of  radius  —- ,  and  raised  into  a  horizontal 

position  so  that  the  hinge  is  in  contact  with  the  sphei'e.  If 
they  be  allowed  to  descend  under  the  action  of  gravity,  show 
that,  when  they  are  first  at  rest,  they  are  inclined  at  an 

angle  cos"'-  to  the  horizon,  that  the  points  of  contact  with 

the  sphere  are  the  centres  of  oscillation  of  the  rods  relatively 
to  the  hinge,  that  the  pressure  on  the  sphere  at  each  point  of 
contact  equals  one-fourth  the  weight  of  either  rod,  and  that 
there  is  no  strain  on  the  hinge. 

8.  Two  circular  discs  are  on  a  smooth  horizontal  plane ; 
one,  whose  radius  is  n  times  that  of  the  other,  is  fixed:  an 
elastic  string  wraps  round  them  so  that  those  portions  of  it 
not  in  contact  with  the  discs  are  common  interior  tangents. 
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the  natural  length  of  the  string  being  the  sum  of  the  cir- 
cumferences. The  moveable  disc  Is  drawn  from  the  other 
till  the  tension  of  the  string  is  T,  prove  that  if  It  be  now 
let  go,  the  velocity  acquired  when  It  comes  In  contact  with 
the  fixed  disc  will  be 


u 


2  (w+  1)  7ra.  \ 


m 

where  m  Is  the  mass  of  the  moving  disc,  \  the  modulus  of 
elasticity,  a  the  radius  of  the  moving  disc. 

9.  Two  straight  equal  and  uniform  rods  are  connected 
at  their  ends  by  two  strings  of  equal  length  o,  so  as  to  form 
a  parallelogram..  One  rod  is  supported  at  Its  centre  by  a 
fixed  axis  about  which  It  can  turn  freely,  this  axis  being 
perpendicular  to  the  plane  of  motion  which  Is  vertical. 
Show  that  the  middle  point  of  the  lower  rod  will  oscillate 
in  the  same  way  as  a  simple  pendulum  of  length  a,  and 
that  the  angular  motion  of  the  rods  Is  independent  of  this 
oscillation. 

10.  A  fine  string  is  attached  to  two  points  A,  B  in  the 

same  horizontal  plane,  and  carries  a  weight  W  at  Its  middle 

point.     A  rod  whose  length  is  AB  and  weight   W,  has  a 

ring   at   either   end,  through    which  the  string  passes,  and 

Is  let  fall  from  the  position  AB.     Show  that  the  string  must 

5 
be  at  least  -  AB,  In  order  that  the  weight  may  ever  reach 

the  rod. 

Also  If  the  system  be  in  equilibrium,  and  the  weight 
be  slightly  and  vertically  displaced,  the  time  of  Its  small  os- 

11.  A  fina  thread  Is  enclosed  ?n  a  smooth  circular  tube 
which  rotates  freely  about  a  vertical  diameter;  prove  that, 
in  the  position  of  relative  equilibrium,  the  inclination  {6)  to 
the  vertical,  of  the  diameter  through  the  centre  of  gravity 
of  the  thread,  will  be  given  by  the  equation 

.  a  < 

cos  5  = ^ 7,, 

aw  cos  p 


dilations  Is  27r  /y/ 
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where  w  is  the  angular  velocity  of  the  tube,  a  its  radius,  ■ 
and   2a/3  the  length  of  the  thread.      Explain  the  case  in 
which  the  value  of  aw^  cos  /8  lies  between  g  and  —  g. 

12.  A  smooth  wire  without  inertia  is  bent  into  the  form 
of  a  helix  which  is  capable  of  revolving  about  a  vertical  axis 
coinciding  with  a  generating  line  of  the  cylinder  on  which 
it  is  traced.  A  small  heavy  ring  slides  down  the  helix, 
starting  from  a  point  in  which  this  vertical  axis  meets  the 
helix :  prove  that  the  angular  velocity  of  the  helix  will  be  a 
maximum  when  it  has  turned  through  an  angle  6  given 
by  the  equation 

cos^^  +  tan'a  +  6  sin  26  =  0, 

a  being  the  inclination  of  the  helix  to  the  horizon. 

13.  A  spherical  shell  (of  radius  a  and  mass  m)  rolls  along 
a  rough  horizontal  plane,  whilst  a  smootli  particle  P  oscillates 
within  the  shell  in  the  vertical  plane  in  which  the  centre  of 
the  shell  moves,  the  particle  being  never  very  far  from  the 
lowest  point.  Show  that  the  time  of  its  oscillation  will  be 
the  same  as  that  of  a  simple  pendulum  of  length 

ma  {c?  +  V) 
m  [a' +  ](?)+ Pa?' 

where  h  is  the  radius  of  gyration  of  the  shell  about  a  dia- 
meter. 

14.  A  spherical  hollow  of  radius  a  is  made  in  a  cube  of 
glass  of  mass  M,  and  a  particle  of  mass  m  is  placed  within. 
The  cube  is  then  set  in  motion  on  a  smooth  horizontal  plane 
so  that  the  particle  just  gets  round  the  sphere,  remaining  in 
contact  with  it.     If  the  velocity  of  projection  be  V,  prove  that 

m 


V^=5ag  +  iag 


M' 


15.     A  perfectly  rough  ball  is  placed  within  a  hollow 

cylindrical  garden-roller  at  its  lowest  point,  and  the  roller  is 

then  drawn  along  a  level  walk  with  a  uniform  velocity   V. 

Show  that  the  ball  will  roll  quite  round  the  interior  of  the 

27 
roller,  if  F"  be  >  — ^  (J  — a),  a  being  the  radius  of  the  ball, 

and  b  of  the  roller. 
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16.  A  semicircular  wire  AB  of  radius  a  is  rotating  on  a 
sraooth  horizontal  plane  about  one  extremity  A  with,  a  con- 
stant angular  velocity  m.  If  a<^  be  the  arc  between  the  fixed 
point  A  and  the  point  where  the  tendency  to  break  is 
greatest,  prove  that  tan^  =  7r— ^.  If  the  extremity  B  be 
suddenly  fixed  and  the  extremity  A  let  go,  prove  that  the 
tendency  to  break  is  greatest  at  a  point  P  where 

^i&aPBA=PBA. 

17.  Two  of  the  angles  of  a  heavy  square  lamina,  a  side 
of  which  is  a,  are  connected  with  two  points  equally  distant 
from  the  centre  of  a  rod  of  length  2a,  so  that  the  square  can 
rotate  about  the  rod.  The  weight  of  the  square  is  equal  to 
the  weight  of  the  rod,  and  when  supported  by  its  extremities 
in  a  horizontal  position  is  on  the  point  of  breaking.  The 
rod  is  then  held  by  its  extremities  in  a  vertical  position,  and 
an  angular   velocity   w   is  then_impressed  on  the   square. 

Show  that  it  will  break  if  w  >  a/  —  • . 

18.  Three  equal  rods  placed  in  a  straight  line  are  jointed 
by  hinges  to  one  another,  they  move  with  a  velocity  v  per- 
pendicular to  their  lengths ;  if  the  middle  point  of  the  middle 
one  become  suddenly  fixed,  show  that  the  extremities  of  the 

other  two  will  meet  in  a  time  -,r—  ,  a  being  the  length  of 

each  rod. 

19.  AB,  BO  are  two  equal  uniform  rods  loosely  jointed  at 
B,  and  moving  with  the  same  velocity  in  a  direction  per- 
pendicular to  their  length ;  if  the  end  A  be  suddenly  fixed, 
show  that  the  initial  angular  velocity  of  AB  is  three  times 
that  of  ^C     Also  show  that  in  the  subsequent  motion  of  the 

2 
rods,  the  greatest  angle  between  them  equals  cos"^  - ,  and  that 

when  they  are  next  in  a  straight  line,  the  angular  velocity  of 
BG  is  nine  times  that  of  AB. 

20.  Three  equal  heavy  uniform  beams  jointed  together 
are  laid  in  the  same  right  line  on  a  smiooth  table,  and  a  given 
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liorizontal  impulse  is  applied  at  the  middle  point  of  the  centre 
beam  in  a  direction  perpendicular  to  its  length ;  show  that  the 
instantaneous  impulse  on  each  of  the  other  beams  is  one- 
sixth  of  the  given  impulse. 

21.  Three  beams  of  like  substance,  joined  together  so 
as  to  form  one  beam,  are  laid  on  a  smooth  horizontal  table.  ■ 
The  two  extreme  beams  are  equal  in  length,  and  one  of  them 
receives  a  blow  at  its  free  extremity  in  a  direction  perpen- 
dicular to  its  length.  Determine  tlie  length  of  the  middle 
beam  in  order  that  the  greatest  possible  angular  velocity  may 
be  given  to  the  third. 

Result.  The  length  of  the  middle  beam  must  be  to  either 
of  the  outer  beams  as  Jz  :  2. 

22.  Two  rough  rods  A,  B  are  plaqed  parallel  to  each 
other  and  in  the  same  horizontal  plane.  Another  rough  rod 
G  is  laid  across  them  at  right  angles,  its  centre  of  gravity 
being  half  way  between  them.  If  0  be  raised  through  any 
angle  a  and  let  fall,  determine  the  conditions  that  it  may 
oscillate,,  and  show  that  if  its  length  be  -equal  to  twice  the 
distance  between  A  and  B,  the  angle  6  through  which  it  will 
rise  in  the  w"*  oscillation  Is  given  by  the  equation 


2n 


sin  ^=  (^]  .sin  a. 

23.  A  rod  moveable  in  a  vertical  plane  about  a  hinge  at 
its  upper  end  has  a  given  uniform  rod  attached  to  its  lower 
end  by  a  hinge  about  which  it  can  turn  freely  in  the  same 
vertical  plane  as  the  upper  rod ;  at  what  point  must  the  lower 
rod  be  struck  horizontally  in  that  same  vertical  plane  that  the 
upper  rod  may  initially  be  unaffected  by  the  blow  ? 

24.  A  uniform  beam  is  balanced  about  a  horizontal  axis 
through  its  centre  of  gravity,  and  a  perfectly  elastic  ball  is  let 
iall  from  a  height  h  on  one  extremity ;  determine  the  motion 
of  the  beam  and  ball. 

Besult.    Let  M,   m  be  the  masses   of  beam  and  ball 
■2a  =  length  of  beam,  F,  V  the  velocities  of  ball  at  the  mo- 
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ments  before  and  after  impact,  w'  the  angular  velocity  of  the 
beam.     Then 

,  6mV  Y'—V    3*""-^ 


(ilf+3m)a'  ■  Zm-\-M\ 

25.  A  free  lamina  of  any  form  is  turning  in  its  own 
plane  about  an  instantaneous  centre  of  rotation  8  and  im- 
pinges on  a  fixed  obstacle  P,  situated  in  the  straight  line 
joining  the  centre  of  gravity  Gr  to  8.  Find  the  position  of  P, 
first,  that  the  centre  of  gravity  may  be  reduced  to  rest, 
secondly,  that  its  velocity  after  impact  may  be  the  same  as 
before  but  reversed  in  direction. 

Result.  In  the  first  case,  P  coincides  either  with  G  or 
with  the  centre  of  oscillation.     In  the  second  case  the  points 

is  =  OP  are  found  firom  the  equation  3?  —  —=  a;  +  —  =  0,  where 

Jill  u 

8G  =  h. 

26.  A  ball  spinning  about  a  vertical  axis  moves  on  a 
smooth  table  and  impinges  directly  on  a  perfectly  rough  ver- 
tical cushion ;  show  that  the  vis  viva  of  the  ball  is  diminished 

in   the  ratio   10"  + 14  tan"^  :  -j+49tan"^,  where  e  is  the 

elasticity  of  the  ball  and  6  the  angle  of  reflexion. 

27.  A  square  is  moving  freely  about  a  diagonal'  with 
angular'  velocity  w,  when  one  of  the  angular  points  not  in 
that  diagonal  becomes  fixed;  determine  the  impulsive  pressure 
on  the  fixed  point,  and  show  that  the  instantaneous  angnlai? 

velocity  will  be  -  • 

28.  The  points  ABGD  are  the  angular  points  of  a  square; 
AB,  CD  are  two  equal  similar  rods  connected  by  the  string 
BO,  equal  in  length  to  either  of  them,  The  point  -4  receives 
an  impulse  in  the  direction  AD,  show  that  the  initial  velocity 
of  A  is  seven  times  that  of  the  point  D. 

29.  A  rhombus  is  formed  of  four  rigid  uniform  rods, 
each  of  length  2a,  freely  jointed  at  their  extremities.  If  the 
rhombus  be  laid  on  a  smooth  horizontal  table  and  a  blow  be 

E.  D.  10 
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applied  at  right  angles  to  any  one  of  the  rods,  the  rhombua 
will  begin  to  move  as  a  rigid  body  if  the  blow  be  applied  at  a 
point  distant  a  (1  —  cos  o)  from  an  acute  anglej  where  a  is  the 
acute  angle. 

30.  A  rectangle  is  formed  of  four  uniform  rods  of  lengths 
2a  and  25  respectively,  which  are  connected  by  hinges  at 
their  ends.  The  rectangle  is  revolving  about  its  centre  on  a 
smooth  horizontal  plane  with  an  angular  velocity  n,  when  a 
point  in  one  of  the  sides  of  length  2a  suddenly  becomes  fixed. 
Show  that  the  angular  velocity  of  the  sides   of  length  2b 

immediately  becomes -^  n.     Find  also  the  change  in 

ba  +  4.0 

the  angular  velocity  of  the  other  sides  and  the  impulsive 

action  at  the  point  which  becomes  fixed. 

31.  Equal  beams  AB,  BG,  CD are  connected  by 

hinges,  the  beams  are  placed  on  a  smooth  horizontal  plane, 
each  at  right  angles  to  the  two  adjacent,  so  as  to  form  a 
figure  resembling  a  set  of  steps,  and  an  impulse  is  given  at 
the  end  A  along  AB.  If  X„  be  the  impulsive  action  at  the 
w'",  angular  point,  show  that  X^^^~  5X^^-2X  =0  and 
^^.-  5X,^,  -  2X^=  0.     Thence  find  X„.  " 

32.  Three  equal  uniform  inelastic  rods  loosely  jointed 
together  are  laid  in  a  straight  line  on  a  smooth  horizontal 
table,  and  the  two  outer  ones  are  set  in  motion  about  the 
ends  of  the  middle  one  with  equal  angular  velocities  (1)  in 
the  same  direction  and  (2)  in  opposite  directions.  Prove  that 
in  the  first  case,  when  the  outer  rods  make  the  greatest  angle 
with  the  direction  of  the  middle  one  produced  on  eacTi  side 

the  common  angular  velocity  of  the  three  is  —  ,  and  in  the 

second  case  after  the  impact  of  the  two  outer  rods  the  triangle 

formed  by  them  will  move  with  uniform  velocity ,  2a  being 

the  length  of  each  rod. 

33.  An  inelastic  sphere  of  radius  a  sliding  on  a  smooth 
horizontal  plane  impinges  on  a  fixed  rough  point  at  a  height 
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c  above  the  plane,  show  that  if  the  velocity  of  the  stohere  be 
V  "  (a-cY  ■'°®*        ^^^'^        point. 

34.  An  imperfectly  elastic  sphere  sliding  with  velocity  F 
on  a  smooth  horizontal  plane  impinges  on  a  fixed  perfectly 
rough  point,  if  the  angle  which  the  line  joining  the  centre  of  the 

sphere  and  the  point  makes  with  the  vertical  be  tan"\  /A  , 

where  e  is  the  normal  elasticity,  then  the  centre  of  the  sphere 
wiU  come  to  rest  in  a  time  from  the  instant  of  impact  equal  to 

WT  g{l-ey 

35.  A  heavy  circular  lamina  of  radius  a  and  mass  M 
rolls  on  the  inside  of  a  rough  circular  arc  of  twice  its  radius 
fixed  in  a  vertical  plane.  Find  the  motion.  If  the  lamina 
be  placed  at  rest  in  contact  with  the  lowest  point,  the  impulse 
which  must  be  applied  horizontally  that  it  may  rise  as  high 
as  possible   (not  going  all  round),  without  falling  ofi',  is 

36.  A  string  without  weight  is  coiled  round  a  rough 
horizontal  cylinder,  of  which  the  mass  is  M  and  radius  a, 
and  which  is  capable  of  turning  round  its  axis.  To  the  free 
extremity  of  the  string  is  attached  a  chain  of  which  the  mass 
ism  and  the  length  I;  if  the  chain  be  gathered  close  up  and 
then  let  go,  prove  that  if  d  be  the  angle  through  which  the 
cylinder  has  turned  after  a  time  t  before  the  chain  is  fully 
stretched. 


«=?(f-^). 


37.  Two  strings  of  equal  length  have  each  an  extremity 
tied  to  a  weight  v  and  their  other  extremities  tied  to  two 
points  A,  B  in  the  same  horizontal.  If  one  be  cut  the  ten- 
sion of  the  other  is  instantaneously  altered  in  the  ratio 

1  :  2  cos'  - . 

10—2 
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38.  Two  equal  rods  AO,  BG,  are  freely  connected  at  O, 
and  hooked  to  A  and  B,  two  points  in  the  same  horizontal 
line,  each  rod  being  then  inclined  at  an  angle  a  to  the  horizon. 
The  hook  B  suddenly  giving  way,  prove  that  the  direction  of 
the  strain  at  C  is  instantaneously  shifted  through  an  angle 


,     _i /l  +  6  sm" a    2-3cos''a\ 

tan       :; — s— .  ^r—. , 

\1  +  6  cos  a.  3  sin  a  cos  «/ 


39.  An  elliptic  lamina  is  supported  with  its  plane  verti- 
cal and  transverse  axis  horizontal  by  two  weightless  pegs, 
passing  through  the  foci.     If  one  pin  be  released  show  that  if 

the  eccentricity  of  the  ellipse  be  a/ - ,  the  pressure  on  the 
other  pin  will  be  initially  unaltered. 

40.  Two  particles  A ,  B  are  connected  by  a  fine  string ; 
A  rests  on  a  rough  horizontal  table  and  B  hangs  vertically  at 
a  distance  I  below  the  edge  of  the  table.  If  A  be  on  the 
point  of  motion  and  B  be  projected  horizontally  with  a  velo- 
city u,  show  that  A  will  begin  to  move  with  acceleration 

2 

— f——  -r ,  and  that  the  initial  radius  of  curvature  of  B'a  path 
will  be  {fi  + 1)  I,  where  /i  is  the  coefficient  of  friction. 

41.  Three  equal  particles  A,  B,  0  repelling  each  other 
with  any  forces,  are  tied  together  by  three  strings  of  unequal 
length,  so  as  to  form  a  triangle  right-angled  at  A.  If  the 
string  joining  B  and  C  be  cut,  prove  that  the  instantaneous 

changes  of  tension  of  the  strings  joining  5^,  OA  are  -  TcosB 

1  .  2 

and  -  Tcos  C  respectively,  where  B  and  C  are  the  angles, 

opposite  the  strings  joining  GA,  AB  respectively. 

42.  Two  particles  (m,  m')  are  connected  by  a  string 
passing  through  a  small  fixed  ring  and  are  held  so  that  the 
string  is  horizontal ;  their  distances  from  the  ring  being  a  and 
a,  they  are  let  go.  If  p,  p  be  the  initial  radii  of  curvature 
of  their  paths,  prove  that 

mm  ,1111 

-  =  —  ,     and  -  +  -,=-  +  —. 
P      p  p     p      a     a 
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^  43.  A  sphere  whose  centre  of  gravity,  is  not  in  its  centre 
13  placed  on  a  rough  table;  the  coefficient  of  friction  heing  p., 
determine  whether  it  will  begin  to  slide  or  to  roll. 

44.  An  equilateral  triangle  is  suspended  from  a  point  by 
three  strings,  each  equal  to  one  of  the  sides,  attached  to  its 
angular  points ;  if  one  string  be  cut,  show  that  the  tensions  of 
the  other  two  are  diminished  in  the  ratio  of  36  :  43. 

45.  A  horizontal  rod  of  mass  m  and  length  2a,  hangs  by 
two  parallel  strings  of  length  2a  attached  to  its  ends:  an 
angular  velocity  w  being  suddenly  communicated  to  it  about 
a  vertical  axis  through  its  centre,  show  that  the  initial  in- 
crease of  tension  of  either  string  equals  ^^^ ,  and  that  the 

2     3 

rod  will  rise  through  a  space  — —  . 

46.  A  uniform  solid,  in  the  form  of  a  paraboloid  of  revo- 
lution, rests  with  its  vertex  on  a  smooth  horizontal  plane.  It 
is  divided  symmetrically  by  a  vertical  plane.  Explain  why 
the  pressure  on  the  plane  is  instantly  diminished;  find  the 
change  jof  pressure. 

47.  A  circular  ring  is  fixed  in  a  vertical  position  upon  a 
smooth  horizontal  plane,  and  a  small  ring  is  placed  on  the 
circle,  and  attached  to  the  highest  point  by  a  string,  which 
subtends  an  angle  a  at  the  centre ;  prove  that  if  the  string  be 
cut  and  the  circle  left  free,  the  pressures  on  the  ring  before  and 
after  the  string  is  cut  are  in  the  ratio  M  +m sin'  a  ;  M cos  a, 
m  and  M  being  the  masses  of  the  ring  and  circle. 

48.  Two  uniform  equal  rods,  each  of  mass  m,  are  placed 
in  the  form  of  the  letter  X  on  a  smooth  horizontal  plane,  the 
upper  and  lower  extremities  being  connected  by  equal  strings; 
show  that  whichever  string  be  cut,  the  tension  of  the  other  is 
the  same  function  of  the  inclination  of  the  rods,  and  initially 

3  . 

is  -  mg  sin  a,  where  a  is  the  initial  inclination  of  the  rods. 

o 
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49.  Qie  exttemity  O  of  a  rod  is  made  to  revolve  with 
uniform  angular  velocity  n  in  the  circumference  of  a  circle  of 
radius  a,  wljile  the  rod  itself  is  made  to  revolve  in  the  oppo^' 
site  direction  with  the  game  angular  velocity  about  that 
extremity.  The  rod  initially  coincides  with  a  diameter,  and  a 
smooth  ring  capable  of  sliding  freely  along  the  rod  is  placed 
at  the  centre  of  the  circle.  If  r  be  the  distance  of  the  ring 
from  C  at  the  time  t,  prove 

r  =  ^(e'"  +  e-"')  +  |coa2««. 
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CHAPTER  V, 


MOTION   OF  A  EIGID   BODT  IN  THREE   DIMENSIONS. 


The  Geometry  of  the  Motion  of  a  Rigid  Body, 

96.  If  the  particles  of  a  body  be  rigidly  connected,  then 
whatever  be  the  nature  of  the  motion  generated  by  the  forces, 
there  must  be  some  general  relations  between  the  motions  of 
the  particles  of  the  body.  These  must  be  such  that  if  the 
motion  of  three  points  not  in  the  same  straight  line  be 
known,  that  of  every  other  point  may  be  deduced.  It  will 
then  in  the  first  place  be  our  object  to  consider  the  general 
character  of  the  motion  of  a  rigid  body  apart  from  the  forces 
that  produce  it,  and  to  reduce  the  determination  of  the  motion 
of  every  particle  to  as  few  independent  quantities  as  possible : 
and  in  the  second- place  we  shall  consider  how  when  the  forces 
are  given  these  independent  quantities  may  be  foimd. 

97.  One  point  of  a  moving  rigid  hody  leing  fixed,  it  is 
required  to  deduce  the  general  relations  between  the  motions  of 
the  other  points  of  the  body. 

Let  0  be  the  fixed  point  and  let  it  be  taken  as  the  centre 
of  a  moveable  sphere  which  we  shall  suppose  fixed  in  the  body. 
Let  the  radius  vector  to  any  point  Q  of  the  body  cut  the 
sphere  in  P,  then  the  motion  of  every  point  Q  of  the  bpdy 
will  be  represented  by  that  of  P. 
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If  the  aisplacemeuts  of  two  points  A,  B,  on  the  sphere  in 
the  small  time  dt  be  given  as  AA',  BB',  then  clearly  the  dis- 
placement of  any  other  point  P  on  the  sphere  may  be  found 
by  constmcting  on  AB'  as  base  a  triangle  A'FB'  similar  and 
ecLual  to  APB.  Then  PF  will  represent  the  displacement  pf 
P.  It  may  be  assumed  as  evident,  or  it  may  be  proved  as  in 
Euclid,  that  on  the  same  base  and  on  the  same  side  of  it  there 
cannot  be  two  triangles  on  the  same  sphere,  which  have  their 
sides  terminated  in  one  extremity  of  the  base  equal  to  one 
another,  and  likewise  those  terminated  in  the  other  extre- 
mity. 

Let  D  and  E  be  the  middle  points  of  the  arcs  AA,  BB', 
and  let  DC,  EG  be  arcd  of  great  circles  drawn  perpendicu- 


lar to  AA,  BB  respectively.     Then  clearly  CA  =  CA'  and 
•  GB  =  GB',  and  therefore  since  the  bases  AB,  A'B'  are  equal, 
the  two  triangles  A  GB,  A  GB'  are  equal  and  similar.    Hence 
the  displacement  of  G  is  zero. 

Also  it  is  evident  since  the  displacements  of  0  and  G  are 
zero,  that  the  displacement  of  «very  point  in  the  straight  line 
■OC  is  also  zero. 

Sence  if  a  hody  he  in  motion  in  any  manner  about  a  fixed, 
■point  O,  there  is  at  every  instant  a  straight  line  OC  such  that 
the  displacement  of  every  point  in  it  in  the  time  dt  is  sero. 
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Since  every  point  in  00  ia  at  rest,,  we  may  suppose  this 
straight  line  to  be  fixed  in  space.  The  body  may  therefore 
be  brought  from  any  position  A£  into  another  A'B'  by  a 
rotation  about  00  as  an  axis  through  an  angle  FGF'  such 
that  any  one  point  P  is  brought  into  coincidence  with  its 
new  position  P'.  Then  every  point  of  the  body  will  be 
brought  from  its  first  to  its  second  position.  Let  this  angle 
be  called  dd, 

98.  Dep.  The  ultimate  ratio  of  this  angle  d9  to  the  time 
dt  is  called  the  angular  velocity  of  the  body  about  00,  and 
the  straight  line  OC  is  called  the  instantaneous  axis  at  the 
time  t. 

The  angular  velocity  may  also  be  defined  to  be  the  angle 
through  which  the  body  would  turn  in  a  unit  of  time  if  it 
continued  to  turn  throughout  that  unit  with  the  same  angular 
velocity  which  it  had  at  the  proposed  instant,  and  about  the 
same  axis. 

99.  To  explain  what  ts  meant  hy  a  hody  having  angulaf 
velocities  about  more  than  one  axis  at  the  same  time. 

A  body  in  motion  is  said  to  have  an  angular  velocity  « 
about  a  straight  line,  when,  the  body  being  turned  round  this 
straight  line  through  an  angle  todt,  every  point  of  the  body  is 
brought  from  its  position  at  the  time  t  to  its  position  at  the 
time  t  +  dt. 

Suppose  that  during  three  successive  intervals  each  of 
time  dt,  the  body  is  turned  successively  round  three  different 
straight  lines  OA,  OB,  00  meeting  at  a  point  0  through 
angles  a^dt,  a^t,  (o^dt.  Then  we  shall  first  prove  that  the 
final  position  is  the  same  in  whatever  order  these  rotations  are 
effected.  Let  P  be  any  point  in  the  body,  and  let  its  dis- 
tances from  OA,  OB,  00,  respectively  be  r,,  r^,  r^.  First 
let  the  body  be  turned  round  OA,  then  P  receives  a  dis- 
placement (OjT^t.  By  this  motion  let  r^  be  increased  to 
r  +  dry  then  the  displacement  caused  by  the  rotation  about 
OB  will  be  in  magnitude  eOj{r^  +  dr^dt,  But  according  to 
the  principles  of  the  Differential  Calculus  we  may  in  the  limit 
neglect  the  t[uantities  of  the  second  oi'der,  and  the  displace- 
ment becomes  ajr^dt.-    So  also  the  displacement  ndue  to  the 
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remaining  rotation  will  be  (o^rfi.  And  these  three  results 
will  be  the  same  in  whateyer  order  the  rotations  take  place. 
In  a  similar  manner  we  can  prove  that  the  directions  of  these 
displacements  will  be  independent  of  the  order.  The  final 
displacement  is  the  diagonal  of  the  paralleloi)iped  described 
on  these  three  lines  as  sides,  and  is  therefore  independent  of 
the  order  of  the  rotations.  Since  then  the  three  rotations 
are  quite  independent,  they  may  be  said  to  take  place  simul- 
taneously. 

When  a  body  is  said  to  have  angular  velocities  about 
three  different  axes  it  is  only  meant  that  the  motion  may  be 
determined  as  follows.  Divide  the  whole  time  into  a  number 
of  small  intervals  each  equal  to  dt.  During  each  of  these, 
turn  the  body  round  the  three  axes  successively,  through 
angles  co^dt,  co^dt,  m^dt.  Then  when  dt  diminishes  without 
limit  the  motion  during  the  whole  time  will  be  accurately 
represented. 

100.  If  two  angular  velocities  about  two  axes  OA,  OB  he 
'represented  in  magnitude  and  direction  iy  the  two  lengths  OA, 
OB  ;  then  .  the  diagonal  00  of  the  parallelogram  constructed 
on  OA,  OB  as  sides  will  he  the  resultant  axis  of  rotation, 
and  its  length  will  represent  the  magnitude  of  the  resultant  an- 
gular velocity.  This  Prop,  is  usually  called  "  The  parallelo- 
gram of  angular  velocities." 

Let  P  be  any  point  in  OG,  and  let  PM,  PN  be  drawn 
perpendicular  to  OA,  OB.  Since  OA  represents  the  angu- 
lar velocity  about  OA  and  PM  is  the  perpendicular  distance 
of  P  from  OA,  the  product  OA .  PM  will  represent  the 
velocity  of  P  due  to  the  angular  velocity  about  OA.  Simi- 
larly OB .  PN  will  represent  the  velocity  of  P  due  to  the 
angular  velocity  about  OB.  Since  P  is  on  the  left-hand  side 
of  OA  and  on  the  right-hand  side  of  OB,  as  we  respectively 
look  along  these  directions,  it  is  evident  that  these  velocities 
are  in  opposite  directions. 

Hence  the  velocity  of  any  point  P  is  represented  by 
OA.PM~-OB.PN 
=  OP{OA  .  sin  OOA  -  OB .  sin  GOB] 
=  0. 
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Therefore  the  point  Pis  at  rest  and  OG  is  the  resultant 
axis  of  rotation. 
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Let  ca  be  the  angular  velocity  about  OC,  then  the  velo- 
city, of  any  point  A  in  OA  is  perpendicular  to  the  plane 
A  OB  and  is  represented  by  a> .  perpendicular  distance  of  A 
from  00=0} .  OA  sin  GO  A,  But  since  the  motion  is  also  de- 
termined by  the  two  given  angular  velocities  about  OA,  OB, 
the  motion  of  the  point  A  is  also  represented  by  05. per- 
pendicular distance  o£  A  from  0B=  OB .  OA  sin  BOA; 

„„    sin 50^      „^ 

sm  GOA 

Hence  the  angular  velocity  about  OC  is  represented  in 
magnitude  by  OG. 

From  this  proposition  we  may  deduce  as  a  corollary 
"  the  parallelogram  of  angular  accelerations."  For  if  0^, 
OB  represent  the  additional  angular  velocities  impressed  on 
a  body  at  any  instant,  it  follows  that  the  diagonal  00  will 
represent  the  resultant  additional  angular  velocity  in  direc- 
tion and  magnitude. 

101.  This  proposition  shows  that  angular  velocities  and 
angular  accelerations  may  be  compounded  and  resolved  by 
the  same  rules  and  in  the  same  way  as  if  they  were  forces. 
Thus  an  angular  velocity  a>  about  any  given  axis  may 
be  resolved  into  two,  a  cos  a  and  w  sin,  a,  about  axes  at  right 

angles  to  each  other  and  making  angles  a  and  -  —  a  with 

the  given  axis.  ' 
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If  a  body  have  angular  velocities  o>,,  as^,  w,  about  three 
axes  Ox,  Oy,  Oz  at  right  angles,  they  are  together  equivalent 
to  a  single  angular  velocity  m,  where  w  =  'J<o'^  +  w/  +  &>8^ 
about  an  axis  making  angles  with  the  given   axes  whose 

cosines  are  respectively  —  ..    —  ,    —  .     This  may  be  proved, 

as  in  the  corresponding  proposition  in  Statics,  by  compound- 
ing the  three  angular  velocities,  taking  them  two  at  a  time. 

It  will  however  be  needless  to  recapitulate  the  several 
propositions  proved  for  forces  in  Statics  with  special  reference 
to  angular  velocities.  We  may  use  "  the  triangle  of  angular 
velocities  "  or  the  other  rules  for  compounding  several  angu- 
lar velocities  together,  without  any  further  demonstration. 

102.  A  hody  has  angular  velocities  to,  m  about  two  paral- 
lel axes  OA,  O'B  distant  a.  from  each  other,  to  find  the  result- 
ing motion. 

Since  parallel  straight  lines  may  be  regarded  as  the  limit 
of  two  straight  lines  which  intersect  at  a  very  great  distance, 
it  follows  from  the  parallelogram  of  angular  velocities  "that 
the  two  given  angular  velocities  are  equivalent  to  an  angular 
velocity  about  some  parallel  axis  0"  0  lying  in  the  plane 
containing  OA,  O'B. 

Let  X  be  the  distance  of  this  axis  from  OA,  and  suppose 
it  to  be  on  the  same  side  of  OA  as  OB.  Let  O  be  the 
angular  velocity  about  it.  ' 

Consider  any  point  P,  distant  y  from  OA  and  lying  in 
the  plane  of  the  three  axes.  The  velocity  of  P  due  to  the 
rotation  about  OA  is  my,  the  velocity  due  to  the  rotation 
about  O'B  is  co'{y—a).  But  these  two  together  must  be 
equivalent  to  the  velocity  due  to  the  resultant  angular  velo- 
city XI  about  0"  G,  and  this  is  fl  (y  -  a?), 

.-.  wy  +  a  {^-a)=a(y-x). 
This  equation  is  trae  for  all  values  of  y, 

.•.    XI  =  ft) +  6)'  1 

aa>'       }  • 
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This  is  the  same  result  we  should  have  obtained  if  we  had 
been  seeking  the  resultant  of  two  forces  a,  «'  actiue  alone:. 
OA,OB.  J  '  6         s 

_  If  ft>  =  —  0)',  the  resultant  angular  velocity  vanishes,  but  x 
IS  infinite.     The  velocity  of  any  point  P  is  in  this  case 

ay  +03'(y  —  a)  =  aw, 

which  is  independent  of  the  position  of  P. 

The  result  is  that  two  angular  velocities,  each  equal  to  « 
bat  tending  to  turn  the  body  in  opposite  directions  about  two 
parallel  axes  at  a  distance  a  from  each  other,  are  equivalent  to 
a  linear  velocity  represented  by  aas.  This  corresponds  to  the 
proposition  in  Statics  that  "a  couple"  is  properly  measured 
by  its  moment. 

We  may  deduce  as  a  corollary,  that  a  motion  of  rotation 
to  about  an  axis  OA  is  equivalent  to  an  equal  motion  of 
rotation  about  a  parallel  axis  O'jB  plus  a  motion  of  transla- 
tion am  perpendicular  to  the  plane  containing  OA,  OB,  and 
in  the  direction  in  which  O'B  moves. 

103.  Every  motion  of  a  rigid  hody  may  le  represented  hy 
a  combination  of  the  two  following  motions. 

First.  A  motion  of  translation,  whereby  every  particle  is 
moved  parallel  to  the  direction  of  motion  of  any  assumed  point 
rigidly  connected  with  the  body,  and  with  the  same  velocity. 

Secondly.,  A  motion  of  rotation  of  the  whole  body  about 
some  asuis  through  this  assumed  point. 

It  is  evident  that  the  change  of  position  of  the  body  can 
be  effected  first,  by  moving  any  point  0  from  its  old  to  its 
new  position  by  a  motion  of  translation,  and  secondly,  retain- 
ing this  point  0  fixed,  by  moving  any  two  points  of  the  body 
not  in  one  straight  line  with  0  into  their  new  positions. 
This  last  motion  has  been  proved  to  be  equivalent  to  a 
notation  about  a  single  axis  through  0. 

Let  <»i,  (B„  «3  be  the  resolved  parts  of  the  angular  velocity 
about  any  three  rectangular  axes  meeting  at  0 ;  u,  v,  w  the 
linear  velocities  of  0  parallel  to  these  axes.     Then  these  six 
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quantities  determine  the  state  of  motion  of  the  body  at  the 
instant  under  consideration.  It  is  obvious  that  we  may 
choose  any  point  of  the  body  for  the  point  0,  so  .that  the 
motion  may  be  represented  in  a  great  many  different  ways. 
The  relations  which  exist  between  these  may  be  inferred  from 
the  corresponding  propositions  in  Statics. 

104.  To  explain  a  certain  analogy  which  exists  hetween 
Statics  and  Dynamics. 

All  propositions  in  Statics  relating  to  the  composition  and 
resolution  of  forces  and  couples  are  founded  on  these  theorems  ; 

1.  The  parallelogram  of  forces  and  the  parallelogram  of 
couples. 

2.  ,  A  force  F  is  equivalent  to  any  equal  and  parallel  force 
together  with  a  couple  i^?,  where  p  is  the  distance  between  the 
forces. 

Corresponding  to  these  we  have  in  Dynamics  the  following 
theorems  on  the  motion  of  a  rigid  body ; 

1.  The  parallelogram  of  angular  velocities  and  the 
parallelogram  of  linear  velocities. 

2.  An  angular  velocity  a  is  equivalent  to  an  equal 
angular  velocity  about  a  parallel  axis  together  with  a  linear 
velocity  equal  to  tap,  where  p  is  the  distance  between  the 
parallel  axes. 

It  follows  that  every  proposition  in  Statics  relating  to 
forces  has  a  corresponding  proposition  in  Dynamics  relating 
to  the  motion  of  a  rigid  body,  and  these  two  may  be  proved 
in  the  same  way. 

It  is  proved'in  Statics  that  a  system  of  forces  and  couples 
is  generally  equivalent  to  a  single  force  and  a  single  couple, 
and  that  these  may  be  reduced  to  a  resultant  B  acting  along 
a  line  called  the  central  axis,  and  a  couple  G  about  that  axis. 
Or  they  may  also  be  reduced :  to  a  resultant  R  of  the  same 
magnitude  as  before,  acting  along  any  line  parallel  to  the 
central  axis  at  any  chosen  distance  c  from  it,  togetlier  with- 
a  couple  G'  about  an  axis  perpendicular  to  the  line  whose 
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length  is  c,  and  inclined  to  the  resultant  E  at  an  angle  6. 
Then  we  know  that  G'  =  V<3"  +  i2V,  and  is  a  minimum  when 

Bg 
c  =  0,  and  also  that  tan  0  =  -^ . 

The  same  train  of  reasoning  hj  which  these  results  were 
established,  will  establish  the  following  proposition.  The 
general  motion  of  a  body  having  been  reduced  to  a  motion  of 
translation  and  one  of  rotation,  these  are  equiralent  to  a 
motion  of  rotation  w  about  a  line  called  the  central  axis,  and 
a  translation  V  along  that  axis.  Or  they  may  also  be  reduced 
to  a  rotation  m  of  the  same  magnitude  as  before  about  any 
line  parallel  to  the  central  axis,  and  at  any  chosen  distance 
c  from  it,  together  with  a  translation  V  along  a  line  per- 
pendicular to  the  line  c,  and  inclined  to  the  axis  of  w  at 
an  angle  9.     Then  we  know  that  V  =  jV'^+cW,  and  is  a 

.     .  CG) 

mmimum  when  c  =  0,  and  also  that  tan  6  =  -^ . 

In  a  similar  manner  many  other  propositions  may  be 
established. 

1 05.  Given  the  angular  velocities  to  ,  euj,  Wg  of  a  hody 
about  three  axes  Ox,  Oy,  Oz  at  right  angles,  to  determine  the 
actual  velocities  of  a  particle  whose  co-ordinates  are  x,  y,  z. 
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These  angular  velocities  are  supposed  positive  when  they 
tend  the  same  way  round  the  axes  that  positive  couples  tend 
in  Statics.  Thus  the  positive  directions  of  <o^,  a^,  qj,  are 
respectively  from  y  to  z,  from.ai  to  x,  and  from  a;  to  ^. 

Let  us  determine  the  velocity  of  P  parallel  to  the  axis  of 
9,  Let  FN  be  the  ordinate  z,  and  let  PM  be  drawn  per- 
pendicular to  Ox.  The  velocity  of  P  due  to  the  rotation 
about  Ox  is  clearly  w^PM.     Resolving  this  along  NP  we  get 

aJPM  sin  NPM=  co^y. 

Similarly  that  due  to  the  rotation  about  Oy  Is  —  a^x^,  and 
that  due  to  the  rotation  about  Oz  is  0.  Hence  the  whole 
velocity  of  P  parallel  to  Oz  is 

dz 

^  =  <o,y-<o,x, 

and  the  velociti^  parallel  to  the  other  axes  are 
dx 

-j^  =  <.,Z-^^, 

du 
~=^,x-co^z. 

The  quantities  Wj,  w^,  o>j  are  called  the  angular  velocities 
of  the  body  about  the  axes  of  x,  y^  z  respectively,  but  they 
must  be  carefully  distinguished  from  the  angular  velocities  of 
any  particular  particle  of  the  body  about  the  same  axes. 
Let  P  be  any  particle  of  the  body  whose  co-ordinates  are 
X,  y,  z,  and  draw  PL  =  r  perpendicular  to  the  axis  of  z.  Let 
^  be  the  angle  xON,  then  the  instantaneous  angular  velocity 

of  P  about  Os  is  J- . 
at 

-r,  .  ^dd       dy       dx 

But  r^=x-^  —  y^ 

dt        dt     ^  dt 

=  ffljr"  —  xzm^  —  yza>^, 
by  substituting  for  -^  ,   -^  ,  their  values  just  found; 
d9  xz  yz 
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Hence  the  angular  velocity  of  a  particle  about  Oz  is  the 
same  as  that  of  the  body  when  the  particle  lies  in  the  plane 
of  xy,  or  when  it  lies  in  the  plane  given  by 

If  the  axes  be  themselves  moving  in  any  manner,  these 
equations  only  give  the  linear  velocities  of  the  particle  rela- 
tively to  the  axes.  Thus  suppose  the  directions  of  the  axes 
to  be  fixed  in  space,  but  the  origin  0  to  be  in  motion  with  a 
velocity  V  whose  resolved  parts  parallfel  to  the  axes  are 
respectively  u,  v,  w.     Then  the  formulae  will  become 

du 

~-  =  v  +  WjO;  —  ft)jS 

dz 

106.  The  equations  of  the  last  article  will  enable  us  to 
deduce  witbout  difficulty  the  results  of  Art.  104.  Suppose  the 
motion  to  be  given,  as  before,  by  the  linear  velocities 
(m,  «,  to)  of  some  point  Oand  the  angular  velocities  («„  m^,  mji 

Let  the  same  motion  be  also  represented  by  the  linear 
velocities  u,  v',  w'  parallel  to  the  axes,  of  some  other  point  0' 
and  by  angular  velocities  o)/,  qj/,  &),'  about  axes  parallel  to  the 
co-ordinate  axes  and  meeting  in  0'.  Let  (^,  nj,  f)  be  the 
co-ordinates  of  0'.  We  have  now  two  representations  of  the 
same  motion,  both  these  must  give  the  same  result  for  the 
linear  velocities  of  any  point.     Hence 

u  +  a)^-co^  =  u'  +  <  (a -  S)  - <  (^^v)) 

V  +  co^x—  a^z  =v'  +  (0^  {x  —  ^)  ^ <ol  {s  -  i.)  I (1), 

w  +  (o^y  —  WjO;  =  to'  +  w/  (y  — »/)  —  <»a'  (^  ~  I)  ' 
must  be  true  for  all  values  of  x,  y,  s. 

This  gives  ta[  =  m^,  w^^a^,  (»/  =  ft»g,  so  that  whatever 
origin  is  chosen,  the  angular  velocity  is  always  the  same  in 
direction  and  magnitude. 

E.  D.  11 
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Also  (^,  17,  ^  may  be  so  chosen  that  the  velocity  of  0'  is 
along  the  axis  of  rotation  ;  in  this  case  we  have  («',  v',  w  ) 
proportional  to  {co^,  (o^,  a>^).  The  equation  to  the  locus  of  0' 
is  therefore 

By  multiplying  the  numerator  and  denominator  of  each 
of  these  fractions  by  Wj,  w^,  »,  respectively,  and  adding  them 
together,  we  see  that  each  of  them  is 

t?  ■ 

The  motion  of  the  body  is  thus  represented  by  a  motion  of 
translation  along  the  straight  line  whose  equations  are  (2)  and 
an  angular  velocity  equal  to  «  about  it.  This  straight  line 
is  called  the  central  axis. 

If  the  motion  be  such  that  moj,  +  vm^  +  to«g  =  0,  and  o>, , 
cUj,  o)g  do  not  all  vanish,  each  of  the  equalities  in  (2)  is  zero, 
and  hence  by  equation  (1)  u  =Q,v'  =  0,  w'  =  0.  The  motion 
is  therefore  equivalent  to  a  rotation  about  the  central  axis,- 
without  translation.  This  filso  is  evident  from  the  analogy 
explained  in  Art.  104.  ■ 

1 07.  To  determine  the  general  equations  of  motion  of  a 
hody  about  a  fixed  point. 

Let  the  fixed  point  0  be  taken  as  origin,  and  let  x,  y,  z 
be  the  co-ordinates  at  time  t  of  any  particle  m  referred  to  any 
rectangular  axes  fixed  in  space.  Let  Xm,  Ym,  Zm  be  the 
impressed  forces  acting  on  this  element,  and  let  L,  M,  N  be 
the  moments  of  all  these  forces  about  the  axes  of  co-ordinates, 
and  let  P,  Q,  E  be  the  pressures  of  the  fixed  point  on  the 
body. 

Then  by  D'Alembert's  Principle,  if  the  efiective  forced 

d'x        d^y        d^s   ,  v  3  4.  x-  1 

m  -j^ ,  i"'-^,  i^-jfi    he  applied  to  every  particle  »i  in  a 

reversed  direction,  there  will  be  equilibrium  between  these 
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forces  and  the  impressed  forces.    Taking  moments  therefore 
about  the  axes,  we  have 


V     f  d''x        dh\     „ 

^'^['W-"'dP)=^ 

«     r  d^y        d^x\      „ 


(I). 


JResolvIng  parallel  to  the  axes,  we  have 


d^ 

de 


tm^  =  P+tmX 


(11), 


'      To  simplify  these  equations,  let  oj^,  «,,  ca,  he  the  angular 
velocities  about  the  axes.    Then 


dx 
~dt 


=  <»^-<»,y. 


dt 
dz 


^  =  0,^-0,^, 


d'x       (t{o„    .    dio,  .       /  \         /"  \ 


d 


dt 


dt 


d'v'       dm,       da.  .       ,  .  »  . 


df 


dt 


11—2 
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Substituting  in  the  last  of  equations  (I)  we  get 


dt      ^•"'^'"  dt       ^•■'  it 
-  tmxy .  (to/ -  w^  +  tm  (as'-  f)  w^w,  -  tmyz .  w^w, 

+  %mxz .  w^ajj. 


[=N. 


The  other  two  equations  may  be  treated  in  the  same 
manner. 

The  original  equations  (I)  cannot  be  used  because  they 
contain  an  infinite  number  of  unknown  accelerations.  By 
this  transformation  they  have  all  been  reduced  to  depend  on 
three  unknown  quantities,  viz.  ts^,  w^,.  «,.  But  the  equations 
thus  obtained  are  so  complicated  as  to  be  practically  useless. 
To  simplify  them  still  further  take  axes  OA,  OB,  OG,  fixed 
in  the  body,  and  coincident  with  the  principal  axes  of  the 
body  at  the  point  0,  and  let  o)j,  «Bj,  (p,  be  the  angular  velo- 
cities about  these  axes. 

Since  the  axes  Ox,  Oy,  Oz  are  perfectly  arbitrary,  take 
them  so  that  the  axes  OA,  OB,  00  are  passing  through 
them  at  the  moment  under  consideration.  Then  w„  =  to,, 
(By  =  (0^,  0)2  =  0)3,  and  the  last  equation  reduces  to 

tm  (a^  +  f)  ^  +  tm  [x'  -  f)  o),o),  =  iV. 

We  have  now  to  find  the  relation  between  —7-^  and  — r^  *. 

dt         .  dt 

Let  A,  B,  G  be  the  points  in  which  the  principal  axes  cut  a 

sphere  whose  centre  is  at  the  fixed  point.     Let  OL  be  any 

other  axis,  and  let  D,  be  the  angular  velocity  about  it.     Let 

the  angles  LOA,  LOB,  LOG  be  called  respectively  a,  yS,  7. 

Then  by  Art.  101 

12-  =.  o)j  cos  «  +  cOj,  cos  yS  +  o)j  cos  7'  ; 


"  This  demonstration  of  ,the  equality  of  -^  and  -^  is  due  to  the  late 
Professor  Slesser,  of  Queen's  College,  Belfast. 
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dn     dm  dw^        r,  ,  d(A. 

da.  .    rt^/S  ,       dy 

Now  let  the  line  OL  be  fixed  in  space  and  coincide  with  00 


at  the  moment  under  coiisideration.     Then  a  =  -  ,  /3  =  -  , 


7  =  0;  therefore 


dP,  _  dm^  _      ^  d$ 

dt  ~  dt      '"'di~'^'di' 


Also  -T-  is  the  rate  at  which  A  separates  from  a  _fixed 

JO 

point  at  C,  which  is  clearly  w^.     Similarly  -^  =^  —  w,.    Hence 


dt 


dD,  _^  dco^ 
dt  ~W 


m,  dm^  _  jwj     (?(»„  _  doo^     da),  _  drn^ 

^       'dt~'di'    'dt~~di'   ~3t~lM' 

The  equation  -^  =  "j*  ™*y  appear  at  fifst  sight  to  be 

a  mere  truism,  but  it  is  not  so' ;  w,  denotes  the  angular  Velo- 
city of  the  body  about  the  axis  OG  fix4d  inih&  hody,  w„  de- 
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notes  the  angular  velocity  about  a  line  Os  fixed  in  space,  and 
determined  by  the  condition  that  at  the  time  t,  00  coincides 
with  it  At  the  time  t  +  St,  00  will  have  separated  from  Oz, 
and  we  cannot  therefore  assert  a  priori  that  the  angular  velo- 
city about  00  will  continue  to  be  the  same  as  that  about  Oz. 
The  above  investigation  proves  that  this  is  the  case  as  far  as 
the  first  order  of  small  quantities. 

Substituting  for  -jj"  the  equation  of  motion  becomes 

tm  {x'  +  f)  ^»-  +  tm  {a?  -  f)  w^w,  =  N. 

Let  A,  B,  0  be  the  moments  of  inertia  of  the  body  about 
the  principal  axes  at  0 ;  then  the  three  equations  of  motion 
are 

B^^-{G-A)to,w,  =  M\- (III). 

0^-^-{A-B)<.,a>,  =  N 
These  are  called  Euler's  Equations. 

108.     To  determine  the  pressure  on  the  fixed  point. 

1£  x,y,z  be  the  co-ordinates  of  the  centre  of  gravity,  the 
equations  (II)  reduce  to  the  form 


M^  =  P  +  tmX, 


d"^ 


and  two  similar  equations.    It  is  necessary  to  express  -^^ 

the  acceleration  along  a  fixed  straight  line  in  terms  of  a),;,  (b^,  o>,. 
This  has  been  already  done,  and  we  have 

and  two  similar  equations. 
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109.  To  determine  the  geometrical  equations  connecting, 
the  motion  of  the  body  in  space  with  the  angular  velocities  of 
the  hody  aiout  the  three  moving  axes,  OA,  OB,  00. 

Let  the  fixed  point  0  be  taken  as  the  centre  of  a  sphere  of 
radius  unity;  let  X,  Y,  Z,  A,  B,  C  be  the  points  in  which  the 
sphere  is  cut  by  the  fixed  &,nd  moving  axe's  respectively. 
Let  ZG,  BA  produced  if  necessary,  meet  in  E.  Let  the 
angle  XZG = ^,  ZO  =  6,  EGA  =  ^.  It  is  required  to  deter- 
mine the  geometrical  relations  between  6,  <f>,'>^,  andwj,  w^,  w^. 

Draw  CN  perpendicular  to  0Z>  Then  since  i/r  is  the 
angle  the  plane  GOZ  makes  with  a  plane  XOZ  fixed  in 
space,  the  velocity  of  G  perpendicular  to  the  plane  ZOG  is 


.d-^ 


GN-r- )  which  is  the  same  as  sin^  -j- ,  the  radius  OC  of  the 


dy^r 


dt  ' 
sphere  being  unity 


dt 


d0 


Also  the  velocity  of  G  along  ZG  is    ,  . 


,  ,      dd       3    ,    a^'^ 
Thiis  the  motion  of  G  is  represented  by  ^  and  smd*-^ 

respectively  along  and  perpendicular  to  ZC.  But  the  motion  of 
d  is  also  expressed  by  the  angular  velocities  Wj  and  w,  respec- 
tively along  BG  and  GA..    These  two  representations  of  the 
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same  motion  must  tKerefore  be  equivalent.     Hence  resolving 
along  and  perpendicular  to  ZG  we  have 

AO  ...  ,  , 
-,-=  w,  sin  m  +  «, cos  q>  \ 
dt       '       ^       '  (IV). 

sin0  ■-^=-«jCos^+WgSin<|> ! 


Similarly  by  resolving  along  CB  and  CA  we  bave 

dd  .     .     d-Jf 

Bin  cr  cos  a>  I 

(IT). 


de       ,     d-<^ 
dt 


Wg  =  ^  cos  4>  +  -^  sin  ^  sin  ^  ■ 


These  equations  are  precisely  equivalent  to  (IV|)  and  may 
be  deduced  Irom  them  by  an  algebraic  transformation. 

In  the  same  way  by  drawing  a  perpendicular  from  E  on 
OZ  we  may  show  that  the  velocity  of  E  perpendicular  to  ZE 

is  -r-  sin  ZE,  which  is  the  same  as  -y-  cos  0,    Also  the  velo- 
dt  dt 

city  oiA  relative  to  ^ along  EA  is  in  the  same  way  -^  sin  CA, 
which  is  the  same  as  -? .    Hence  the  whole  velocity  of  A  in 

space  along  AB  is  represented  by  -?-  cos  ^  +  -Jr  •     ^^^  this 

motion  is  also  expressed  by  w^  As  before  these  two  repre- 
sentations of  the  same  motion  must  be  equivalent.  Hence 
we  have 

.,  =  5cos^  +  ^. 
'      dt  dt 

If  in  a  similar  manner  we  had  expressed  the  motion  of 
any  other  point  of  the  body  as  B,  both  in  terms  of  a>^,  «»,,  w, 
and  6,  ^,  ^jr,  we  should  have  obtained  other  equations.  But 
as  we  cannot  have  more  than  three  independent  relations,  we 
should  only  arrive  at  equations  which  are  algebraic  trans- 
formations of  those  already  obtained.. 
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On  Moving  Axes. 

110.  In  many  cases  it  will  be  found  convenient  to  refer 
the  motion  of  the  body  tinder  consideration  to  axes  moving  in 
space  in  some  manner  about  a  fixed  origin.  If  we  refer  the 
motion  of  these  axes  to  other  axes  fixed  in  space  we  shall 
have  the  inconvenience  of  two  sets  of  axes.  For  this  reason 
their  motion  at  any  instant  is  sometimes  defined  by  angular 
velocities  (^,,  6^,  6^  about  themselves.  We  are  to  regard  the 
axes  as  if  they  were  a  material  system  of  three  straight  lines 
at  right  angles  whose  motion  at  any  instant  is  given  by  three 
coexistent  angular  velocities  about  axes  instantaneously  coin- 
cident with  them. 

When  the  axes  are  moving  we  may  suppose  the  motion 
of  the  body  to  be  determined  by  the  three  angular  velocities 
Wj,  w,,  (»3  about  the  axes,  in  the  same  manner  as  if  the  axes 
were  fixed  for  an  instant  in  space.  The  position  of  the  body 
at  the  time  t-\-dt  may  be  constructed  from  that  at  the  time  t 
by  turning  the  body  through  the  angles  w^dt,  w^dt,  a^dt 
successively  round  the  instantaneous  position  of  the  axes. 
But  it  must  be  remembered  that  to^  dt  does  not  now  give  tl)e 
angle  the  body  has  been  turned  through  relative  to  the  plane 
xz,  but  relative  to  some  plane  fixed  in  space  passing  through 
the  instantaneous  position  of  the  axis  of  z.  The  angle  turned 
through  relative  to  the  plane  of  xz  is  (oj  —  ^3)  dt. 

111.  To  find  the  resolved  'part  of  the  velocity  of  arty 
^particle  parallel  to  the  moving  axes. 

The  resolved  parts  of  the  velocity  of  any  point  whose 

/  V  ,      .         ,      dx    dy    dz 

co-ordmates  are   («,  y,  z)   are  not  given   by  -^,  -^^,  -^. 

These  are  the  resolved  velocities  of  the  particle  relatively  to 
the  axes.  To  find  the  motion  in  space  we  must  add  to  these 
the  resolved  velocities  due  to  the  motion  of  the  axes  them- 
selves. If  we  supposed  the  particle  to  be  rigidly  connected 
with  the  axes,  it  is  clear  that  its  velocities  would  be  ex- 
pressed by  the  forms  given  in  Art.  105  with  6^,  0^,  6^  substl- 
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tuted  for  a^,  a>^,  (o^.     So  that  tlie  actual  resolved  velocities  of 
the  particle  are 


dt 

dz 
di 


w  =  -^'-xe„  +  ye^. 


112.  To  find  the  accelerations  of  any  particle  parallel  to 
the  axes  we  may  proceed  thus. 

The  velocities  of  the  particle  at  the  time  t  resolved 
parallel  to  the  axes  Ox,  Oy,  Oz  are  respectively  {u,  v,  w). 
At  the  time  t  +  dt,  the  axes  have  been  turned  into  the  posi- 
tion Ox',  Oy,  Os  by  rotations  equal  to  6^ dt,  6^ dt,  6^ dt  round 
the  axes  Ox,  Oy,  Oz  respectively,  and  the  velocities  of  the 
particle  parallel  to  the  axes  in  their  new  position  are 

dw  .  dv  J  dw  J. 

u  +  ^dt,   v+  -r.dt,  w+  ^r  dt. 
dt  dt  dt 

To  find  the  acceleration  parallel  to  the  axis  of  s  we  must 
resolve  all  these  in  that  direction.  By  the  rotation  round 
the  axis  of  y,  the  axis  of  x'  has  receded  from  the  axis  of  z 
by  an  angle  0^dt,  and  by  the  rotation  round  the  axis  of  x 
the  axis  of  ^'  has  approached  the  axis  of  z  by  an  angle  6^dt. 
Also  the  axis  of  z  makes  with  the  axis  of  z  an  angle  whose 
cosine  may  be  taken  as  unity.  Therefore  the  resolved  part 
of  the  velocity  of  the  particle  at  the  time  t+dt  along  the  axis 
of  z  is  ultimately 

w+  -j-dt—  u6^  dt  +  v9^  dt. 

But  the  acceleration  is  by  definition,  the  ratio  of  the 
velocity  gained  in  any  time  dt  to  that  time.  Hence  if  »  be 
the  acceleration  resolved  parallel  to  the  axis  of  z,  we  have 
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Similarly  if  X  and  T  be  the  accelerations  parallel  to  the 
axes  of  a;  and  y,  we  have. 

113.  To  express  the  geometrical  conditions  that  a  straight 
line  whose  equations  with  reference  to  the  moving  axes  are 
given  isjioced  in  direction  in  space. 

Let  the  equa,tion  to  the  given  straight  line  be 
SB—  f  _y  —  g_B  —  h 

and  let  the  equations  be  so  prepared  that  {p,  q,r)  are  the 
direction-cosines  of  the  line.  Let  a  straight  line  be  drawn 
through  the  origin  parallel  to  this  given  straight  line  and  let 
a  point  P  be  taken  on  this  at  any  given  distance  L  from  the 
origin  0.  Then  the  co-ordinates  of  L  are  pL,  qL,  rL  re- 
spectively. Since  the  straight  line  OL  is  fixed  in  direction  in 
space,  the  resolved  parts  of  the  velocity  of  F  parallel  to  the 
axes  are  zero.    Hence  we  have 

and  two  similar  equations.     The  required  geometrical  condi-" 
tions  are  therefore 

If  the  line  OL  be  taken  successively  to  coincide  with 
OZ,  OX,  OY,  axes  fixed  in  space,  these  equations,  will  be 
found  to  lead  to  those  of  Art.  109. 
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When  it  is  necessary  to  refer  the  motion  of  these  moving 
axes  to  other  axes  fixed  in  space,  we  may  either  use  the 
equations  of  this  article  or  those  of  Art.  109.  Taking  the 
notation  of  the  article  referred  to,  it  is  obvious  (the  axes 
being  treated  as  a  body  consisting  simply  of  three  straight 
lines)  that  we  shall  have  the  results 


-  a. 

dd 

dt 


sin  5  =  —  0,  cos  ^  +  ^2  sin  ^ 
0^sm<p  +  6^  COS0 


These  equations'  will  determine  d,  (}>,  ■^  in  terms  of  the 
angular  velocities  0^,  6^,  6^. 

114.  To  express  the  geometrical  conditions  that  a  point 
whose  co-ordinates  with  reference  to  the  moving  axes  are 
(x,  y,  z)  is  fixed  in  space. 

This  may  be  done  by  equating  to  zero  the  resolved  parts 
of  the  velocity  of  the  point  as  given  in  Art,  111.  If  the  origin 
of  the  moving  axes  be  fixed,  the  conditions  are 

and  two  similar  equations.  If  the  origin  be  in  motion^  let 
«(,,  w„,  w„  be  the  resolved  parts  of  its  velocity  parallel  to  the 
axes,  then  the  required  conditions  are  clearly 

"o  +  f-Z'^s  +  ^^O, 

and  two  similar  equations. 

115.  Let  the  direction-cosines  of  a  straight  line  OM 
fixed  relatively  to  the  moving  axes  be  (\,  /*,  v)  and  let  it  be 
required  to  refer  the  motion  of  OM  to  some  straight  line  OL 
fixed  in  space  whose  direction-cosines  at  the  time  t  are  {pfq,r). 
Let  the  angle  LOM  be  d  and  let  -f  be  the  angle  the  plane 
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L  OM  makes  witt  any  fixed  plane  in  space  passing  through 
OL.     Then  it  may  be  shown  that 

cos  9  =pK  +  J/*  +  rv,  1 

sin"^ ^^9^{p-X cos^)  +0^{q-fi cos 6) ^d^{r-v cos 6] j  " 

If  di,  0^  be  the  resolved  parts  of  the  angular  velocities 
about  OL,  OM  respectively,  the  last  equation  may  be  written 
in  the  form 

at 

If  the  straight  line  OM  be  not  fixed  relatively  to  the 
axes,  then  {\,iJ.,v)  will  be  variable  and  we  must  add  to  the 
right-hand  side  of  the  second  equation 

/    dfi         dX\     .  /    dv        diM\      .  /  dX     ^  dv\ 

\!'dt-i'-dt)'-^\tdi-''TtF-^\:di-^dt)^- 


116.  To  explain  a  method  of  ekafigmg  from  fixed  to 
moving,  axes. 

If  a  body  be  moving  about  a  fixed  point  and  we  have 
established  any  general  proposition  referring  its  motion  to 
fixed  axes,  meeting  at  the  fixed  point,  then  we  may  use 
the  following  method  to  infer  the  corresponding  proposition 
referring  the  motion  to  axes  moving  in  any  proposed  manner 
about  the  origin.  Suppose  the  general  equation  established 
to  be 


■f  jw^-^,  &c.....|  =  0, 


where  w,,  a,,  ca.  are  the  angular  velocities  about  the  fixed  axes. 
Let  ojj,  <Bj,  6)j  be  the  angular  velocities  of  the  body  about  the 
moving  axes  and  let  the  motion  of  the  axes  be  4efined  by  the 
angular  velocities  6^,  6^  6^  about  themselves. 

The  fixed  axes  being  arbitrary  in  position,  let  them  be  so 
chosen  that,  at  the.  moment  under  consideration,  the  three 
moving  axes  are  psfssing  through  thqm^  so  that  the  two  sets 
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are  for  an  instant  coincident,     Then,  by  referring  to  Art.  110, 

we  see  that  we  may  write  <»,  =•  w„  a>y  =  a^,  d,  =  a),,  but  we 

dco.     da).    /.      ,  .  1       .  7 

cannot  assert  —^  =  -j° ,  for  the  moving  axes  at  the  time  t-\-at 

are  not  coincident  with  the  fixed  axes. 

To  determine  the  relation  between  -r^  and  —j-^  we  may 

proceed  thus.  Let  OL  be  any  straight  line  fixed  in  space 
making  with  the  moving  axes  the  angles  a,  /S,  7.  Let  O;  be 
the  angular  velocity  of  the  body  about  this  straight  line. 
Then  as  in  page  1€5 

O  =  oj,  cos  a  +  0),  cos  j8  +  w,  cos  7, 
dQ,      deo,  ,  dco,        _  .  dm, 

•'■-dr=dt''"'  +  -df'''^+^'''"^ 

da,  .     -,dB  .       <?7 

^o,.sm«^-«,sm^^-a,3Sm7^, 

Since  OL  is  any  fixed  line  in  space,  let  it  be  so  chosen  that 
the  moving  axis  of  s  coincides  with  it  at  the  time  t.     Then 

a  =  — ,  j8  =  — ,  and  7  =  0,  also  -^-  will  be  -^ .    Since  a  is 
2  2  '  dt  .at 

the  angle  OL  makes  with  the  moving  axis  of  a;,  -j-  is  the 

rate  at  which  the  axis  of  x  is  separating  from  a  fixed  straight 
line  coincident  with  the  axis  of  a  and  this  is  clearly  0^. 

Similarly  ^=-^j,  hence  -Jr  =  "^  -  ® A  +  ®  A- 


Similarly 


■dF  =  -df-"'''^^^'"'^^' 

dtOg     dm  „  „ 


dt       dt 

If  we  substitute  these  expressions  in  the  given  general 
equation 


^p-J" }  =  0j 
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•we  shall  have  the  corresponding  equation  referred  to  moving 
axes. 

If  the  moving  axes  be  fixed  in  the  body,  and  move  with 

it,  we  have  ^,  =  «,,  0^  =  Wj,  ff^  =  w,.    In  this  case  the  relations 

.,,  ,  dcox     dm       dwy     dm.     dm,     dm.        .     .    .  ,._ 

will  become  ^  = -j^i ,   — rr=    7   »  — 7- =    7  >  as  m  Art.  107. 
at       at       at       d^       at       dt 

The  preceding  proof  of  the  relation  between  —5^  and  — =-^ 

ut  at 

is  a  simple  corollary  from  the  parallelogram  of  angular  veloci^ 
ties.  The  result  will  therefore  be  true  for  any  other  magnitude 
which  obeys  the  "  parallelogram  law."  In  fact  the  demon- 
stration is  exactly  the  same.  Now  linear  velocities  and  linear 
accelerations  do  obey  this  law.  Hence  the  expressions  ob- 
-tained  in  Arts.  Ill,  112,  for  the  velocities  {u,v,w)  and  the 
accelerations  (X,  Y,  Z)  may  be  deduced  from  the  one  proved 
above. 

If  the  general  equation  -^^  =  0  should  contain  the  velocity 
or  acceleration  of  any  particle  of  the  body,  then  to  obtain  the 
corresponding  equation  referred  to  moving  axes,  we  must 
substitute  for  these  velocities  or  accelerations  the  expressions 
found  in  Arts.  Ill  and  112. 

117.    If  the  general  equation  should  contain  —r—  or  any 

other  second  differential  coefficients,  the  expressions  to  be 
substituted  for  them  become  more  complicated. 

Since  -^ ,  -y^ ,   -jf ,  being  angular  accelerations,  fol- 
at       at       at 

low  the  parallelogram  law,  we  have 


+  (,^«-6,A+«A)cos7. 
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We  may  repeat  the  same  reasoning  and  we  sliall  finally 
obtain 

di' 


^(O,       d    (da.  n    ,        n\ 


So  we  may  proceed  to  treat  third  and  higher  differential 
coefficients. 


118.  A  body  i's  turning  about  a  fixed  point  in  any  man- 
ner, to  determine  the  moments  of  the  momentum  about  the 
axes,  i.  e.  to  find  the  areas  conserved  round  those  axes.  See 
Chap.  II.  Art.  44. 

Let  {x,  y,  s)  be  the  co-ordinates  of  any  particle  m  of  the 
body  referred  to  axes  fixed  in  space  meeting  at  the  fixed 
point.  Let  m^fCo^,  «,  be  the  angular  velocities  of  the  body 
about  the  fixed  axes. 

Then  the  moment  of  the  momentum  about  the  axis  of 

z  is 


k=X 


m 


f    dy        dx\ 


Substitutlna:  for  — r  ,  -r   their  values 
°         at     at 


dx                      -| 

dy 
we  have 

■  > 

h^  =  %m  {a?  +  y")  a,  -  (Smas)  w 

„  -  {^myz)  w„. 

The  coefficients  of  w^,  &)„,  o),  are  the  moments  and  pro- 
ducts of  inertia  of  the  body  about  the  axes,  and  if  the  axes 
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te  fixed  in  space,  these  will  generally  be  variable.  In  some 
cases  it  will  be  found  more  convenient  to  take  as  axes  of 
reference  three  straight  lines  fixed  in  the  body. 

Let  Q),,  (Bj,  (B3  be  the  angular  velocities  of  the  body  about 
rectangular  axes  Ox,  Oy,  Oz  fixed  in  the  body  and  meeting 
at  the  fixed  point  0.  Since  in  the  expression  given  above 
for  A,  the  fixed  axes  may  be  any  whatever,  let  them  be 
chosen  so  that  the  moving  axes  coincide  with  them  at  the 
time  t.  Then,  as  in  the  proposition  of  Art.  116,  the  moment 
of  the  momentum  about  the  moving  axis  of  z  will  be  ex- 
pressed by  the  form 

A3'  =  Cwj  —  Em^  —  JDoo^, 
where 

C=tm  {x'^  + 1/"),     E  =  tmx'z',     D  =  tmy'z. 

These  will  be  constant  throughout  the  motion,  and  their 
values  may  be  found  by  the  rules  given  in  Chapter  I. 

If  the  axes  fixed  in  the  body  be  principal  axes,  then  the 
products  of  inertia  will  vanish.  The  expressions  for  the 
moments  of  the  momentum  will  then  take  the  simple  forms 

K=Cw, 

where  A,  B,  C  are  the  principal  moments  of  the  body. 

Let  the  direction-cosines  of  the  moving  axes  with  refer- 
ence to  axes  fixed  in  the  body  be  given  by  the  following 
diagram ;  where,  for  example,  J,  is  the  cosine         \  x,    y,    z 
of  the  angle  between  the  axes  of  z  and  y.     It 
,  has  just  been  proved  that  the  resultant  of  the 
momenta  of  all  the  particles  of  the  body  is 
equivalent  to  the  three  "couples"  A/,  h^,  h^ 
about  the  axes  Ox',  Oy,  Oz.     Hence  the  mo- 
ment of  the  momentum  about  the  axis  of  a  which  is  fixed  in 
space  may  be  written  in  the  form 

which  will  be  frequently  found  useful. 

K.D.  12 


x' 

«1. 

«2. 

«-» 

y 

h. 

K 

h 

z' 

c., 

<■» 

<•» 
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It  may  be  required  to  find  the  moment  of  the  momentum 
about  axes  neither  fixed  in  space  nor  in  the  body,  but  moving 
in  any  arbitrary  manner.  By  the  proposition  of  Art.  116,  we 
see  that  thi's  will  be  expressed  by  the  same  form  as  if  the 
axes  were  fixed.     So  that  the  moment  required  is 

=  Xm  (a;"  +  ^'^  <»3  —  {Xmxs)  0)^  —  (%mye)  m^. 

If  the  axis  of  z  coincide  with  the  instantaneous  axis  of 
rotation,  (io^  =  0,  <»,  =  0,  and  w^  is  the  resultant  angular  velo- 
city. The  expressions  for  the  moments  of  the  momentum  or 
areas  conserved  about  the  axes  of  x,  y,  e  become  respectively 

—  (^mxs)  a>^ 

-  (^myz)  w„ 
%m  {x' +  y')  co^. 

The  axis  of  the  'couple  which  is  the  resultant  of  the 
moments  of  the  momentum  about  the  axis  is  sometimes 
called  the  resultant  axis  of  areas.  It  is  to  be  remarked 
that  this  axis  does  not  in  general  coincide  with  the  instanta- 
neous axis  of  rotation.  The  two  are  coincident  only  when 
the  axis  of  rotation  is  a  principal  axis. 

If  it  be  required  to  find  the  moment  of  the  momentum 
about  the  axis  of  s  of  a  rigid  body  moving  in  any  manner 
in  space,  we  may  use  the  principle  proved  in  Chapter  ii. 
Art.  43. 

In  the  case  of  a  system  of  rigid  bodies,  the  moment  of 
their  momenta  may  be  found  by  adding  up  the  separate 
moments  of  the  several  bodies. 


119.  A  body  is  turning  ahout  a  fixed  point  in  any  man- 
ner, to  determine  the  moments  of  the  effective  forces  about  the 
axes. 

Let  {x,  y,  s)  be  the  co-ordinates  of  any  particle  m  of  the 
body  reterrt  d  to  axes  fixed  in  i^pace  and  meeting  at  the  fixed 
point,  and  let  h^,\,  \  be  the  moments  of  the  momentum 
about  the  axes.  . 
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The  moment  of  the  effective  forces  about  the  axis  of  z  is 


and  this  may  be  written  in  the  form  -^' . 
"'  dt 

Thus  the  moments  of  the  effective  forces  about  axes 
Ox,  Oy,  Os  fixed  in  space  are  respectively 

dh^     dh^     dhg 
~di  '   'dt'    ~di' 

where  \,  \,  \  have  the  values  found  by  the  last  proposition. 

Let  h^,  h^,  Aj'  be  the  moments  of  the  momentum,  found 
by  the  last  Art.,  about  axes  Ox',  Oxf ,  0«'  moving  in  space 
about  the  fixed  origin.  Let  5,,  6^,  6^  be  the  angular  veloci- 
ties of  these  axes  about  their  instantaneous  directions.  Then 
since  moments  or  couples  follow  the  parallelogram  law,  we 
see  by  the  proposition  of  Art.  116  that  the  moments  of  the 
effective  forces  about  the  moving  axes  are  respectively 

where  A/,  7i^,  h^  have  the  values  given  by  the  last  proposition. 

If  the  moving  axes  be  fixed  in  the  hody,  we  have  6^  =  (o^, 
0^=(o^,  6^=a^,  and  the  equations  admit  of  some  simplifica- 
tion. If  the  axes  be  the  principal  axes  we  have  A/  =  Aw^ , 
Jil  =  B(o^,  h^=  CiMj,  and  the  moments  of  the  effective  forces 
take  the  simple  forms 

12—2 
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where  A,  B,  C  are  the  principal  moments.     See  Art.  107. 

If  it  be  required  to  find  the  moment  about  the  axis  of  a  of 
the  effective  forces  on  a  rigid  body  moving  in  any  manner  in 
space,  we  may  use  the  principle  proved  in  Chap.  II.  Art.  43. 

In  the  case  of  a  system  of  rigid  bodies,  the  moment  of 
their  effective  forces  may  be  found  by  adding  up  the  separate 
moments  of  the  several  bodies. 


120.  To  obtain  the  general  equations  of  motion  of  a  system 
of  rigid  bodies. 

These  equations  have  been  already  obtained  in  Chap.  ii. 
Art.  45,  when  the  system  is  referred  to  axes  fixed  in  space. 
If  the  axes  be  moveable  we  must  replace  the  accelerations 

-J- ,    -J-,  -y-  l>y  the  corresponding  forms  in  Art.  112  and 

,  ,      dh,      dh„     dh.  ,      ,,  .        ■      a    .    --„ 

the  couples  -7-^,   -ttj   -57  by  the  expressions  m  Art.  119. 

Thus,  suppose  we  refer  the  motion  to  three  axes  moving 
in  space  about  a  fixed  origin  0.  Let  X,  Y,  Z  be  the  im- 
.pressed  forces  on  any  rigid  body  of  the  system,  including  the 
unknown  reactions  of  the  other  bodies  of  the  system.  Let  L, 
M,  N  be  the  moments  of  these  forces  about  axes  drawn 
through  the  centre  of  gravity  of  the  body  parallel  to  the  co- 
ordinate axes.  Let  m  be  the  mass  of  the  body.  Then  if  we 
adopt  the  notation  of  Arts.  112  and  119,  the  equations  of 
motion  for  the  rigid  body  under  consideration  will  be 

at  ^     m 

dv        „        „      Y 
dt  '         '     ni' 

dw       a   ,     a      ^ 
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1,81 


and 

where  A/,  h^,  h^  have  the  values  given  in.  Art.  118. 

Similar  equations  will  apply  for  each  body  of  the  system. 

Besides  these  dynamical  equations  there  will  be  the  geo- 
metrical equations  expressing  the  connections  of  the  system. 
As  every  such  forced  connection  is  accompanied  by  some  re- 
action, the  number  of  geometrical  equations  will  be  the  same 
as  the  number  of  unknown  reactions  in  the  system. 

Thus  we  have  suflBcient  equations  to  determine  the  motion, 

121.  If  two  of  the  principal  moments  at  the  fixed  origin 
0  are  equal,  it  is  often  convenient  to  choose  as  axis  of  s'  the 
axis  OC  of  unequal  moment,  and  as  axes  of  x,  y'  two  other 
axes  OA,  OB  moving  in  any  manner  round  QG.  Let  x  ^^ 
the  angle  the  plane  of  ^  OC  makes  with  some  plane  fixed  in 
the  body  and  passing  through  OC.     Then  we  have  ^i  =  ft),. 


0,=  co„  and  e,=  w,  +  ^ 


we  have 


Ji^  =  A(o^,   h^  =  A(o^ 


of  Art.  120  now  become 


Also,    by  Art.   118, 
Ji^  =  Cftjj.     The  equations  of  motion 


dt 
dt 


=  N. 


In  this  case  the  most  convenient  geometrical  equations  to 
express  the  relations  of  these  moving  axes  to  straight  lines 
fixed  in  space  will  be  those  given  in  Art.  109. 
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Since  -^  is  arbitrary,  it  may  be  chosen  to  simplify  either 
the  dynamical  or  the  geometrical  equations. 

First,  we  may  put  -^  =  -  »,.  The  dynamical  equations 
then  become 

at 

Secondly,  we  may  so  choose  -^  that  ^  =  0.     In  this  case 

the  plane  GOA  always  passes  through  a  straight  line  OZ 
fixed  in  space.     The  geometrical  equations  then  become 

dO  d'^   ■    n 

.    dy     d-\lr         . 
^^■^^'°'^  =  "'- 

122.  If  three  principal  moments  at  the  fixed  origin  0  be 
equal,  there  are  three  sets  of  axes  such  that  when  the  motion 
is  referred  to  them,  the  equations  take  a  simple  form. 

First.  We  may  choose  axes  fixed  in  space.  Since  every 
axis  is  a  principal  axis  in  the  body,  the  general  equations  of 
motion  become 

<Zft)j  _  L     dw^  _  M     dm^  _  N 
'di~A'    dt~A'    dt~A' 

m 

The  geometrical  equations  of  Art.  109  are  not  required. 

Secondly.  We  may  choose  one  axis  as  that  of  OC  fixed 
in  space  and  let  the  other  two  move  round  it  in  any  manner, 
then  as  in  Art.  121,  the  equations  of  motion  become  ^ 
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^+,.,^-¥. 

dt  ^'"^dt~  A 

dt  A 

Thirdly.  We  can  take  as  axes  any  three  straight  lines  at 
right  angles  moving  in  space  in  any  proposed  manner.  The 
equations  of  motion  are  then  by  Art.  120 

dm^         a    ,       a      ^ 


"3 


-«,0,  +  a>,0, 


dt     -i''^^"'^''.-!' 


The  geometrical  equations  will  then  be  the  same  as  those 
given  in  Art.  109  or  Art.  113. 


On  Motion  relative  to  the  Earth, 

123.  The  motion  of  a  body  on  the  surface  of  the  earth  is 
not  exactly  the  same  as  if  the  earth  were  at  rest.  As  an 
illustration  of  the  use  of  the  equations  of  this  chapter,  we 
shall  proceed  to  determine  the  equations  of  motion  of  a 
particle  referred  to  axes  of  co-ordinates  fixed  in  the  earth  and 
moving  with  it. 

Let  0  be  any  point  on  the  surface  of  the  earth  whose 
latitude  is  \.  Thus  \  is  the  angle  the  normal  to  the  surface 
of  still  water  at  0  makes  with  the  plane  of  the  equator. 
Let  the  axis  of  z  be  vertical  at  0  and  measured  positively  in 
the  direction  opposite  to  gravity.  Let  the  axes  of  x  and  y  be 
respectively  a  tangent  to  the  meridian  and  a  perpendicular 
to.  it,  their  positive  directions  being  respectively  south  and 
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west.     Let  w  be  the  angular  Telocity  of  the  earth,   i  the 
distance  of  the  point  0  from  the  axis  of  rotation. 

First,  we  may  reduce  the  point  0  to  rest  by  applying  to 
the  particle  an  acceleration  ofb  tending  from  the  axis  of  rota- 
tion. Now  gravity  at  the  point  0  is  the  resultant  of  the 
attraction  of  the  earth  and  the  centrifugal  force  to^b.  In  our 
case  the  force  acting  on  the  particle  will  be  the  attraction  of 
the  earth  simply.  Let  X^,  Y^,  Z^  be  the  resolved  parts  of  the 
attraction  of  the  earth  at  the  point  0 ;  X^+X,  Y^+Y, 
Z^+Zihe  attractions  on  the  particle.  Then  the  resultant  of 
X„,  Y^,  Z^  and  m^b  is  gravity  at '  0  acting  vertically.  Let  this 
be  represented  by  g. 

The  motion  of  the  axes  is  given  by  6^  =  mcosX, 
6^  =  0,  dg  =  —  a>  sin  X,  since  the  earth  turns  from  west  to  east. 
Hence  by  Art.  Ill  the  actual  velocities  of  any  particle  whose 
co-ordinates  are  (x,  y,  z)  are 

u  =  -j--\-<jd  sinXy 

^y  ^  ■  > 

t>  =  -yr  —  «  COS  KZ  —  O)  Sm  A,  X 

at 

dz 
10  =  -J- +  00  COS  Xy 

and  substituting  these  in  the  equations  of  Art.  120  the  equa- 
tions of  motion  are 

d^x  cLii 

-j^  +  2m  sin  \  -^  —  ft)''sin''\  x  —  w^sin  X  cos  \  a  =  X 

^y  a  ^  ds  ^  .  .  dx  ,  ^^ 
j-a-  —  2a)  cos  X  -y —  2&)  sin  X^ —  my  =  Y 
at  at  dt         ^ 

^  +  26)cosX-^— w'cos'Xa  — ffl'sinX  cosX  x  =  —g  +  Z 

These  equations  may  be  simplified  if  we  neglect  such 
small  quantities  as  the  difference  between  the  force  of  gravity 
at  different  heights.  If  a  be  the  equatoreal  radius  of  the 
earth  and  g'  the  force  of  gravity  at  a-  height  z,  we  have. 
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/=^fl-—j  nearly.     Now  m*a  is  the  centrifugal  force  at 

the  equator,  which  is  known  to  he  j;^g.     Hence  if  we 

289 

neglect  the  small  term  ^-  we  must  also  neglect  ai'z.    The 

equations  will  therefore  become 

<ZV     „  ^dz     ^      .    ^  dx      „ 

-T^  — 2q>cos\^  —  2(»sin\-^  =  F 

ctt  at  at 

^  +  2«cosXj  =  -^  +  Z 

where  the  terms  (X  Y,  Z)  include  all  the  accelerating  forces, 
except  gravity,  which  act  on  the  particle.  These  equations 
agree  with  those  given  by  Poisson,  Journal  Polytechnique 
1838. 

As  an  example,  let  ns  consider  the  case  of  a  particle 
dropped  from  a  height  h.     The  initial  conditions  are  therefore 

dx     dy     dz    ,,  ,  ,       a        ^    . 

x,y,z,-j-,  -^,  -J  all  zero  and  z  =  h.  As  a  first  approxi- 
mation, neglect  all  the  terms  containing  the  small  factor  a. 
Then  we  have  a;  =  0,  y  =  0,  z  =  h  —  -gf. 

For  a  second  approximation,  we  may  substitute  these 
values  of  [x,  y,  z)  in  the  small  terms.  We  have  after  integra- 
tion 

*'  1 

x  =  Q,  y  =  —  (o  cos X^  g  ,  z  =  h  —  ^gf- 

Thus  there  will  be  a  small  deviation  towards  the  east, 
proportional  to  the  cube  of  the  time  of  descent.  There  will 
be  no  southerly  deviation,  and  the  vertical  motion  will  be  the 
same  as  if  the  earth  were  at  rest. 

124.  For  the  determination  of  the  motion  of  a  projectile 
it  will  be  found  convenient  to  refer  the  motion  to  axes  more 
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generally  placed.  Let  the  axis  of  s  be  vertical  as  before  and 
let  the  axis  of  x  make  an  angle  ^  with  the  meridian,  the 
angle  being  measured  from  the  south  towards  the  west.  Then 
0^  —  0)  cos  \  cos  /3,  0j  =  —  6)  cos  \  sin  /S,  d^  —  —  o}  sin  \.  The 
resolved  parts  of  the  velocity  of  the  particle  are 


dx 
""^dt- 

-yO,  +  ze„ 

dy 

-  sQ^  +  x6^, 

dz 
""-^di- 

-  ^d,  +  yO^, 

and  the 

equations 

of  motion  become 

de     dt' 


e.^^%e=x 


^_2^0  +2  —  6  -Y 


d£ 


dt 


dt 


d's     „dx  „      ^dy  „  ,   „\ 

'dr^Tt^^^Ht^^=-3-^^\ 

These  equations  may  be  solved  in  any  particular  case  by 
the  method  of  continued  approximation.  If  we  neglect  the 
small  terms  we  get  a  first  approximation  to  the  values  of 
(a;,  y,  z).  To  find  a  second  approximation  we  may  substitute 
these  values  in  the  terms  containing  m  and  integrate  the 
resulting  equations.  As  these  equations  are  only  true  on  the 
supposition  that  a?  may  be  neglected,  we  cannot  proceed  to 
a  third  approximation. 

125.  In  many  cases  it  will  be  found  advantageous  to 
refer  the  motion  to  axes  not  fixed  in  the  earth  but  moving  in 
some  known  manner.  Let  the  axis  of  z  be  vertical  as  before 
and  let  the  axes  of  x  and  y  move  slowly  round  the  vertical 
with  angular  velocity  «*  sin  \  in  the  direction  from  the  south 
towards  the  west.     In  this  case  we  have 


and 


^j  =  t»  cos  \  cos  ^,  0jj  =  —  0)  cos  \  sin  /8, 
^3  =  —  0)  sin\  +  Q)  sin  \  =  0, 
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where  ^  is  the  angle  the  axis  of  x  makes  with  the  tangent  to 

dB 
the  meridian,  so  that  -y-  =  «  sin  \.     If,  as  before,  we  neglect 

quantities  which  contain  the   square  of  a  as  a  factor,  the 

tJf)  rift 

terms  which  contain  -~  and  -=-*  must  be  omitted.   Hence  the 
at  (it 

required  equations  may  be  obtained  from  those  of  Art.  124, 

by  putting  6^  =  0.    We  thus  obtain 

^-2a,cosXsm/3^  =  X 

-Ti — 2(»cos\cosp  -f-  =  X 
dt  dt 

<^«   .«  ^    •    r,dx     ^  ,         r,dy  _, 

-j-j  +  2a)  cos  A  sm  p  T-  +  2m  cos  X  cos  p  -^  =  —g  +  Z 

If  the  particle  be  constrained  to  move  in  a  horizontal 
plane  the  reaction  of  the  plane  will  enter  only  into  the  last 
equation  and  the  motion  will  be  determined  by  the  first  two 
equations.  In  this  case  since  z  is  constant,  the  equations  will 
be  independent  of  a.  It  follows  that  the  motion  of  such  a 
particle  relative  to  these  moving  axes  will  be  exactly  the 
same  as  if  the  earth  had  been  at  rest  and  the  motion  referred 
to  fixed  axes,  the  relative  initial  conditions  being  the  same  in 
both  cases.  If  then  we  calculate  the  path  without  regard  to 
the  rotation  of  the  earth,  taking  the  initial  conditions  relative 
to  the  moving  axes,  the  effect  of  the  rotation  of  the  earth  may 
be  allowed  for  by  making  this  path  turn  round  the  vertical 
with  uniform  angular  velocity  a  sin  \*. 

•  The  steps  of  the  reaaoning  by  which  this  result  has  been  arrived  at  may- 
be stated  thus : 

(1)  A  point  0  in  the  horizontal  plane  is  taken  to  be  on  the  surface  of  the 
earth  and  is  reduced  to  rest.  It  is  then  proved  that  the  particle  while  in  the 
neighbourhood  of  0  is  acted  on  by  its  weight  in  a  direction  normal  to  the 
surface  of  the  earth, 

(2)  The  earth  is  now  turning  round  an  axis  through  0  parallel  to  the  axis 
of  figure  with  angular  velocity  a.  This  angular  velocity  is  resolved  into  two, 
viz.  fli=u  cos  \  round  a  tangent  to  the  meridian,  and  ^5  =  -  wsin  X  round  the 
vertical  at  0.  Now  0i  and  ^2  are  so  small  that  their  product  may  be  neglected. 
Hence  by  the  principle  of  the  superposition  of  small  motions  we  may  determine 
their  whole  effect  by  adding  together  the  effects  produced  by  each  separately. 
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126.  Let  us  apply  tliese  equations  to  determine  the 
motion  of  a  simple  pendulum  of  mass  m  and  length  I  Let 
mThe  the  tension  of  the  string.     The  equations  of  motion 


are 


-V17  —  2a)  cos  \  sm  /a  -f-  =  —  -^  7 
dt'  dt  t 

d^y  „  ,  o^^  rpy 
—,-5-  —  2tu  cos  \  cos  B  -j-=—  I  7 
dt'  dt  i 

j^+  2(0 cos X,  sin  /8  -t-  +  2a)  cos \ cos  ^ -^  =  —g  —  Tj 

the  origin  being  taken  at  the  point  of  suspension. 

If  the  oscillation  be  sufficiently  small,  s  will  differ  from  I 
by  small  quantities  of  the  order  a'  where  a  is  the  semi-angle 
of  oscillation.  If  then  we  may  reject  terms  of  the  order  a^m 
in  the  expressions  for  the  accelerations,  the  equations  become 
after  elimination  of  T 

d^y        d^x     „ 
dtf     ^  df 


>  ' 


from  which  all  trace  of  a  has  disappeared. 

The  small  oscillations  of  a  pendulum  on  the  earth  referred 
to   axes  turning  round   the   vertical   with   angular   velocity 

(3)  It  ia  a  known  theorem  that  if  a  particle  be  constrained  to  move  in  a 
plane  which  turns  round  any  axis  in  that  plane  with  an  angular  velocity  0j,  the 
motion  in  that  plane  may  be  found  by  regarding  the  plane  as  fixed  and  im- 
pressing an  angular  velocity  6i'y  on  the  particle,  where  y  is  the  distance  of 
the  particle  from  the  axis.  This  impressed  force  is  neglected  because  it 
depends  on  the  square  of  a.  Hence  the  angular  velocity  8^  has  no  sensible 
eflFeot. 

(4)  The  angular  velocity  6^—  —u sinX  round  the  normal  to  the  plane,  does 
not  in  any  manner  affect  the  real  motion  in  space  of  the  particle.  If  we  refer 
the  motion  to  axes  which  move  relatively  to  the  plane  with  an  angular  velocity 
round  0=usinX,  such  axes  would  be  fixed  in  space  and  the  motion,  with  the 
same  relative  initial  conditions,  will  be  the  same  as  if  the  earth  were  at  rest. 

The  small  oscillations  of  a  pendulum  in  any  latitude  may  be  deduced  from 
this  theorem. 
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o)  sin  \   are  therefore  the   same   as   those  of  an  imaginary 
pendulum  suspended  from  an  absolutely  fixed  point. 

Let  us  then  suppose  the  pendulum  to  be  drawn  aside  from 
the  vertical  at  any  small  angle  a  and  then  let  go.  Relative 
therefore  to  the  axes  moving  round  the  vertical  with  angular 
velocity  co  sin  \  we  must  suppose  the  particle  to  be  projected 
with  a  velocity  Zsin  am  sinX  perpendicular  to  the  initial  .plane 
of  displacement.     It  is  then  known*  to  describe  an  ellipse 

very  nearly,  the  ratio  of  the  axes  being  «  sin  \  .  /  — .     We  see 

that  the  effect  of  the  rotation  of  the  earth  is  to  make  this 
ellipse  turn  round  the  vertical  with  uniform  angular  velocity 
0}  sin  \  in  a  direction  from  south  to  west.  If  the  angle  a  be 
not  so  small  that  its  square  may  be  neglected,  it  is  known  by 
Dynamics  of  a  particle  that  independent  of  all  considerations 
of  the  rotation  of  the  earth  there  will  be  a  progression  of  the 
apsides  of  the  ellipse.  It  is  therefore  necessary  for  the  success 
of  the  experiment  that  the  length  I  of  the  pendulum  should  be 
very  long.  This  motion  of  the  apsides  depending  on  the  magni- 
tude of  a  is  in  the  opposite  direction  to  that  caused  by  the 
rotation  of  the  earth  and  can  therefore  be  always  distinguished 
from  it. 

It  also  appears  that  the  time  of  oscillation  is  unaffected  by 
the  rotation  of  the  earth,  provided  the  arc  of  oscillation  be  so 
small  that  the  effects  of  forces  whose  magnitude  contains  the 
factor  a>a*  may  be  neglected. 


EXAMPLES. 

1.  The  locus  of  points  in  a  body  moving  about  a  fixed 
point  which  at  any  proposed  instant  h&ve  the  same  actual 
velocity  is  a  circular  cylinder.     See  Art.  97. 

2.  The  geometrical  motion  of  a  body  is  represented  by 
angular  velocities  inversely  proportional  to  ^  —  7,  7  —  a,  a  —  0 
about  three  lines  forming  three  edges  of  a  cube  which  do  not 

*  This  may  be  easily  deduced  from  the  equations  of  Art.  126  by  putting 
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meet  nor  are  parallel.  Prove  that  the  body  rotates  about 
the  line 

2a  being  an  edge  of  the  cube,  the  centre  being  the  origin, 
and  the  axes  parallel  to  the  edges. 

3.  A  body  has  an  angular  velocity  co  about  the  axis 

x  —  a_y  —  ^_s  —  'y 
I  m  n     ' 

where  P  +  m'  +  n^=l.  The  motion  is  equivalent  to  rotations 
1(0,  mm,  nco  about  the  co-ordinate  axes,  and  translations 
[my  —  m/8)  ea,  [no.  —  ly)  m,  [l^  —  ma)  m  in  the  directions  of  the 
axes. 

This  follows  from  the  analogy  of  forces  in  Statics  to  angular  velocities  in 
Dynamics,    See  Art.  104. 

4.  A  body  has  equal  angular  velocities  about  two  axes 
which  neither  meet  nor  are  parallel.  Prove  that  the  central 
axis  of  the  motion  is  equally  inclined  to  each  of  the  axes. 

5.  A  body  is  referred  to  rectangular  axes 
X,  y,  z,  and  the  origin  remaining  the  same 
the  axes  are  changed  to  x',  y',  z ,  according  g. 
to  the  scheme  in  the  margin.  Show  that  this 
is  equivalent  to  turning  tlie  body  round  an  axis 
whose  equations  are  any  two  of  the  following 
three : 

(ai-l)a!  +  a,y-!-a3S  =  0, 

5ia;H-(&,-l)y  +  V  =  0, 
Ciaj+Cjy+(Cs-l)«  =  0, 

through  an  angle  Q,  where 

Q 

3-4  sin'-='ai+&j,  +  c3. 

What  is  the  condition  that  these  three  equations  are  con- 
sistent ? 

Take  two  points  one  on  each  of  the  axes  of  z  and  z'  at  a  distance  7j  from  the 
'Origin.    Their  co-ordinates  are  (0,  o,  K)  (ajt,  hah,  cji)  therefore  their  distance  ia 


«'.  y. 

z' 

X 

«1.    «2. 

«3 

y 

^>     ^2. 

.^a 

z 

Cl,   c,, 

"a 
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V  ^(1  -  Cs)  K,    But  it  is  also  2h  sin  7  sin  - ;  .•.2  sin^-  sin=  7=  1  -  Cj.    We  have 

by  simUar  reasoning  2  sin«  -  sin"  0= 1  -  a^  and  2  sin"  |  sin' 3= 1  -  h^  whence  the 
equation  to  find  8  follows  at  once. 

6.  If  in  a  rigid  body  moving  in  any  manner  about  a 
fixed  point  a  series  of  points  be  taken  along  any  straight  line 
in  the  body,  and  through  these  points  straight  lines  be  drawn 
in  the  directions  of  the  instantaneous  motion  of  the  points, 
prove  that  the  locus  of  these  straight  lines  is  an  hyperbolic 
paraboloid. 

7.  A  body  is  moved  from  any  position  in  space  to  any 
other,  and  every  point  of  the  body  in  the  first  position  is 
joined  to  the  same  point  in  the  second  position.  If  all  the 
straight  lines  thus  found  be  taken  which  pass  through  a  given 
point,  they  will  form  a  cone  of  the  second  order.  Also  if  the 
middle  points  of  all  these  lines  be  taken,  they  will  together 
form  a  body  capable  of  an  infinitesimal  motion,  each  point 
of  it  along  the  line  on  which  the  same  is  situate,  Cayley's 
Report  to  the  Brit.  Assoc,  1862. 

a.  A  particle  is  projected  with  velocity  F  in  a  direction 
making  an  angle  a  with  the  horizontal  plane,  and  such  that 
the  vertical  plane  through  the  direction  of  projection  makes 
an  angle  ^  with  the  plane  of  the  meridian,  the  angle  )8  being 
measured  from  the  south  towards  the  west.  If  x  be  mea- 
sured horizontally  in  the  plane  of  projection,  y  be  measured 

horizontally  in  a  direction  making  an  angle  /3  +  -  with  the 

meridian,  and  z  vertically  upwards  from  the  point  of  projec- 
tion, prove  that 

x=  Fcosa<+  (Vsmaf  —  -gi^\co  cos\  sinyS, 

y  =  (V smaf  —  -gtA  00  cos\  COS ^  +  V cos  afm  sin \, 

s=  V  smixt  —  -gf—  Fcosai^w  cos  A,  sin/8. 
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where  \  is  the  latitude  of  the  place,  and  «  the  angular  velo- 
city of  the  earth  about  its  axis  of  figure. 

Show  also  that  the  increase  of  range  on  the  horizontal 
plane  through  the  point  of  projection  is 

4a>  —J-  sin/8  cos\  sin  a  f  -  sin^a  -  cos^'a  1 , 

and  the  deviation  to  the  right  of  the  plane  of  projection  is 

4ft)  -^  sin'' a  (cos  \  cos  y8  — h  sin  \  cos  a). 

9  ^ 

9.  A  bullet  is  projected  from  a  gun  nearly  horizontally 
with  great  velocity  so  that  the  trajectory  is  nearly  flat,  prove 
that  the  deviation  is  nearly  equal  to  RUa  sin  \,  where  R  is 
the  range,  and  the  other  letters  have  the  same  meaning  as  in 
the  last  question.  The  deviation  is  always  to  the  right  of  the 
plane  of  firing  in  the  Northern  hemisphere,  and  to  the  left  in 
the  Southern  hemisphere.  It  is  asserted  {Comptes  Rendus, 
1866)  that  the  deviation  due  to  the  earth's  rotation  as  calcu- 
lated by  this  formula  is  as  much  as  half  the  actual  deviation 
in  Whitworth's  gun. 

10.  A  spherical  bullet  is  projected  with  so  great  a  velo- 
city that  the  resistance  of  the  air  must  be  taken  into  account. 

(vel.)" 
The  resistance  of  the  air  being  assumed  to  be  ^~t-^  ,  and  the 

trajectory  to  be  flat,  prove  that 

2tB  sin  \  ,  „ ,  f      X     , , 
2/=— p^*'(e*-/,^l)> 

.  =  xtana-|^(/^-2|-l) 
These  are  given  by  Poisson,  Journal  Folytechnigue,  1838. 
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11.  A  heavy  particle  is  suspended  from  a  fixed  point  of 
support  by  a  string  of  length  a.  It  performs  elliptic  oscilla- 
tions whose  major  and  minor  semi-axes  are  h  and  c.  If  h  and 
c  be  small  compared  with  a,  prove  that  the  apses  will  ad- 

vance  through  an  angle  r  ~a  2t  nearly  in  each  complete  revo- 

lution  of  the  particle.  If  h  and  c  be  not  small  compared  with 
a  but  be  very  nearly  equal,  the  apse  will  advance  through  an 
an  angle 

-l\27r, 


where  sin  a  =  -  in  each  complete  revolution  of  the  particle. 

12.  A  pendulum  at  rest  relatively  to  the  earth  is  pro- 
jected in  any  direction  with  a  small  angular  velocity,  show 
that  the  oscillations  will  take  place  in  a  vertical  plane  turn- 
ing uniformly  round  the  vertical  so  that  the  pendulum  be- 
comes vertical  once  in  each  half  oscillation. 

13.  Let  Q  be  the  angle  a  pendulum  of  length  I  makes 
with  the  vertical,  and  ^  the  angle  the  vertical  plane  contain- 
ing the  pendulum  makes  with  a  vertical  plane  which  turns 
round  the  vertical  with  uniform  angular  velocity  a  sin  \  in  a 
direction  from  south  to  west.  Prove  that  when  terms  depend- 
ing on  «'  are  neglected  the  equations  of  motion  become 

j^/sin'^  §)  =  2  sin'5  cos  (^  H-  /3)  ©  cos  \  ^  , 

where  A  is  an  arbitrary  constant,  and  the  other  letters  have 
the  meanings  given  to  them  in  Art.  124.  See  M.  Quet ,  in 
Liouville's  Journaly  1853. 

These  equations  will  be  found  convenient  in  treating  the 
motion  of  a  pendulum.  They  may  be  easily  obtained  by 
transforming  those  given  in  Art.  126  to  polar  co-ordinates. 

E.  D.  13 


CHAPTER  VI. 


ON   MOMENTUM. 


127.  The  term  Momentum  has  been  given  as  tlie  head- 
ing of  this  Chapter,  though  it  only  expresses  a  portion  of  its 
contents.  The  object  of  the  Chapter  may  be  enunciated  in 
the  following  problem.  The  circumstances  of  motion  of  a 
system  at  any  time  t^  are  given.  At  the  time  <,  the  system 
is  moving  under  other  circumstances.  It  is  required  to  deter- 
mine the  relations  which  may  exist  between  these  two 
motions.  The  manner  in  which  these  changes  are  effected 
by  the  forces  is  not  the  subject  of  enquiry.  We  only  wish 
to  determine  what  changes  have  been  effected  in  the  time 
t^  —t^.  If  the  time  i,  —  t^  be  very  small,  and  the  forces  very 
great,  this  becomes  the  general  problem  of  impulses.  This 
also  will  be  considered  in  the  Chapter. 

128.  Let  us  refer  the  system  to  any  fixed  axes  Ox,  Oy, 
Oz.  Then  the  six  general  equations  of  motion  may  by 
Art.  39  be  written  in  the  form 

d'z 

Integrating  these  from  t  =  t^  to  t  =  t^, -wo.  have 
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Let  a  force  P  act  on  a  moving  particle  m  during  any  time 
«,  —  «„,  and  let  this  time  be  divided  into  intervals  each  equal 
to  dt.  At  the  middle  of  each  of  these  intervals,  let  a  line  be 
drawn  from  the  position  of  m  at  that  instant,  to  represent  the 
value  of  mPdt  at  that  instant,  in  direction  and  magnitude. 
Then  the  resultant  of  these  forces,  found  by  the  rules  of 
Statics,  may  be  called  the  "  whole  force"  expended  in  the 

time  t  —  t .     Thus  I    mZdt  is  the  whole  force  resolved  paral- 

lei  to  the  axis  of  Z.    These  equations  then  show  that 

(1)  The  change  produced  by  any  forces  in  the  resolved 
part  of  the  momentum  of  any  system  is  equal  in  any  time  to 
the  whole  resolved  force  in  that  direction. 

(2)  The  change  produced  by  any  forces  in  the  moment 
of  the  momentum  of  the  system  about  any  straight  line  is 
equal  in  any  time  to  the  whole  moment  of  these  forces  about 
that  straight  line. 

When  the  interval  ti  — 1„  is  very  small,  the  "  whole 
force"  expended  is  the  usual  measure  of  an  impulsive  force, 
and  the  preceding  equations  are  identical  with  those  given  in 
Art.  49  of  Chapter  li. 

It  is  not  necessary  to  deduce  these  two  results  from  the 
equations  of  motion.  The  following  general  theorem,  which  is 
really  equivalent  to  the  two  theorems  enunciated  above,  may 
be  easily  obtained  by  an  application  of  P'Alenibert's  prin- 
ciple, 

129.  If  the  momentum  of  any  particle  of  a  system  in 
motion  be  compounded  and  resolved,  as  if  it  were  a  force 
acting  at  the  instantaneous  position  of  the  particle,  according 
to  the  rules  of  Statics,  then  the  momenta  of  all  the  particles 
at  any  time  t^  are  together  equivalent  to  the  momenta  at  any 
previous  time  «„  together  with  the  whole  forces  which  have 
acted  during  the  interval. 

In  the  case  in  which  no  forces  act  on  the  system,  except 
the  mutual  actions  of  the  particles,  we  see  that  ihe  momenta 
of  all  the  particles  of  a  system  at  any  two  times  are  equiva- 
lent ;  a  result  which  has  been  already  enunciated  in  Art.  40. 

V  13—2 
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The  two  principles  of  the  Conservation  of  Linear  Momentum 
and  Conservation  of  Areas  may  be  enunciated  as  follows. 

If  the  forces  which  act  on  a  system  be  such  that  they 
have  no  component  along  a  certain  fixed  straight  line,  then 
the  motion  is  such  that  the  linear  momentum  resolved  along 
this  line  is  constant. 

If  the  forces  be  such  that  they  have  no  moment  about  a 
certain  fixed  straight  line,  then  the  moment  of  the  momentum 
or  area  conserved  about  this  straight  line  is  constant. 

It  is  evident  that  these  principles  are  only  particular  cases 
of  the  results  proved  in  Art.  46,  Chapter  ii. 

130.  Ex.  1.  Suppose  that  a  single  particle  m  describes 
an  orbit  about  a  centre  of  force  0.  Let  v,  v'  be  its  velocities 
at  any  two  points  P,  F  of  its  course.  Then  mv  supposed  to 
act  along  the  tangent  at  P'  if  reversed  would  be  in  equi- 
librium with  mv  acting  along  the  tangent  at  P  together  with 
the  whole  central  force  from  P  to  P'.  If  p,  p'  be  the  lengths 
of  the  perpendiculars  from  0  on  the  tangents  at  P,  P,  we 
have  by  taking  moments  about  0,  vp  =  v'j>',  and  hence  vp  is 
constant  throughout  the  motion.  Also  if  the  tangents  meet 
in  T,  the  whole  central  force  expended  must  act  along  the 
line  TO,  and  may  be  found  in  terms  of  v,  v  by  the  rules  for 
compounding  velocities. 

131.  Ex.  2.  Suppose  three  particles  to  start  fi-om  rest 
attracting  each  other,  but  under  the  action  of  no  external 
forces.  Then  the  momenta  of  the  three  particles  at  any  in- 
stant are  together  equivalent  to  the  three  initial  momenta  and 
are  therefore  in  equilibrium.  Hence  at  any  instant  the  tan- 
gents to  their  paths  must  meet  in  a  point,  and  if  parallels  to 
their  directions  of  motion  be  drawn  so  as  to  form  a  triangle, 
the  momenta  of  the  several  particles  are  as  the  sides  of  that 
triangle. 

If  there  are  n  particles  it  may  be  shown  in  the  same  way 
that  the  n  forces  represented  by  mv,  m'v,  &c.  are  in  equi- 
librium, and  if  parallels  be  drawn  in  the  directions  of  motion 
and  proportional  to  the  momenta  of  the  particles  beginning 
at  any  point,  they  will  form  a  closed  polygon. 
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If  F,  F',  F"  be  the  resultant  attraction  on  the  three 
particles,  the  lines  of  action  of  F,  F',  F"  also  meet  in  a 
point.  For  let  X,  Y,  Z  be  the  actions  between  the  particles 
«»'m",  ni'm,  mm,  taken  in  order.  Then  F  is  the  resultant  of 
-  Fand  Z\  F'  of  X  and  -Z;  F"  of  Fand  -X  Hence  the 
three  forces  F,  F',  F"  are  in  equilibrium*  and  therefore  their 
lines  of  action  must  meet  in  a  point  (7.  Also  the  magni- 
tude of  each  is  proportional  to  the  sine  of  the  angle  between 
the  directions  of  the  other  two.  This  point  is  not  generally 
fixed,  and  does  not  coincide  with  0. 

If  the  law  of  attraction  be  proportional  to  the  distance, 
the  two  points  0,  O  coincide  with  the  centre  of  gravity  Q, 
and  are  fixed  in  space  throughout  the  motion.  For  it  is 
a  known  proposition  in  Statics  that  with  this  law  of  attrac- 
tion, the  whole  attraction  of  a  system  of  particles  on  one  of 
the  particles  is  the  same  as  if  the  whole  system  were  col- 
lected at  its  centre  of  gravity.  Hence  O  coincides  with  G. 
Also,  since  each  particle  starts  from  rest,  the  initial  velocity 
of  the  centre  of  gravity  is  zero,  and  therefore,  by  Art.  46, 
G  is  a  fixed  point.  Again,  since  each  particle  starts  from 
rest  and  is  urged  towards  a  fixed  point  Cr,  it  will  move  in 
the  straight  line  joining  its  initial  position  with  G.  Hence 
0  coincides  with  G.     When  the  law  of  attraction  is  pro- 

?ortional  to  the  distance,  it  is  proved  in  Dynamics  of  a 
'article,  that  the  time  of  reaching  the  centre  of  force  from 
a  position  of  rest  is  independent  of  the  distance  of  that  posi- 
tion of  rest.  Hence  all  the  particles  of  the  system  will  reach 
G  at  the  same  time,  and  meet  there.  If  %m  be  the  sum 
of  the  masses,  measured  by  their  attractions  in  the  usual 

,  .      .        .    ,  ,    ,      1     27r 

manner,  this  time  is  known  to  be  -  —;==  • 

4  J2m 

132.  Ex.  3.  ITwee  particles  whose  masses  are  m,  m',  m", 
mutually  attracting  each  other,  are  so  projected  that  the  triangle 
formed  by  joining  their  positions  at  any  instant  remains  always 
similar  to  its  original  form.  It  is  required  to  determine  the 
conditions  of  projection. 

*  This  proof  is  merely  an  amplification  of  the  following.  The  three  forces 
F,  F',  F",  being  the  internal  re-actions  of  a,  system  of  three  bodies,  are  in 
equilibrium  by  D'Alembert's  Piinoiple, 
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The  Centre  of  gravity  will  be  either  at  r6st  or  will  move 
uniformly  in  a  straight  line.  We  may  therefore  consider  the 
centre  of  gravity  at  rest  and  may  afterwards  generalise  the 
conditions  of  projection  by  impressing  on  each  particle  an 
additional  velocity  parallel  to  the  direction  in  which  we  wish 
the  centre  of  gravity  to  move.  Let  0  be  the  centre  of 
gravity,  P,  P',  P"  the  positions  of  the  particles  at  any  time  t. 
Then  by  the  conditions  of  the  question  the  lengths  OP,  OP', 
OP"  are  always  proportional,  and  their  angular  velocities 
about  0  are  equal.  Also  the  moment  of  the  momenta  of  the 
system  about  0  is  always  the  same.     Hence 

mr^n  +  m'r"'n  +  m"r"''n  =  constant, 

where  r,  r,  r"  are  the  distances  OP,  OP',  OP",  and  n  is  their 
common  angular  velocity.  Since  the  ratios  r  :  r  :  r"  are 
constants,  it  follows  from  this  equation  that  mr\  is  constant, 
i.e.  OP  traces  out  equal  areas  in.  equal  times.  Hence  by 
Newton,  Section  ii,  the  resultant  force  on  P  tends  towards  0. 

Let  p,  p,  p"  bethe  sides  FP",  F'P,  PF  of  the  triangle 
formed  by  the  particles,  and  let  the  law  of  attraction  be 

mass 


(dist.)*' 

Then  since  the  resultant  attraction  of  m,  m!'  on  m  passes 
through  0, 

^,  sin  P'PO  =  ^' sin  P"PO, 

r  r 

but  since  0  is  the  centre  of  gravity, 

m'p"  sin  FPO  =  ml'p  sin  F'PO. 

Hence  either  the  three  particles  are  in  one  straight  line  or 
p"w-i  _  p'jrn_  If  i  =  _  1  the  law  of  attraction  is  "  as  the  dis- 
tance." If  k  be  not  =  —  1,  we  have  p'  =  p",  and  the  triangle 
must  be  equilateral. 

Conversely,  suppose  the  particles  to  be  projected  in  direc- 
tions making  equal  angles  with  their  distances  from  the 
centre  of  gravity  with  velocities  proportional  to  those  dis- 
tances, and  suppose  also  the  resultant  attractions  towards  the 
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centre  of  gravity  to  be  proportional  to  those  distances,  then 
in  all  the  three  cases  the  same  conditions  will  hold  at  the  end 
of  a  time  dt,  and  so  on  continually.  The  three  particles  will 
therefore  describe  similar  orbits  about  the  centre  of  gravity  in 
a  similar  manner.  , 

First,  let  us  suppose  that  the  three  particles  are  to  be  in: 
one  straight  line.  To  fix  our  ideas,  let  m'lie  between  m  and 
m",  and  0  between  m  and  m'.  Then  since  the  attraction  on 
any  particle  must  be  proportional  to  the  distance  of-  that  par- 
ticle from  0,  the  three  attractions 

m'  m"  m"         '    m 

Jppf  +  JpFy"  {F'Pf'JWf' 

m  m! 


[PF'f     {FF'f 

must  be  proportional  to  OP,  OF,  OF'.     Since  tmOP=(i, 
these  two  equations  amount  to  but  one  on  the  whole.     Let 

P'F'  OP     m'+m"{i+z)     OF  _  -m  +  m"z 

^-^pT,  so  that  ^^-  ^  +  ^'  +  ^"9  FF~m  +  m'+m"' 

Then  we  have 

which  agrees  with  the  result  given  by  Laplace,  by  whom' this, 
problem  was  first  cqnsidered. 

In  the  case  in  which  the  attraction  follows  the  law  of 
nature  7e  =  2  and  the  equation  becomes 

mz'  {(1  +  a)»  -  1}  -  m'  (1  +  z)'  (1  -  z')  -  m"  f (1  +  s)'  -  2'}  =  0. 

This  is  an  equation  of  the  fifth  degree,  and  it  has  there- 
fore always  one  real  root.  The  left  side  of  the  equation  has 
opposite  signs  when  z=0  and  z  =  co ,  and  hence  this  real 
root  is  positive.  It  is  therefore  always  possible  to  project  the 
three  masses  so  that  they  shall  remain  in  a  straight  line. 
Laplace  remarks  that  if  m  be  the  sun,  m  the  earth,  and  m" 

the  moon,  we  have  very  nearly  z  =  ^J     g^     ~  ioo "     ^^ 
then  originally  the  earth  and  moon  had  been  placed  in  the 
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same  straight  line  with*  the  sun  at  distances  from  the  sun  pro- 
portional to  1  and  1  +  — —  ,  and  if  their  velocities  had  been 

initially  parallel  and  proportional  to  those  distances,  the  moon 
would  have  always  been  in  opposition  to  the  sun.  The  moon 
would  have  been  too  distant  to  have  been  in  a  state  of  con- 
tinual eclipse,  and  thus  would  have  been  full  every  night.  It 
has  however  been  shown  in  Liouville's  Journal  that  such  a 
motion  would  be  unstable. 

The  paths  of  the  particles  will  be  similar  ellipses  having 
the  centre  of  gravity  for  a  common  focus; 

Secondly.  Let  us  suppose  that  the  law  of  attraction  is 
"  as  the  distance."  In  this  case  the  attraction  on  each  par- 
ticle is  the  same  as  if  all  the  three  particles  were  collected  at 
the  centre  of  gravity.  Each  particle  will  describe  an  ellipse 
having  this  point  for  centre  in  the  same  time.  The  necessary 
conditions  of  projection  are  that  the  velocities  of  projection 
should  be  proportional  to  the  initial  distances  from  the  centre 
of  gravity,  and  the  directions  of  projection  should  make  equal 
angles  with  those  distances. 

Thirdly.  Let  us  suppose  the  particles  to  be  at  the 
angular  points  of  an  equilateral  triangle.  The  resultant  force 
on  the  particle  m  is 

^  cos  PPO  +  '^'  cos  P'PO.  ■ 
P  P 

The  condition  that  the  forces  on  the  particles  should  be 
proportional  to  their  distances  from  0  shows  that  the  ratio  of 
this  force  to  the  distance  OP  is  the  same  for  all  the  particles. 
Since 

m>"  cos  PP  0  +  m"p'  cos  P"PO  ={m-\-m'  +  m")  OP, 

it  is  clear  that  the  condition  is  initially  satisfied  when 
p=p'  =  p".  Hence,  by  the  same  reasoning  as  before,  if  the 
particles  be  projected  with  equal  velocities  in  directions  making 
equal  angles  with  OP,  Or,  OP'  respectively,  they  will  al- 
ways remain  at  the  angular  points  of  an  equilateral  triangle. 

133.  When  the  system  under  consideration  consists  of 
rigid  bodies  we  must  use  the  results  of  Art.  42  to  find  the . 
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resolved  part  of  the  momentum  in  any  direction.  The  mo- 
ment of  the  momentum  about  any  straight  line  may  also  he 
found  by  Art.  43  in  Chap.  ii.  combined  with  Art.  69  in 
Chap.  IV,  if  the  motion  be  in  two  dimensions,  or  Art.  118  in 
Chap.  V,  if  the  motion  be  in  three  dimensions. 

134.  Ex.  4.  A  disc  of  any  form  is  moving  in  its  own 
plane  in  any  manner.  Buddenly  any' point  O  in  the  disc  is 
fixed,  find  the  angular  velocity  of  the  disc  about  O. 

Let  us  suppose  that  just  before  0  became  fixed  the  centre 
of  gravity  G  was  moving  with  velocity  V,  and  that  p  is  the 
length  of  the  perpendicular  from  0  on  the  direction  of  mo- 
tion. Also  let  ft)  be  the  angular  velocity  of  the  body  about  • 
its  centre  of  gravity.  Just  after  0  has  become  fixed,  let  the 
body  be  turning  about  0  with  angular  velocity  w.  Let  Mk^ 
be  the  moment  of  inertia  of  the  disc  about  the  centre  of 
gravity,  and  let  OG  =  r. 

The  change  in  the  motion  of  the  disc  is  produced  by  im- 
pulsive forces  acting  at  0  during  a  short  time  t^  —  <„.  These 
forces  have  no  moment  about  0.  Hence  the  moment  of  the 
momentum  about  0  is  the  same  just  after  and  just  before  the 
impact.  Just  before  0  became  fixed,  the  moment  of  the  mo- 
mentum about  G  was  Ml^co  (Art.  69),  and  the  moment  of 
the  momentum  of  the  whole  mass  collected  at  G  was  MVp. 
Hence  the  whole  moment  of  the  momentum  about  0  is  the 
sum  of  these  two  (Art.  43).  Just  after  0  has  become  fixed 
.the  body  is  turning  about  0,  hence  by  Art.  69  the  moment 
of  the  momentum  about  0  \s  M  (&*  + 1^)  a'.  Equating  these 
we  have 

M  {k*  +  O  CO  =  Mk'rn  +  MVp; 

•■•  ""-   ]^^r'    " 

135.  Ex.  5.  A  disc  of  any  form  is  turning  about  an  axis 
Ox  situated  in  its  own  plane  with  an  angular  velocity  a.  Sud- 
denly this  axis  is  'let  free  and  another  axis  Ox',  also  situated 
in  the  plane  of  the  disc,  becomes  fixed,  it  is  required  to  find  the 
new  angular  velocity  ce  about  Ox'. 
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The  change  in  the  motion  of  the  disc  is  caused  by  the 
action  of  the  impulsive  forces  due  to  the  sudden  fixing  of  the 
axis  Ox'.  These  act  at  points  situated  in  Ox  and  have  no 
moment  about  Ox.  Hence  the  moment  of  the  momentum 
about  Ox  is  the  same  just  before  and  just  after  Ox'  is  fixed. 

Let  dcT  be  any  element  of  the  area  of  the  disc ;  y,  y'  its 
distances  from  Ox,  Ox'.     Then  y<o,  y'm  are  the  velocities  of 


da  just  before  and  just  after  the  impact.  The  moments  of  the 
momentum  about  Ooi  just  before  and  just  after  are  therefore 
yy'mda-  and  y'^mda.  Summing  these  for  the  whole  area  of 
the  disc,  we  have 

a)'^y"'d(T  =  a%yy'd(T (1). 

First,  let  Ox,  Ox'  be  parallel,  so  that  the  point  0  is  at  in- 
finity. Let  h  be  the  distance  between  the  axes,  then  y'=y—h. 
Hence  we  have 

fa'%y'^da-  =  w  {^y'da  —  h^yda]. 

Let  A,  A'  be  the  moments  of  inertia  of  the  disc  about  Ox, 
Ox'  respectively,  y  the  distance  of  the  centre  of  gravity  from 
Ox,  M  the  mass  of  the  disc.     Then  we  have 

A'w'  =  (o{A-M}iy). 

Secondly,  let  Ox,  Ox  not  be  parallel.  Let  0  be  the 
origin  and  the  angle  xOx'  =  a,  then 

-y'  =  y  cos  a  —  a;  sin  a. 
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Let  F  be  the  product  of  inertia  of  the  disc  about  Ox,  Oy 
where  Oy  is  perpendicular  to  Ox.  Then  by  substitution  in 
(1)  we  have 

A!o)  =a{Acosoi  —  F  sin  a). 

136.  A  rigid  hody  is  moving  freely  in  space  in  a  known 
manner.  Suddenly  either  a  straight  line  or  a  point  in  the  body 
becomes  Jixed.     To  determine  the  initial  subsequent  motion. 

This  proposition  will  include  the  last  two  examples  as 
particular  cases.  It  is  obvious  that  all  the  impulsive  actions 
on  the  body  pass  through  the  fixed  straight  line  or  the  fixed 
point.  Hence  the  moments  of  the  momentum  of  the  body 
about  the  fixed  axis  in  the  first  case  or  about  any  axis  through 
the  fixed  point  in  the  second  case  are  unaltered  by  the  im- 
pulsive forces. 

First.  Let  a  straight  line  suddenly  become  fixed.  Let  it 
be  taken  as  the  axis  of  z. 

Let  MK'  be  the  moment  of  inertia  of  the  body  about  the 
axis  of  a,  and  D,  the  angular  velocity  after  the  straight  line  has 
become  fixed.  Suppose  that  the  body  when  moving  freely 
was  turning  with  angular  Velocities  a^,  (»„,  cb,  about  three 
straight  lines  Gx',  Gy',  Gz'  through  the  centre  of  gravity 
parallel  to  the  axes  of  co-ordinates.  And  let  the  co-ordinates' 
of  the  centre  of  gravity  be  x,  y,  z> 

Then 


G'w, -  i^mz'x',)  (o^ -  (^mz'y)  (o^+ M(x-£-y-£ 


dx\ 
\^  dt^'^lt) 


=  MK\£l, 

where  C"  is  the  moment  of  inertia  of  the  body  about  Gz,  and 
%mz'x',  "Zms'y  are  calculated  with  reference  to  the  axes 
Gx,  Gy',  Gz. 

Secondly.  Let  a  point  0  in  the  moving  body  be  suddenly 
fixed  in  space.  Take  any  three  rectangular  axes  Ox,  Oy,  Oz, 
and  three  parallel  axes  Gx,  Gy,  Oz  through  the  centre  of 
gravity  G.  Let  <»»,  <»,, «,  be  the  known  angular  velocities 
of  the  body  about  the  axes  Gx,  Gij ,  Gz  before  the  point  0 
became  fixed,  £l^,  12^,  11,  the  unknown  angular  velocities 
about  Ox,  Oy,  Oz  after  0  has  become  fixed. 
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Then,  following  the  same  notation  as  before,  we  have 

A(o^  -  (tm  xy')  w^  -  {tm x'e)  <».  +  ^»»  (^  ^~  ^  ^j 
=  AD,^  —  (Zm  xy)  12^  —  (Sm  xz)  Q.,. 

Bm, -  (Zm y'z)  m, -  (Sm y'x)  eo^+tm  \z-£-x -£j 
=  BD,,  — (Sm  yz)  Oj  —  (2m  yx)  O^. 

C'oj, -  [tin z'x')  ca^ -  (tm s'y)  m^+Zm  [x-£~y-^] 
=  CQ^  —  (Sot  zx)  D,^  —  {Zm  zy)  JQ,. 

These  equations  determine  O^,  O,,,  O,.  It  is  very  obvious 
that  they  may  be  greatly  simplified  by  so  choosing  the  axes 
that  one  of  the  two  sets  Ox,  Oy,  Os  or  Gx',  Gy',  Gz'  may  be 
a  set  of  principal  axes. 

137.  Ex.  A  sphere  in  co-latitude  6  is  hung  up  hy  a 
point  O  in  its  swrface  in  equilibrium  under  the  action  of 
gravity.  Suddenly  the  rotation  of  the  earth  is  stopped,  it  is 
required  to  determine  the  motion  of  the  sphere. 

Let  G  be  the  centre  of  the  sphere,  0  its  point  of  suspen- 
sion, and  a  its  radius.  Let  0  be  the  centre  of  the  earth. 
Let  us  suppose  the  figure  so  drawn  that  the  sphere  is  moving 
away  from  the  observer. 
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Let  ft)  =  angular  velocity  of  the  earth,  then  if  CG  —  jjm, 
the  sphere  is  turning  about  an  axis  Op  parallel  to  CP,  the 
axis  of  the  earth  with  angular  velocity  to,  while  the  centre  of 
gravity  is  moving  with  velocity  fia  sin  6 .  m. 

Let  OC,  Op,  and  the  perpendicular  to  the  plane  of  OG, 
Op  be  taken  as  the  axes  of  x,  y,  z  respectively,  and  let  lij^, 
n,,  flj  be  the  angular  velocities  about  them  just  after  the 
rotation  of  the  earth  is  stopped. 

By  Art.  136,  the  angular  momenta  about  Ox,  just  before 
and  just  aftet  the  rotation  was  stopped,  are  equal  to  each 
other ; 

.-.    lfA''ft)COS0  =  ilf^fl„ 

where  MT^  is  the  moment  of  inertia  of  the  sphere  about  a 
diameter. 

Again,  the  angular  momenta  about  Oy  are  equal  to  each, 
other ; 

.-.  -JI/Fft>sin0  +  JI//io''ft)sin0.=  lf(^  +  a'')n,. 
Lastly,  the  angular  momenta  about  Oz  are  equal ; 

Solving  these  equations,  we  get 

=  ft)  sin  c' r . 

But  O,  =  ft)  cos  0. 

Adding  together  the  squares  of  £1^,  O,,  fl,  we  have 

n«  =  0,'  Icos'  e  +  (^^^^J  sin=  e} , 

where  O,  is  the  angular  velocity  of  the  sphere  about  its 
instantaneous  axis. 
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The  Invariable  Plane. 

138.  It  is  shown  in  Art.  40  of  Chap.  il.  that  all  the 
momenta  of  the  several  particles  of  a  system  in  motion,  are 
"together  equivalent  to  a  single  resultant  linear  momentum 
at  any  assumed  origin  0,  represented  in  direction  and  magni- 
tude by  a  line  OV,  together  with  an  angular  momentum 
about  some  line  passing  through  0,  represented  in  direction 
and  magnitude  by  a  line  OK.  Let  A„  h^,  h^  be  the  moments 
of  the  momenta  of  the  particles  about  any  rectangular  axes 
Ox,  Oy,  Oz  meeting  in  0,  so  that 

)vith  similar  expressions  for  \,  h^,  and  let 

Then  the  direction  cosines  of  OS  are  -t  >   ^,   -i  and  the  an- 

n      n      n 

gular  momentum  itself  is  represented  by  h. 

If  no  external  forces  act  on  the  system  then  A,,  h^,  \,  are 
constant  throughout  the  motion,  Art.  40,  hence  OH  is  fixed 
in  direction  and  magnitude.  It  is  therefore  called  the  in- 
variable line  at  0,  and  a  plane  perpendicular  to  OH  is  called 
the  invariable  plane  at  0. 

This  plane  may  be  conveniently  used  as  a  plane  of 
reference  by  which  the  positions  of  the  bodies  at  any  time 
may  be  determined.  It  may  be  deduced  at  any  future  time 
from  the  motions  of  the  bodies  forming  the  system,.,  just  as 
the  position  of  the  centre  of  gravity  may"  be  found,  so  that 
the  knowledge  of  jts  position  cannot  be  lost.  In  the  case  of 
the  solar  system,  we  may,  for  instance,  refer  the  inclinations  of 
the  planes  of  the  orbits  to  this  fixed  plane, 

139.  The  position  of  the  invariable  plane  at  the  centre 
of  gravity  of  the  solar  system  may  be  found  in  the  following 
manner.  Let  the  system  be  referred  to  any  rectangular  axes 
meeting  in  the  centre  of  gravity.     Let  a  be  the  angular 
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velocity  of  any  planet  about  its  axis  of  rotation.  Let  MW 
be  its  moment  of  inertia  about  that  axis  and  (a,  ^8,  7)  the 
direction  angles  of  that  axis.  The  axis  of  revolution  and  two 
perpendicular  axes  form  a  system  of  principal  axes  at  the 
centre  of  gravity.  The  angular  momentum  about  the  axis  of 
revolution  is  Ml^ «,  and  hence  the  angular  momentum  about 
an  axis  parallel  to  the  axis  of  z  is  Mli  a  cos  7.  The  moment 
of  the  momentum  of  the  whole  mass  collected  at  the  centre 
^f  gravity  about  the  axis  of  z  is 


^(4-^S). 


hence  we  have 


A,  =  ilf F  «  cos  7  +  if  ( a; -^  -  y -T- ) ,  , 

The  values  of  h^,  \,  may  be  found  in  a  similar  manner. 
The  position  of  the  invariable  plane  is  then  known.     . 

If  the  planets  forming  the  system  be  regarded  as  spheres 
so  that  their  mutual  attractions  act  along  tlie  straight  lines 
joining  their  centres,  the  motions  about  their  centres  will  be 
always  the  same.  In  this  case  we  might  regard  them  as  a 
system  of  mutually  attracting  points.  This  is  what  is  usually 
done,  and  the  terms  depending  on  the  rotations  of  the  planets 
in  the  preceding  values  of  \,  k^,  h^,  are  then  omitted.  The 
plane  thus, found  is  normal  to  the  axis  of  the  momentum- 
couple  due  to  the  motions  of  the  several  masses  collected  at 
their  centres  of  gravity.  It  is  not  therefore  strictly  fixed  in 
space,  because  the  attractions  of  the  planets  do  not  strictly 
act  along  the  straight  lines  joining  their  centres  of  gravity. 
But  in  any  long  time  the  changes  produced  in  the  rotations 
of  the  planets  are  so  small  compared  with  the  other  terms 
"retained  in  the  expressions  for  h^,  h^,  \,  that  the  plane  may 
"bei  regarded  as  fixed. 

;  140.  If  any  straight  line  Oi  be  drawn  through  0  mak- 
ing an  angle  6  with  the  invariable-  line  OH  at  0,  the  angular 
momentum  about'  OL  is  /*  cos  6.  For  the  axis  of  the  result- 
:ant  momentum-couple  is  OH,  and  the  resolved  part  about 
OL  is  therefore  OH  cos  6.    Hence  the  invariably  line  at  0 
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may  also  be  defined  as  that  axis  through  0  about  which  the 
moment  of  the  momentum  is  greatest. 

141.  At  different  points  of  the  system  the  position  of 
the  invariable  line  is  different.  But  the  rules  by  which  they 
are  connected  are  the  same  as  those  which  connect  the  axes 
of  the  resultant  couple  of  a  system  of  forces  when  the  origin 
of  reference  is  varied.  These  have  been  already  stated  in 
Art.  104  of  Chap,  v.,  and  it  is  unnecessary  here  to  do  more 
than  generally  to  refer  to  them. 


Imjpulsive  Forces  in  Three  Dimensions, 

142.  To  determine  the  general  equations  of  motion  of  a 
iody  about  a  fixed  point  under  the  action  of  given  impulses. 

Let  the  fixed  point  be  taken  as  the  origin,  and  let  m^,  «/, 
a)/  be  the  angular  velocities  generated  hy  the  impulses  about 
any  rectangular  axes  of  co-ordinates.  By  D'Alembert's  Prin7 
ciple,  see  Art.  50,  the  difference  between  the  moments  of  the 
momenta  of  the  particles  of  the  system  just  before  and  just 
after  the  action  of  the  impulses  is  equal  to  the  moment  of  the 
impulses.     Hence  by  Art.  118  of  Chap,  v., 

Aco^  —  (Simxy)  to  J  —  {%mxz)  a,'  =  X  | 

BcoJ  -  (tmyz)  Q),'  —  (Zmyx)  o)J  =  M> (1), 

Cm  J  —  {%mzx)  coj  —  (Zmzy)  coj  =  Ni 

where  L,  M,  N  are  the  moments  of  the  impulsive  forces 
about  the  axes. 

These  three  equations  will  suffice  to  determine  the  values 
of  »,,',  (Oy,  o)J.  These  being  added  to  the  angular  velocities 
before  the  impulse,  the  initial  motion  of  the  body  after  the 
impulse  is  found. 

It  is  to  be  observed  that  these  equations  leave  the  axes 
of  reference  undetermined.  They  should  be  so  chosen  that 
the  values  of  A,  "Zmxy,  &c.  may,  be  most  easily  found.  If 
the  positions  of  the  principal  axes  at  the  fixed  point  are 
known  they  will  in  general  be  found  the  most  suitable. 


SZ+i^=Jf.^byArt.49 
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In  that  case  the  equations  reduce  to  the  simple  form 

B^;  =  m\ (2). 

CV  =  N) 

The  Talues  of  to/,  »„',  a,'  being  known,  we  can  find  the 
pressures  on  the  fixed  point.  For  by  D'Alembert's  Princi- 
ple the  change  in  the  linear  momentum  of  the  body  in  any 
direction  is  equal  to  the  resolved  part  of  the  impulsive  forces. 
Hence  if  F,  U;  S,  be  the  pressures  of  the  fixed  point  on  the 
body 

'  dt 
=  M{co;z-co,'y)  by  Art.  105  I  ...(3). 

tZ+H=M{(o^y-a^x) 

143.  If  the  body  be  free,  the  motion  round  the  centre  of 
gravity  will  be  the  same  as  if  that  point  were  fixed.  Hence 
the  axes  being  any  three  straight  lines  meeting  at  the  centre 
of  gravity,  the  angular  ^velocities  of  the  body  may  still  be 
found  by  the  equations  (1)  or  (2).,  The  motion  of^the  centre 
of  gravity  may  be  found  from  (3).  Let  u,  v,  w,  vl,  v',  w'  be 
the  resolved  parts  of  the  velocities  of  the  centre  of  gravity 
before  and  after  the  impulses,  and  let  Jf  be  the  whole  mass. 
Then  these  equations  become 

-,    _    sx 

_,   _    tr 

On  the  general  subject  of  impacts  the  reader  may  consult 
an  Article  in  Liouville's  Journal,  Ypl.  XIV. 
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144.  Ex.  A  portion  of  a  parabola  hounded  hy  an  ordi- 
nate PN,  the  axis  ON,  and  the  curve  OP,  has  its  vertex  0 
fixed.  A  blow  P  is  given  to  it  perpendicular  to  its  plane  at  the 
other  extremity  of  the  curved  boundary.  Supposing  it  at  rest 
before  the  blow,  find  the  initial  motion. 

Let  the  equation  to  the  parabola  be  y^  =  4.ax. 


Then  "Zmxz  =  0,     Imyz  =  0. 

Let  /Jb  be  the  mass  of  a  unit  of  area,  and  Jf  the  whole 
mass,  and  0N=  c, 

then  limxy  =  (jlI  j xy dx dy  =  fi  jx^  dx  y  ~ 


s/ac' 


aa^dx  =  -  fjMG' 


(x  =  0 
\x  =  c 


=  M 


Also 


.      1      f"  a  7       1^6       s  s      ,_  iac 

s'*;  /^^^ =15 /*«''<='' =-^- -5-. 

B  =  fi\  arydx  =  --iia^c^  =  M-—; 


and  the  equations  are 


Aa^  -  -  fiac'w^  =  -  P.  2  V( 


3 

2 
B(o„  - -lia<?w„  =  Pc 


ao 


(A  +  B)  <o,=  0 
whence  w^w^  may  be  easily  fpund. 


r  7 
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And  the  pressures  on  the  fixed  point  may  be  found  from 
the  equations 

F=0,     0  =  0, 

The  axis  about  which  the  body  begins  to  turn  make^  an 
angle  with  Ox,  whose  tangent  is 

tan5  =  ^, 

and  the  initial  angular  velocity  =  Vw/  +  »»*• 

But  the  body  will  not  continue  to  rotate  about  this  axis 
unless  it  be  also  a  principal  axis. 

145.  Prop.  To  show  that  we  may  take  moments  cAout 
the  initial  axis  of  rotation  as  if  it  were  a  fixed  axis. 

Let  1,  m,  n  be  the  direction  cosines  of  the  initial  axis  of 
rotation ;  let  I  be  the  moment  of  inertia,  and  il  the  angular 
velocity  of  the  body  about  it.  Let  G'  be  the  moment  of 
the  forces  about  the  same  axis.     Then 

fflj,  =  IQ,,   <Oy  =  mQ,,   a,  =  nil. 

Hence  the  equations  of  motion  become 

Am  =  L,    £mil=M,    Cnn  =  N. 
Multiplying  these  by  I,  m,  n,  and  adding,  we  get 
{Al^  +  Bm^  +  On")  n  =  Ll  +  Mm  +  Nn, 
or  I.Q=a'. 

146.  Prop.  A  body  at  rest  being  acted  on  by  any  im- 
pulses, it  is  required  to  find  the  condition  that  the  resulting 
motion  may  be  one  of  rotation  only. 

It  has  been  proved  that  the  motion  of  any  body  can 
always  be  represented  by  a  motion  of  rotation  about  some 
axis,  and  a  motion  of  translation  in  the  direction  of  the  axis. 
The  condition  that  the  motion  may  be  one  of  rotation  only  is, 
by  Art.  100, 

v!<o^Jt-v'(o^  +  w'a)^  =  0. 

14—2 
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But  substituting  for  u,  &c.,  wj,  &c.,  their  values  in  terms 
of  the  forces  given  in  Arts.  142  and  143,  this  becomes 


B 


0 


This  condition  is  necessary,  but  not  sufficient.    It  is  also 
necessary  that  L,  M,  N  do  not  all  vanish. 


147.  Ex.  A  cricket-ball  is  set  rotating  about  a  hori- 
zontal axis  in  the  vertical  plane  of  motion  with  an  angular 
velocity  Wj.  Supposing  that  when  it  strikes  the  ground  the 
centre  is  moving  with  velocity  V  in  a  direction  making  an  angle 
a.  with  the  horizon,  jvad  the  subsequent  motion. 

Take  the  normal  to  tlie  ground  at  the  point  where  the 
ball  touches  as  the  axis  of  z,  and  let  the  axis  of  x  be  in  the 
plane  of  motion  of  the  ball  before  impact.  Let  w/,  a^,  eOg' 
be  the  angular  velocities  just"  after  impact  of  the  ball  about 
the  diameters  parallel  to  the  axes.  Let  u,  v,  w'  be  the  re- 
solved parts  of  the  velocities  of  the  centre.  Let  Z  be  the 
normal  reaction  of  the  ground,  X,  Y  the  frictional  impulsive 
actions,  estimated  positively  in  thei  positive  directions  of  the 
axes.    Let  m  be  the  mass  of  the  ball. 


The 

equations  of  motion  are 

Ya      1 

,        Xa 
""--     mk^ 

<  =  0 

u'  —  Tcos  a  =  — 
m 

m 

w'  +  Fsin  a  =  — 

•(1), 


(2). 


m 
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The  geometrical  equations  are 

«'  +  a<  =  oj (3). 

These  hold  at  the  moment  of  greatest  compression. 
Solving  these,  we  get 

Z=mVsma. 

Let  e'  be  the  frictional  and  e  the  normal  elasticity.  Then 
these  values  of  X,  Y,  Z  must  te  multiplied  respectively  by 
1+  e',  1  +  e,  and  1  +  e. 

By  substituting  in  (1)  and  (2),  we  get 

F-aV  ,      ^^         a'^-Fe' 

K  +  a      .  Id  +a 

,       Fa  cos  a,,   .    ,.  ,  aw.le'   ,,       ,, 

£03'  =  0,  to'  =  eFsina. 

It  appears  from  these  equations  that  unless  w^  =  Q  the  ball 

will  not  move  in  the  same  vertical  plane  after  impact  as 

beford    Let  9  be  the  angle  made  by  the  two  vertical  planes 

v  .  2 

of  motion.   Then  tan  0  =  —,,  and  after  putting  k^  =  r  a^  we  get 


-tan  5  =  - 


u 

2aa)i       1  +  e' 


Fcos  a '  5  —  2e' ' 


148.  If  the,  ground  be  imperfectly  rough  with  a  coeflS- 
cient  of  friction  /j,,  it  is  possible  that  the  friction  may  not  be 
sufficient  to  prevent  sliding.  In  this  case  the  m.agnitude  of 
the  friction  at  any  instant  during  the  impact  is  known,  being 
proportional  to  the  normal  pressure.     Its  direction  is  opposite- 
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to  that  of  the  motion  of  the  point  of  the  sphere  in  contact 
with  the  ground,  and  therefore  may  not  remain  the  same 
during  the  whole  impact.  Let  X,  Y  be  the  whole  resolved 
parts  of  the  frictions  (measured  by  the  momenta  they  would 
generate)  from  the  beginning  of  the  impact  up  to  a  time  t. 

Then  ^  and  ^  are  the  moving  forces  at  that  instant 

acting  on  the  ball.  The  resultant  of  these  must  be  opposite 
to  the  direction  of  motion  of  the  point  of  contact  of  the  ball 
with  the  ground,  hence 


dY  _v'  -Vcml 
dX  ~  v!  —  ato' 


W, 


supposing. the  whole  friction  to  be  called  into  play. 
From  these  we  get  by  equations  (1)  and  (2), 

dY     r(i  +  |')+^«'». 


X(l  +  pi +mFco3a 

Collecting  all  the  X's  on  one  side  of  the  equation  and  all, 
the  F's  on  the  other  and  integrating,  we  get 

Ffl  +  p)  +maoo^  =  L\X\l  +  pj  +jraFcosaL 

where  L  is  some  constant.  Here  X  and  Y  are  the  accumula- 
tions of  momenta  from  the  beginning  of  the  impact,  hence 
when  <  =  0,  X  and  Y  both  vanish ;  therefore  aw^  =  L  Fcos  a. 
Substituting  for  L  we  have 

Y  _     aioj 

X~YcoaoL W- 

Hence  the  direction  of  the  friction  is  constant  throughout 
the  impulse. 
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Substituting  in  equation  (5)  and  integrating,  we  have 

V  V  cos  a 

But  since  w'=(i  when  the  impact  has  terminated,  we  have 
by  (2)  Z=mVsma.  Hence  the  whole  value  of  X  from  the 
beginning  to  the  termination  of  the  impact  has  been  found. 
The  value  of  F  is  then  known  by  (6),  Substituting  these 
values  of  X  and  Y  in  equations  (1)  and  (2)  the  initial  motion 
of  the  sphere  is  found. 

149.  In  the  same  way  we  may  show  that  if  two  imper- 
fectly rough  spheres  impinge  on  each  other,  the  direction  of 
friction  is  the  same  throughout  the  impact  and  opposite  to 
the  initial  direction  of  relative  motion,  li  a  solid  of  revolu- 
tion impinge  with  its  vertex  on  an  imperfectly  rough  hori- 
zontal plane  the  direction  of  friction  is  constant.  If  two  solid 
ellipsoids,  having  their  principal  diameters  parallel,  impinge 
on  each  other  so  as  to  touch  each  other  at  their  vertices,  and 
if  the  initial  direction  of  relative  motion  be  along  a  common 
principal  axis  of  both  ellipsoids  at  the  point  of  contact,  the 
direction  of  friction  will  in  this  case  also  be  constant. 


EXAMPLES. 

1.  A  cone  revolves  round  its  axis  with  a  known  angular 
velocity.  The  altitude  begins  to  diminish  and  the  angle  to 
increase,  the  volume  being  constant.  Show  that  the  angular 
velocity  is  proportional  to  the  altitude. 

2.  A  circular  disc  is  revolving  in  its  own  plane  about 
its  centre ;  if  a  point  in  the  circumference  become  fixed,  find 
the  new  angular  velocity. 

3.  A  uniform  rod  of  length  2a  lying  on  a  smooth  hori's- 
zontal  plane  passes  through  a  ring  which  permits  the  rod  to 
rotate  freely  in  the  horizontal  plane.  The  middle  point  of 
the  rod  being  indefinitely  near  the  ring  any  angular  velocity 
is  impressed  on  it,  show  that  when  it  leaves  the  ring  the 
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radius  vector  of  the  middle  point  will  hare  swept  out  an  area 
equal  to  —  . 

4.  A  spherical  shell  contains  an  interior  spherical  cavity 

whose  diameter  is  a  radius  of  the  shell,  and  which  is  filled 

with  fluid  of  the  same  density  as  the  matter  of  the  shell.     A 

tangential  impulse  is  given  to  the  shell  at  the  extremity  of  the 

diameter  of  the  cavity,  show  that  the  angular  velocity  com- 

32 
municated  to  the  system  is  —  times  what  it  would  have  been 

o  L 

if  the  fluid  had  heen  solid  and  rigidly  connected  with  the  shell. 

5.  An  elliptic  lamina  is  rotating  about  its  centre  on  a 
smooth  horizontal  table.  If  m^,  co^,  e*,  be  its  angular  veloci- 
ties respectively  when  the  extremities  of  its  major  axis,  its 
focus,  and  the  extremity  of  the  minor  axis  become  fixed, 
prove 

6.  A  rigid  body  moveable  about  a  fixed  point  0  at 
which  the  principal  moments  are  A,  B,  0  is  struck  by  k  blow 
of  given  magnitude  at  a  given  point.  If  the  angular  velo- 
city thus  impressed  on  the  body  be  the  greatest  possible, 
prove  that  (a,  b,  c)  being  the  co-ordinates  of  the  given  point 
referred  to  the  principal  axes  at  0,  and  {I,  m,  n)  the  direction 
cosines  of  the  blow,  then 

al+hm+  cn  =  0, 

a/J__J_\      h^/1 L\  ,c/'JL_  M_n 

I  U'      CV  ■*"  m  U"     ^V      «  U'     -By  ~ 

7.  Any  triangular  lamina  ABO  has  the  angular  point  G 
fixed  and  is  capable  of  free  motion  about  it.  A  blow  is 
struck  at  B  perpendiculaj:  to  the  plane  of  the  triangle.  Show 
that  the  initial  axis  of  rotation  is  that  trisector  of  the  side 
AB  which  is  furthest  from  B. 

8.  A  body  is  turning  about  an  axis  through  its  centre 
of  gravity,  a  point  in  the  body  becomes  suddenly  fixed.     If 
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the  uew  instantaneous  axis  be  a  principal  axis  with  respect 
to  the  point,  show  that  the  locus  of  the  point  is  a  rectangular 
hyperbola. 

9.  A  cube  is  rotating  with  angular  velocity  «  about  a 
diagonal,  when  one  of  its  edges  which  does  not  meet  the 
diagonal  suddenly  becomes  fixed.     Show  that  the  angular 

velocity  about  this  edge  as  axis  =  — 7= . 

10.  Two  masses  «i,  m'  are  connected  by  a  fine  smooth  string 
which -passes  round  a  right  circular  cylinder  of  radius  a. 
The  two  particles  are  in  motion  in  one  plane  under  no  im- 
pressed forces,  show  that  if  A  be  the  sum  of  the  absolute 
areas  swept  out  in  a  time  t  by  the  two  unwrapped  portions 
of  the  string 

T  being  the  tension  of  the  string  at  any  time. 

11.  A  piece  of  wire  in  the  form  of  a  circle  lies  at  rest 
with  its  plane  in  contact  with  a  smooth  horizontal  table, 
when  an  insect  on  it  suddenly  starts  walking  along  the  arc 
with  uniform  relative  velocity.  Show  thaf  the  wire  revolves 
round  its  centre  with  uniform  angular  velocity  while  that 
centre  describes  a  circle  in  space  with  uniform  angular  velo- 
city.. 

12.  A  uniform  circular  wire  of  radius  a  moveable  about 
a  fixed  point  in  its  circumference,  lies  on  a  smooth  horizontal 
plane.  An  insect  of  mass  equal  to  that  of  the  wire  crawls 
along  it,  starting  from  the  extremity  of  the  diameter  oppo- 
site to  the  fixed  point,  its  velocity  relative  to  the  wire  being 
uniform  and  equal  to  V.  Prove  that  after  a  time  t  the  wire 
will  have  turned  through  an  angle 

13.  A  small  insect  moves  along  a  uniform  bar  of  mass 
equal  to  itself,  and  length  2a,  the  extremities  of  which  are 
constrained  to  remain  on  the  circumference  of  a  fixed  circle, 
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■whose  radius  is  —j= .     Supposing  the  insect  to  start  from  the 

V  3 
middle  point  of  the  bar,  and  its  velocity  relatively  to  the  bar 
to  be  uniform  and  equal  to  V;  prove  that  the  bar  in  time  t 
will  turn  through  an  angle 

—^  tan    — . 
V3  « 

14.  A  uniform  circular  disc  moveable  about  its  centre  in 
its  own  plane  (which  is  horizontal)  has  a  fine  groove  in  it  cut 
along  a  radius,  and  is  set  rotating  with  angular  velocity  a. 

A  small  rocket  whose  weight  is  -  the  weight  of  the  disc  is 

placed  at  the  inner  extremity  of  the  groove  and  discharged ; 
and  when  it  has  left  the  groove,  the  same  is  done  with 
another  equal  rocket,  and  so  on.  Find  the  angular  velocity 
after  n  of  these  operations,  and  if  n  be  indefinitely  increased, 
show  that  the  limiting  value  of  the  same  is  we^. 

15,  A  rigid  body  is  rotating  about  an  axis  through  its 
centre  of  gravity,  when  a  certain  point  of  the  body  becomes 
suddenly  fixed,  the  axis  being  simultaneously  set  free ;  find 
the  equations  of  the  new  instantaneous  axis ;  and  prove  that, 
if  it  be  parallel  to  the  originally  fixed  axis,  the  point  must 
lie  in  the  line  represented  by  the  equations 

a'fo  +  ^^my  +  <?nz  =  0, 

^  '  I       ^  '  m      ^  '  n 

the  principal  axes  through  the  centre  of  gravity  being  taken 
as  axes  of  ce-ordinates,  a,  b,  c  the  radii  of  gyration  about 
these  lines,  and  I,  m,  n  the  direction  cosines  of  the  originally 
fixed  axis  referred  to  them. 
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150.  Let  x,  y,  z  be  the  co-ordinates  of  a  particle  m  of 
a  system  in  motion  at  any  given  instant;  and  let  X,  Y,  Z  be 
the  accelerating  forces  acting  on  the  particle  resolved  in.  the 
directions  of  the  axes.  Then,  the  summation  being  extended 
throughout  the  system,  the  function 

tm{Xdx+Ydy  +  Zdz) 

will  in  general  be  a  complete  differential  of  some  quantity  U. 
This  quantity  U,  when  it  exists,  is  called  the  force  function. 

This  name  has  been  given  to  it  by  Sir  W.  Hamilton  and 
Jacobi  independently  of  each  other. 

151.  Prop.  I.  To  prove  that  there  will  he  a  fwce 
function  first,  when  the  forces  tend  to  fixed  centres  at  finite 
distances,  and  are  functions  of  the  distances  from  those  cenPres; 
and  secondly,  when  the  forces  are  due  to  the  mutual  attractions 
or  repulsions  of  the  particles  of  the  system,  and  are  functions  of 
the  distances  between  the  attracting  or  repelling  particles. 

Let  m^  (»•)  be  the  action  of  any  fixed  centre  of  force  on 
a  particle  m  distant  r,  estimated  in  the  direction  in  which 
r  IS  measured,  i.  e.  from  the  centre  of  force.  Then  all  the 
forces  due  to  the  several  centres  of  force  are  exactly  equivalent 
to  all  their  several  components  mX,  m  Y,  mZ.  Hence,  revers- 
ing the  latter,  there  will  be  equilibrium.  Therefore,  by  Virtual 
Velocities, 

Swi^  (>•)  dr  =  %m  (Xdx  +  Ydy  +  Zdz) . 
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Thus  the  force  function  exists,  and  is  equal  to 

Sot  /<^  (r)  dr. 
If  the  law  of  attraction  be  the  inverse-square  ^  (»■)  =  — 5  > 

and  the  integral  becomes  - .    Thus  the  force  function  becomes 

r 

what  has  been  called  in  Statics  the  Potential. 

In  the  same  way  it  can  be  shown  that  there  will  be  a  force 
function  when  the  forces  are  such  as  result  from  the  attraction 
of  the  particles  of  the  system  on  each  other,  provided  the 
attractions  are  functions  only  of  the  distances  between  the 
particles. 

Let  mm'^{r)  be  the  action  between  two  particles  in,  to', 
whose  distance  apart  is  r;  and,  as  before,  let  this  force  be 
considered  positive  when  repulsive.     Then  we  have 

^m,m'<p  (r)  dr  =  Xm  (Xdx  +  Ydy  +  Zdz), 

and  the  force  function  is  equal  to 

'Stmm  J^  (r)  dr. 

152.  PeoP.  II.  If  a  system  receive  any  small  displacement 
ds  parallel  to  a  given  straight  line  and  an  angular  displace- 
ment A.9  round  that  line,  then  the  partial  differential  co- 
efficients -i—  and  -Tn   represent  respectively  the  resolved  part 

of  all  the  forces  along  the  line  and  the  moment  of  the  forces 
about  it. 

Since  dU  is  the  sum  of  the  virtual  moments  of  all  the 
forces  due  to  any  displacement,  it  is  independent  of  any  par-, 
ticular  co-ordinate  axes.  Let  the  straight  line  along  which  ds 
is  measured  be  taken  as  the  axis  of  z. 

Taking  the  same  notation  as  before, 

dU=  tm  {Xdx  -(-  Ydy  -{-  Zdz). 

But  dx  =0,  dy=  0,  and  dz  =  ds,  hence  we  have 

dU=  ds.XmZ; 

dU     ^    „ 
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Here  dU  means  the  change  produced  in  U  by  the  single 
displacement  of  the  system,  taken  as  one  body,  parallel  to  the 
given  straight  line,  through  a  space  ds. 

Again,  the  moment  of  all  the  forces  about  the  axis  of  z  is 

Xm{xY-yZ), 

but  by  Art.  105,  dx  =  —ydO,  and  dy  =  sod9,  and  dz  =  0,  hence 
the  above  moment  is 


=  S' 


,m. 


Ydy  +  Xdx  +  Zdz 
dd 


dU 

''  dd' 


Here  dU  is  the  change  produced  in  U  by  the  single  rota- 
tion of  the  system,  taken  as  one  body,  round  the  given  axis, 
through  an  angle  d,d. 

153.  Dep.  The  Vis  Viva  of  a  particle  is  the  product 
of  its  mass  idto  the  square  of  its  velocity. 

If  a  system  he  in  motion  under  the  action  of  finite  forces, 
and  if  the  geometrical  relations  of  the  parts  of  the  system  he 
expressed  hy  equations  which  do  not  contain  the  time  explicitly, 
the  change  in  the  vis  viva  of  the  system  in  poissing  from  any 
one  position  to  any  other  is  equal  to  twice  the  corresponding 
change  produced  in,  the  force  function. 

In  determining  the  force  function  all  forces  may  be  ad- 
mitted which  would  not  appear  in  the  equation  of  Virtual 
Velocities. 

Let  X,  y,  z  be  the  co-ordinates  of  any  particle  m,  and  let 
X  Y,  Z  be  the  resolved  parts  in  the  directions  of  the  axes  of 
the  impressed  accelerating  forces  acting  on  the  particle. 

The  effective  forces  acting  on  the  particle  m  at  any  time  t  are 

d-'x         d'y         d\ 

"^n^  '^w  '"^■ 

If  the  effective  forces  on  all  thepartictes  be  reversed,  they  will 
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be  in  equilibrium  with  the  whole  group  of  impressed  forces 
by  Art.  37.    Hence,  by  the  principle  of  virtual  velocities, 


i,in 


{{^-wh<^-'^h<^-w>h' 


where  Sx,  hy,  Sz  are  any  small  arbitrary  displacements  of 
the  particle  m  consistent  with  the  geometrical  relations  at  the 
time  t. 

Now  if  the  geometrical  relations  be  expressed  by  equa- 
tions which  do  not  contain  the  time  explicitly,  the  geome- 
trical relations  which  hold  at  the  time  t  will  hold  throughout 
the  time  Bt ;  and  therefore  we  can  take  the  arbitrary  displace- 
ments Sx,  ty,  hz  to  be  respectively  equal  to  the  actual  dis- 
placements 

P''  1^-  'P' 

of  the  particle  in  the  time  Zt. 

Making  this  substitution,  the  equation  becomes 
^     fd^  dx     d^  ^     d^z  dz\ 
^^[d^di^dPdt'^d?  dt) 

Integrating,  we  get 

=  (7  -)-  2tml(Xdx  +  Ydy  +  Zdz), 

where  C  is  the  constant  to  be  determined  by  the  initial  con- 
ditions of  motion. 

Let  V  and  v   be  the  velocities  of  the  particle  m  at  the 
■  times  t  and  t'.    Also  let  U,  U'  be  the  values  of  the  force 
function  for  the.  system  in  the  two  positions  which  it  has  at 
the  times  t  and  «'.    tThen 
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134.  T]\^  following  illiistration,  taken  from  Poisson,  may 
show  more  clearly  why  it  is  necessary  that  the  geometrical 
relations  should  not  contain  the  time  explicitly.  Let,  for 
example, 

4>{x,y,z,t)=(i (1) 

be  any  geometrical  relation  connecting  the  co-ordinates  of  the 
particle  m.  This  may  be  regarded  as  the  equation  to  a 
moving  surface  on  which  the  particle  is  constrained  to  rest. 
The  quantities  Sa;,  hy,  Ss  are  the  projections  on  the  axes  of 
any  arbitrary  displacement  of  the  particle  m  consistent  with 
the  geometrical  relations  which  hold  at  the  time  t.  They 
must  therefore  satisfy  the  equation 

ax  ay  ^      as 

The  quantities  -j-  St,  -j-^t,  -j-  Bt  are  the  projections  on 

the  axes  of  the  displacement  of  the  particle  due  to  its_  motion 
in  the  time  St.     They  must  therefore  satisfy  the  equation 

^^st  +  ^.fst  +  p^St  +  '^J^st  =  o. 

dx  dt  dy  dt  ds  dt  dt 

Hence  unless  -$-  is  zero  throughout  the  whole  motion 
dt 
we  cannot  take  hx,  By,  Bs  to  be  respectively  equal  to 

^Bt,    %Bt,     %Bt. 
dt     ^     dt     ^     dt 

The  equation  ^  =  0  expresses  the  condition  that  the  geome-. 
trical  equation  (1)  should  not  contain  the  time  explicitly, 

155.  The  equation  of  Virtual  Velocities  in  Statics  is 
known  to  contain  in  one  formula  all  the  conditions  of  equili- 
brium.   In  the  same  way  the  general  equation 

may  be  made  to  give  all  the  equations  of  motion  by  properly 
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choosing  the  arbitrary  displacements  Sx,  hy,  Ss.  In  the  last 
Article  we  made  one  choice  of  these  displacements  and  thus 
obtained  an  equation  in  an  integrable  form. 

If  we  give  the  whole  system  a  displacement  parallel  to  the 
axis  of  z  we  have  Sx  =  0,  By  =  0,  and  Sz  is  arbitrary.  The 
equation  then  becomes 

m  -=^  =  ZimA, 

which  represents  any  one  of  the  three  first  general  equations 
of  motion  in  Art.  39. 

If  we  give  the  whole  system  a  displacement  round  the 
axis  of  z  through  an  angle  Sd,  we  have  Sx==  —  yB0,  Sy  =  xS6, 
Ss  =  0.     The  equation  then  becomes 

which  represents  any  one  of  the  three  last  general  equations 
of  motion  in  Art.  39. 

156.  Let  a  force  P  act  on  a  particle  which  describes  the 
elementary  arc  ds  in  the  time  dt.  Let  dp  be  the  projection 
of  ds  on  the  line  of  action  of  P  estimated  positive  in  the 
direction  in  which  P  acts.  Then  Pc^  is  called  the  "work" 
done  by  the  force  P  in  the  time  dt.  If  a  force  act  con- 
tinuously on  a  particle  during  a  time  T,  then  the  work  will 

f^Pdp 
clearly  be  represented  by  I    —jy-  dt.    Let  X,   Y,  Z  be  the 

resolved  parts  in  the  directions  of  the  axes  of  the  accelerating 
forces  which  act  on  any  particle  m.  Then  the  whole  "  work" 
done,-  while  the  system  is  moving  from  one  position  to  an- 
other, is 

W=tm(  (Xdx  +  Ydy  +  Zdz) . 

Let  U,  V  be  the  values  of  the  force  function  of  the 
system  corresponding  to  the  two  positions  of  the  system. 
Then 

W^  U'  -  U. 
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By  the  principle  of  vis  viva  we  have 

Therefore  the  change  in  the  vis  viva  of  a  system  in  moving 
ti-om  one  position  to  another  is  equal  to  twice  the  "work" 
done  by  the  forces  during  the  motion. 

.  ,y®.  ™ay"se  the.  term  "force  funcition"  to  indicate  the 
indefinite  integral  U  and  the  term  "work"  to  indicate  the 
same  taken  between  any  given  limits. 

Suppose  a  weight  mg  to  be  placed  at  any  height  above 
the  surface  of  the  earth-  Then  as  it  falls  through  a  height  a 
It  may  be  made  by  any  machine  to  do  "work"  measured  by 
mgz.  This  follows  from  the  principle  of  Virtual  Velocities. 
If  It  work  no  machine  it  has  acquired  a  vis  viva,  the  half  of 

which  is  equal  to  m  |-  or  mgz.    If  it  fall  through  a  second 

space  z',  it  may  be  made  either  to  do  more  work  by  the 
machine  or  to  generate  an  additional  semi  vis  viva  equal  to 
mg^.  And  so  on  until  it  has  fallen  as  far  as  the  circum- 
stances of  the  case  permit.  After  this  no  more  work  can  be 
done  by  the  weight  until  it  has  been  lifted  up  again.  If  it 
be  raised  up  to  the  height  h  by  being  projected  with  the 
proper  velocity  v,  an  amount  of  semi  vis  viva  has  disappeared 

measured  By  m  —  =  mgh.    Or  if  the  weight  be  wound  up  by 

some  machine  this  measures  the  work  done  by  the  machine, 
lu  any  case  the  weight  has  now  acquired  a  capacity  to  do 
work  measured  by  mgh.  Thus  we  see  that  vis  viva  may  be 
changed  into  a  capacity  to  do  work,  and  conversely* 

Let  us  apply  this  reasoning  to  the  general  case  of  a 
.system  of  particles  subject  to  no  external  forces  but  only  to 
the  mutual  action  of  its  several  parts.  Let  us  suppose  the 
system  to  have  moved  from  its  arrangement  at  the  time  t„ , 
which  we  might  take  at  the  beginning  of  the  motion,  to 
its  arrangement  at  the  time  t.  Let  t^^  be  any  other  time 
greater  than  <„  and  such  that  we  need  only  consider  the  mo- 
tion between  the  two  times  t^  and  t^  If  necessary  i^  may  be 
regarded  as  infinitely  great.  Let  W^  be  the  woi^k  doiie  by 
the  mutual  actions  while  the  system  moves  from  the  arrange- 

li.  D,  15 
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ment  at  the  time  %  to  that  at  the  time  t„  W  the  work  done 
while  it  moves  from  the  arrangement  at  the  time  t  to  that  at 
the  time  t^.  Let  T^  be  respectively  the  actual  semi  vis  viva 
at  the  time  /„  T  that  at  the  time  t.  Then  by  the  equation  of 
vis  viva,  we  have 

or  T+  W=  T,  +  W,. 

Hence  it  appears  that  the  quantity  T  -^  W  is  constant 
throughout  the  motion."  To  express  this  the  term  "energy^' 
has  been  intrgduced  by  W.  J.  M.  Eankine,  C.E.*  Actual 
energy  at  the  time  t  is  the  semi  vis  viva  of  the  system  at  that 
instant.  Potential  energy  is  the  remaining  work,  whether 
positive  or  negative,  which  the  forces  can  be  made  to  do  by 
moving  the  system  from  its  arrangement  at  the  time  t  to  the 
arrangement  at  some  fixed  future  time.  The  principle  assert^ 
that  the  sum  of  these  two  is  constant  throughout  the  motion. 

If  any  external  forces  act  on  the  system  the  total  energy 
both  actual  and  potential  has  been  increased  positively  or 
negatively  by  a  quantity  equal  to  the  work  done  by  the  ex- 
ternal forces,  as  the  system  is  moved  from  its  position  at  the 
time  <„  to  its  position  at  the  time  t. 

157.  In  applying  tbe  principle  of  vis  viva  to  any  actual 
cases,  it  will  be  important  to  know  beforehand  what  forces 
and  internal  reactions  may  be  disregarded  in  forming  the 
equation.  The  general  rule  is  that  all  forces  may  be  neg- 
lected which  do  not  appear  in  the  equation  of  Virtual  Velo- 
cities.    These  forces  may  be  enumerated  as  follows  : 

I.     Those  reactions  whose  virtual  velocities  are  zero. 

1.  Those  whose  line  of  action  passes  through  an  instan- 
taneous axis ;  as  rolling  friction,  but  not  sliding  friction  nor 
the  resistance  of  any  medium. 

2.  Those  whose  line  of  action  is  perpendicular  to  the 
.direction  of  motion  of  the  point  of  application ;  as  the  re- 

•  For  liistory  see  Niohol's  Cydopcedia,  Art.  "Energy.''  Also  EdwUmrgh 
Thilosoiphical  Jov/rnal,  on  the  Science  of  Energetics,  1855,  and  Philosophical 
■Magazirm,  1853  and-1866.  . 
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actions  of_  smooth  fixed  surfaces,  but  not  those  of  moving  sur- 
faces. 

II.  Those  reactions  whose  virtual  velocities  are  not  zero 
and  which  therefore  would  enter  into  the  equation,  but  which 
disappear  when  joined  to  other  reactions. 

1.  The  reactions  between  particles  whose  distance  apart 
remains  the  same ;  as  the  tensions  of  inextensibh  strings,  but 
not  those  of  elastic  strings. 

2.  The  reaction  between  two  rigid  bodies,  parts  of  the 
same  system,  which  roll  on  each  other.  It  is  necessary 
however  to  include  both  these  bodies  in  the  same  equation  of 
vis  viva. 

III.  All  tensions  which  act  along  inextensible  strings, 
even  though  the  strings  are  bent  by  passing  through  smooth 
fixed  rings. 

For  let  a  string  whose  tension  is  T  connect  the  particles 
m,  rn,  and  pass  through  a  ring  distant  respectively  r,  r'  fronj 
the  particles.     The  virtual  velocity  is  clearly 

Th-  +  Thr, 

because  the  tension  acts  along  the  strjng.     But  since  the 
string  is  inextensible 

Sr  +  Sr'  =  0 ; 

therefore  the  virtual  velocity  is  zero. 

If  in  the  last  case  the  string  be  extensible,  and  its 
length  at  any  time  t  be  p,  we  have  p  =  »•  +  »•',  and  hence  the 
force  function  is  -^Tdp.     Let  I  be  the  unstretched  length,  E 

the  coefficient  of  elasticity,  then    T=EP-j-.     Hence  ^he 

work  done  by  the  tension  when  the  string  is  stretched  from 
the  length  p  to  the  length  p  is 

15—2 
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158.  If  a  system  be  und«r  the  action  of  no  external 
forces,  we  have  Z  =  0,  F=0,  Z=0,  and  hence  the  vis  viva 
of  the  system  is  constant. 

If,  however,  the  mutual  reactions  between  the  particles  of 
the  system  are  such  as  would  appear  in  the  equation  of  vir- 
tual moments,  then  the  vis  viva  of  the  system  will  not  be 
constant.  Thus,  even  if  the  solar  system  were  not  acted  on 
by  any  external  forces,  yet  its  vis  viva  would  not  be  constant. 
For  the  mutual  attractions  between  the  several  planets  are 
reactions  between  particles  whose  distance  does  not  remain 
the  same,  and  hence  the  sum  of  the  virtual  moments  will  not 
be  zero. 

Again,  if  the  earth  be  regarded  as  a  body  rotating  about 
an  axis  and  slowly  contracting  from  loss  of  heat  in  course  of 
time,  the  vis  viva  will  not  be  constant,  for  the  same  reason 
as  before.  The  increase  of  angular  velocity  produced  by  this 
contraction  can  be  easily  found  by  the  conservation  of  areas. 

159.  Let  gravity  be  the  only  force  acting  on  the  system. 
Let  the  axis  of  s  be  vertical,  then  we  have  X=  0,  1^=0, 
Z=  —  g.     Hence  the  equation  of  vis  viva  becomes 

S  W  -  2»i«''  =  -  2%  (a'  -  a). 

Thus  the  vis  viva  of  the  system  depends  only  on  the 
altitude  of  the  centre  of  gravity.  If  any  horizontal  plane  be 
drawn,  the  vis  viva  of  the  system  is  the  same  whenever  the 
centre  of  gravity  passes  through  the  plane. 

160.  To  determine  the  vis  viva  of  a  rigid,  hody  in 
motion. 

If  a  hody  move  in  any  manner  its  vis  viva  at  any  instant 
is  equal  to  the  vis  viva  of  the  whole  mass  collected  at  its  centre 
of  gravity,  plus  the  vis  viva  round  the  centre  of  gravity  con- 
sidered as  a  fixed  point :  or 

The  vis  viva  of  a  hody  =  vis  viva  due  to  translation 

+  vis  viva  due  to  rotation. 

Let  X,  y,  z  be  the  co-ordinates_  of  a  particle  whose  mass 
is  m  and  velocity  v,  and  let  x,  y,  z  be  the  co-ordinates  of  the 
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centre  of  gravity  G^  of  the  body.    Lst  x  =  x  +  x',  t/=y  4-i/', 
a  = »  +  s'.     Then  by  a  property  of  the  centre  of  gravity 

^mx'  =  0,  %my'  =  0,  Sws'  =  0.   Hence  tm  ~= 0,  2m  ^'  =  0, 

at  dt 

^dt=''' 

Now  the  vis  viva  of  a  body  is 

w=s™{(|)V(Dvg)]. 

Substituting  for  x,  y,  z,  this  becomes 

All  the  terms  in  the  last  line  vanish  as  they  should  do  by 
Art.  10.  The  first  term  in  the  first  line  is  the  vis  viva  of 
the  whole  mass  Sm,  collected  at  the  centre  of  gravity.  The 
second  term  is  the  vis  viva  due  to  rotation  round  the  centre 
of  gravity. 

This  expression  for  the  vis  viva  may  be  put  into  a  more 
convenient  shape. 

First.  Let  the  motion  he  in  two  dimensions.  Let  v  be 
the  velocity  of  the  centre  of  gravity,  r,d  its  polar  co-ordinates 
referred  to  any  origin  in  the  plane  of  motion.  Let  r  be  the 
distance  of  any  particle  whose  mass  is  m  fi-om  the  centre  of 
gravity,  and  let  v'  be  its  velocity  relatively  to  the  centre  of 
gravity.  Le.t  to  be  the  angular  velocity  of  the  whole  body 
about  the  centre  of  gravity,  and  M]^  its  moment  of  inertia 
about  the  same  point. 

The  vis  viva  of  the  whole  mass  collected  at  G  is  Mv^, 
which  may  by  the  Differential  Calculus  be  put  into  either  of 
the  forms 

«-^{(fj-(D1-*l(f)*^-(f)}- 
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The  vis  viva  about  G  is  %mv'^.  But  since  the  body  is 
turning  about  O,  we  have  v'  =  r'w.     Hence 

Hence  the  whole  vis  viva  of  the  body  is 

If  the  body  be  turning  about  an  instantaneous  axis^whose 
distance  from  the  centre  of  gravity  is  r,  we  have  v  =  rat. 
Hence  Smu'  =  Mca"  (f  +  ^^)  =  MKW, 

where  MM^  is  the  moment  of  inertia  about  the  instantaneous 
axis. 

Secondly.  Let  the  hody  he  in  motion  in  space  of  three 
dimensions. 

Let  V  be  thfe  velocity  of  (r ;  r,d,(p  its  polar  co-ordinates 
referred  to  any  origin.  Let  (o^,  co^,  co^  be  the  angular  velocities 
of  the  body' about  any  three  axes  at  right  angles  meeting  in  G, 
and  let  A,  B,  G  be  the  moments  of  inertia  of  the  body  about 
the  axes.  Let  x,  y',  z  be  the  co-ordinates  of  a  particle  m  re- 
feiTed  to  these  axes. 

The  vis  viva  of  the  whole  mass  collected  at  G'.is  M^, 
which  may  be  put  into  either  of  the  following  forms  (see 
Differential  Calculus) : 

The  vis  "viva  due  to  the  motion  about  G  is 

dx 
But  ^  =  (o/  -  w,y' 

dy'  , 

dz 
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Substituting  these  values,  we  get,  since  A  =  l,m  (v'  +  z'\ 

-  2  {tmx't/')  to^m^  -  2  (Smz/V)  a^co-^-  2  (SmV)  «,«,. 

If  the  axes  of  co-ordinates  be  the  principal  axes  at  G, 
this  reduces  to 

tmv"  =  Aa>:  +  Bco^' +  Cco,\ 

^  If  the  body  be  turning  about  a  point  0,  whose  position 
IS  fixed  for  the  moment,  the  vis  viva  may  be  proved  in 
the  same  way  to  be 

trnv^  =  AW  +  Bcoy'  +  CW, 

where  A',  B',  0'  are  the  principal  moments  of  inertia  at 
•the  point  0,  and  m^,  coy,  a,  are  the  angular  velocities  of  the 
body  about  the  axes. 

161.  Ex.  1.  A  circular  wire  can  Hm  freely  about  a 
vertical  diameter  as  a  fixed  axis,  and  a  head  can  slide  freely 
along  it  under  the  action  of  gravity.  The  whole  system  being 
set  in  rotation  about  the  vertical  axis,  find  the  subsequent 
motion. 

Let  M  and  m  be  the  masses  of  the  wire  and  bead,,  to 
their  common  angular  velocity  about  the  vertical.  Let  a  be 
the  radius  of  the  wire,  Mk^  its  moment  of  inertia  about  the 
diameter.  Let  the  centre  of  the  wire  be  the  origin,  and  let 
the  axis  of  y  be  "measured  vertically  downwards.  Let  0  be 
the  angle  the  radius  drawn  from  the  centre  of  the  wire  to  the 
bead  makes  with  the  axis  of  y. 

It  is  evident,  since  gravity  acts  vertically  and  since  all 
the  reactions  at  the  fixed  axis  must  pass  through  the  axis, 
that  the  moment  of  all  the  forces  about  the  vertical  diameter 
is  zero.     Hence,  taking  moments  about  the  vertical,  we  have 

Mk^a  +  md'  sin"^®  =  h. 
And  by  the  principle  of  vis  viva, 

ilf^^w"  +  m  L"  C^y  +  a'  sin^l^w^l  =  0+  2mga  cos  0. 


232  VIS  VIVA. 

These  two  equations  -will  suffice   for  the  determination 

JQ 

of  —TT  and  6).     Solving  them,  we  get 


Mk^+7ncFmfd 


+  ma''  f-^j  =  G+2mgacos&. 


This  equation  cannot  be  integrated,  and  hence  0  cannot 
be  found  in  terms  of  t.  To  determine  the  constants  h  and  C 
we  must  recur  to  the  initial  conditions  of  motion.     Supposing 

that  initially  ^  =  tt,  and  -t-  =  0  and  «  =  a,  then  h  =  Mk^a  and 

0=2mffa+MJ^o.\ 

162.  E^.  2.  Two  equal  and  perfectly  rough  spheres  are 
placed,  one  on  the  top  of  the  other  in  unstable  equilibrium, 
the  lower  one  resting  on  a  perfectly  smooth  horisontal  plane. 
A  slight  disturbance  being  given  to  the  system,  find  the  sub- 
sequent motion,  supposing  the  centres  of  the  spheres  to  move  in 
one  plane. 

Let  C,  C  be  the  centres  of  the  lower  and  upper  spheres, 
P  their  point  of  contact.  Since  the  system  is  acted  on  by  no 
horizontal  forces,  the  horizontal  velocity  of  the  centre  of 
gravity  is  constant  (Art.  46) ;  but  the  system  starts  from  rest, 
hence  the.  common  centre  of  gravity  P  of  the  two  spheres 
moves  in  a  vertical  straight  line.  Let  this  line  be  taken  for 
the  axis  of  y,  and  let  the  vertical  plane  in  which  the  centres 
of  the  spheres  move  be  taken  for  the  plane  of  xy,  and  let 
the  origin  be  in  the  fixed  horizontal  plahe. 

Let  X,  a  be  the  co-ordinates  of  G,  x',  y'  of  C",  and  let  &  be 
the  acute  angle  CO'  makes  with  the  vertical.  Let  GA,  G'  A' 
be  those  radii  of  the  spheres  which  initially  were  in  the  same 
straight  line.  Then  since  one  sphere  roUs  on  the  other,  the 
angles  ^CP,  A'G'F  are  equal;  let  this  angle  be  =  ^.  Let 
F  be  the  friction  between  the  spheres. 

Now  the  vis  viva  of  the  sphere  C=vis  viva  due  to 
translation  plus  the  vis  viva  due  to  rotation.  Art.  160.     The 

first  of  these  is  M  ('-JV,  and  the  latter  is  Mk"  j^-^*^^^ 
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since  ^  —  <^  is  the  angle  a  fixed  line  GA  In  the  body  makes 
with  a  fixed  line  in  space,  viz.  the  vertical.  Similarly  the 
vis  viva  of  the  sphere  0'  is 

Now  the  only  .  impressed  force  is  gravity,  therefore  the 
force  function  is 

Hence,  by  the  principle  of  vis  viva,  we  have 

=  2C-"25ry (1). 

Taking  moments   about  the  centre  of  gravity  of  each 
sphere,  we  have 

j.d2Jt-^_Fa 

"        df      '^  M ^^'' 

d^{d  +  ^)_Fa  ,. 

'^        ^  M  ^^■ 

,    Also  wC'have  the  geometrical  equations 

a;=  — asin^  (4), 

a!"  =  asin0 (5), 

y'  =  a  +  2acos^ (6). 

To  solve  these, 

Subtracting  (2)  from  (3),  -^  =  0;  and  .-.  ^  =  const. 

Since  the  motion  starts  from  rest  we  have  ^  =  0.   Hence 

^  is  always  zero,  or  the  two  spheres  descend  as  if  they  were 
rigidly  connected. 

Substituting  for  x,  a?'  and  y  from  (4),  (5),  (6),  equation  (1) 
becomes 

{¥  +  a^  +  d?  sin'  6)  (^J=S/<^  (cons*-  -  cos  6) . 


234 


VIS  VIVA. 


Since  the  initial  value  oi  9  is  6  =  0,  then  tlie  tight-hand 
side  of  this  equation  is  clearly.  =  00  (1  —  cos  0).   This  equation 

d9 

gives  ^  . 

At  the  instant  when  the  upper  ball  reaches  the  ground 
e  =  f ,  hence  we  then  have  (^)  =  p^. 


163.  The  equation  of  Vis  Viva  may  he  applied  to  the 
case  of  relative  motion  in  the  following  manner*.  Suppose  the 
system  at  any  instant  to  become  fixed  to  the  set  of  moving  axes 
relative  to  which  the  motion  is  required,  and  calculate  what 
would  then  he  the  effective  forces  on  the  system.  If  we  apply 
these  as  additional  impressed  forces  to  the  system  hut  reversed 
in  direction,  we  may  use  the  equation  of  Vis  Viva  to  determine 
ihe  relative  motion  as  if  the  axes  were  fixed  in  space. 

Let  {x,  y,  z)  be  the  co-ordinates  of  any  particle  m  re- 
ferred to  any  axes  Ox,  Oy,  Oz  fixed  in  space.  Let  0'^, 
O'ti,  0'^  he  the  moving  axes  relative  to  which  the  motion  is 
required.  Let  Ax,  Ay,  As  be  the  variations  produced  in 
{x,  y,  z)  by  a  motion  of  the  axes  O'f,  O'v,  0'^,  supposing  the 
particle  to  be  rigidly  attached  to  them.  Let  dx,  dy,  dz  be 
the  variations  produced  by  a  motion  relative  to  the  axes 
O'f,  O'lri,  0'%,  supposing  them  fixed  for  the  instant.  If  then 
d.x,  d.y,  d.z  be  the  actual  changes  produced  in  {x,  y,  z) 
during  the  time  dt,  we  have 

d.x  =  dx-\-  Ax, 

with  similar  equations  for  y  and  z. 

The  general  equation  of  motion  is 

%m{-^  SflJ-l-  ...J  =2»i  {Xhx+  ...). 

Let  us  take  the  arbitrary  displacements  hx,  Sy,  Bz  to  be 
the  relative  displacements  dx,  dy,  dz.    We  have 

^     (/d^x     ^  dAx     A^x\  ,  )      ^     ,  „ , 

*  ^ia  theorem  is  due  tcf  Coriolis,  see  the  Joil/mal  Poly  tech.  1831. 
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Let  the  linear  motion  of  0'  at  any  instant  be  given  by  the 
velocities  (m,  v,  w)^  parallel  to  the  fixed  axes,  and  the  angular 
motion  of  O'f,  Cfrj,  0'^  by  the  angular  velocities  5^  0-^,  0^ 
about  axes  drawn  through  0'  parallel  to  Ox,  Oy,  Oz.   ,  Then 


-^=u-y0,  +  zd^; 

because  the  symbol  d  indicates  a  motion  relative  to  the  mov- 
ing axes,   supposing  them  fixed  for  the  instant.     Similar 

equations  apply  for  -^  and  ~  .    Hence 

Substituting,  the  equation  of  Vis  Viva  becomes 

If  "tmv^  be  the  vis  viva  calculated  for  the  relative  motion 
as  if  the  axes  were  fixed,  we  have 


dt 


dx 
di^- 


which  is  the  analytical  expression  for  the  theorem. 

In  Art.  95  a  rule  has  been  given  to  determine  the  motion 
of  a  particle  constrained  to  rest  on  a  curve  which  turns 
about  a  given  fixed  axis.  By  this  theorem  we  may  now 
extend  the  rule  to  the  case  in  which  the  curve  moves  in  any 
given  manner. 

164.  Ex.  A  sphere  rolls  on  a,  perfectly  rough  inclined 
plane  which  turns  with  a  uniform  angular  velocity  n  ahomt  a 
horizontal  axis  in  its  own  plane.      Supposing  the  motion  of 

*  This  result  might  also  have  been  arrived  at  by  performing  A  on  the 
square  of  the  relative  velocity,  viz. :  i-^)  "'"(^)  '^(di)  ' 
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th&  sphere  to  take  place  in  a  vertical  plane  perpendiculcer  to 
the  axis  of  rotation,  find  the  miction  of  the  &ph&r&  relative  to 
the  plane. 

Let  Ox  be  the  trace  descriTjed  hj  the  sphere  as  it  rolls  on 
the  plane,  and  let  Oy  be  drawn  through  the  axis  of  rotation 
perpendicnlar  to  Ox  in  the  plane  of  motion  of  the  sphere. 
Let  nt  be  the  angle  Ox  makes  with  a  horizontal  plane 
through  the  axis  of  rotation.  Let  4>  be  the  angle  that  radius 
of  the  sphere  which  was  initially  perpendicular  to  the  plane 
makes,  with  the  axis  of  y.  Let  (*,  y)  be  the  co-ordinates  of 
P  the  centre  of  the  sphere,  and  Mk^  the  moment  of  inertia 
of  the  sphere  about  a  diameter. 

If  the  sphere  were  fixed  relatively  to  the  plane  its  effec- 
tive forces  would  be  Mr^x  a,nd  Mr^y  parallel  to  the  axes,  and 

dfh 
M]e'-j-  =  0  round  the  centre  of  gravity.    Also  the  impressed 

force,  gravity,  is  equivalent  to  g  sin  nt  and  —  ^^  cos  n*  parallel 
to  the  moving  axes.  Hence  the  equation  of  Vis  Yiva  for 
relative  motion  becomes 


Id 

2df 


((S)"-(l)"+Kf)}--4-v| 


dx  dy 

+  qsinnt-, q  cos  nt  -^  , 

■'  dt  at 


Here  -j-  =  a-~-  and  -^-  =  0.    We  have  therefore 
dt        dt  dt 

¥\  d'x 


This  equation  might  have  been  derived  from  the  forroulse 
of  moving  axes  given  in  Art.  94. 

This  gives,  if  ^'  =  -  c?, 

a,  =  _  1  ^^  sin  nt  +  Ae""^'  +  ^e'^Vf  *, 

where  A,  B  are  two  constants  which  depend  on  the  initial 
conditions  of  the  question. 
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On  the  Oeneral  Equations  of  Motion. 

165.  The  principle  of  Virtual  Velocities  has  been  applied 
to  obtain  the  equation  of  Vis  Viva.  This  equation  is  of  the 
first  order  and  is  a  first  integral  of  the  equations  of  motion, 
free  from  all  the  unknown  reactions.  If  the  system  admit  of 
only  one  independent  motion  this  equation  will  be  suflScient 
for  the  solution  of  the  problem.  But  we  now  propose  to  use 
the  same  principle  in  a  different  manner,  so  that  even  when 
the  system  admits  of  several  independent  motions  we  shall 
yet  obtain  equations  free  from  all  unknown  reactions  suflScient 
to  determine  the  whole  motion. 

Let  (a?,  y,  z)  be  the  co-ordinates  of  a  particle  m  referred  to 
any  fixed  rectangular  axes,  and  X,  Y,  Z  the  impressed 
accelerating  forces  acting  on  this  particle.  Then  we  have 
the  equation 

tm  I  J  ix  +  ^py  +  ^  S«}  =  tm  {Xhx  +  7hy  +  Zhz], 

where  hx.  By,  Bz  are  any  small  arbitrary  displacements  con- 
sistent with  the  geometrical  relations  at  the  time  t,  and  the 
reactions  of  the  system  are  not  included  among  the  forces  on 
the  right-hand  side,  see  Art.  157. 

In  the  following  investigations,  differential  coeflScients 
with  respect  to  t  will  for  the  sake  of  brevity  be  denoted  by 

accents.     Thus  -j-  and  -^  will  be  written  x  and  x". 

The  quantities  x,y ...  axe  not  independent  of  each  other, 
being  connected  by  the  geometrical  relations  of  the  system. 
But  they  may  be  expressed  in  terms  of  a  certain  number  of 
independent  variables  whose  values  will  determine  the  posi- 
tion of  the  system  at  any  time.  These  have  been  called  in 
Art.  41  the  "  co-ordinates  of  the  system."  Let  these  be 
called  ^,  ^,  i/r ....     Then  w,  y ...  are  functions  oi  0,  <f)...  and 

t*.    Let 

x^f{t,0;<j>...); 

'  Lagrange  ouly  considers  the  case  in  whioli  the  geometrical  relations  do 
not  contain  the  time  explicitly,  but  the  method  has  been  extended  to  the 
general  case  by  Vieille,  in  Liouville's  Jownal,  1849. 
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.-.  Bx  =  ABd  +  B8cf)  +  ... 

x'  =  a  +  Ae'  +  B^'+..., 

where  a,  A,  B...  axe  written  for /' {t) ,  f'{d),  f  {^),...    There 
will  he  similar  equations  for  hy,  y,  &c. 

-KT  d  X  ^        d  ,  ,^  .        ,  dhx 

JNow  ^=-2  033  = -7- (a; oic)  —  a; -^- . 

d^  dt^       '  dt      . 

But    xBx=-{Aa  +  A''ff  +  ABj>'  +  ,..)he  +  &c. 

a!^  =  a=  +  2a.Aff  +  A^ff^  +  iABe'4>'  +  &c. ; 

.:x'hx  =  \^^Ze  +  SLc.; 

.    dr,^._ldd{x'^  ld{d^)dW 

+  similar  terms  in  ^,  ■<^,  &c. 

Again,  since  the  operations  d  and  S  are  independent,  we 
have  mx  =  Sdx,  and  therefore 

+  similar  terms  in  ^,  '\|r,  &c. 

dt'         2\dt    M  de   ]^" 

+  similar  terms  in  ^,  -^j  &c. 

It  may  he  remarked  that  Zff  has  disappeared,  and  it  is 
this  which  makes  Lagrange's  transformation  so  successful. 
We  have  hy  similar  reasonmg 


Hence 


c?V  1  f  J   d{y'^     djy-') 


'^-H 


df  ^~2\dt     0'         dd 


W  +  &C. 


2  \dt    dff        dd  J  ^'^  ^  '^''- 
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Let  The  half  the  vis  viva*  of  the  body,  so  that 

Then  adding  together  the  three  equations  above  we  liave 

+  similar  terms  in  ^,  i|r,  &c,. 

Let  Z7be  the  force  function  of  the  system,  then 
%m  {XBx + Yhy  +  Zhz)  =  BU 

=  -^  S^  +  similar  terms  in  ip,  -y^,  &c. 

By  the  principle  of  virtual  velocities,  these  two  expressions 
are  equal.  But  since  Sd,  S0, ...  are  independent,  this  equality 
cannot  exist  unless  the  coefficients  of  Bd,  B<f>, ...  are  separately 
equal     Therefore 


d  dT 

dT    dm 

dt  d0 

de     dO 

d  dT 

dT    dU 

dt  d(pi' 

d<\>      d<f) 

&c,  =  &C.-' 

These  are  called  Lagrange's  general  equations  of  motion. 
They  are  of  the  second  order,  and  their  number  is  always 
equal  to  the  number  of  independent  quantities  6,  ^, ...  to  be 
found.  Hence  they  are  sufficient  to  determine  the  whole 
motion.  They  are  the  equations  we  should  have  obtained  if 
we  had  written  down  the  ordinary  equa,tions  of  motion  and 
eliminated  the  unknown  reactions. 

166.  '  In  the  case  of  3,  rigid  body  of  mass  M  moving  in 
space  in  any  manner^  its  semi  vis  viva  at  any  time  t  may  be 

*  Coriolis,  Helmholtz  and  others  suggest  that  it  would  be  more  convenient  if 
the  vis  viva  were  defined  to  be  half  the  sum  of  the  products  of  the  masaeg  into 
the  squares  of  the  velocities.     See  Phil.  Trams,  1854,  p.  89. 
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expressed  in  terms  of  tlie  co-ordinates  of  its  centre,  of  gravity, 
and  the  angles  6,  ^,  yjr,  which  the  principal  axes  at  the  centre 
of  gravity  make  wilii  some  fixed  axes  in  the  manner  ex- 
plained in  Art.  109.  In  this  case  we  have  by  Arts.  109,  and 
160. 

2T=M{x"  +  y"  +  z")  H-  C (</)'  +  -f'  cos  6)" 

+  {A  sin=  ^  +  B  cos''  ^)  Q""  +  sin=  e{Acos'^-fB  sin'  ^)  f^' 

+  2  {B-  A)  sin  6 sin  ^  cos  ^  ^i/r'. 

In  the  case  in  which  two  of  the  principal  moments  A  and 
B  are  ec^ual,  this  takes  the  simpler  form 

2T=M  {x"  +  y"  +  3")  +C{(j>'  +  yjr'  cos  6)" 

+  A6"  + A  sin"  e^{r■^ 

The  independent  variables  in  terms  of  which  the  motion 
is  to  be  found  should  be  chosen  so  as  to  simplify  the  expres- 
sion for  the  vis  viva  as  much  as  possible.  They  must  how- 
ever be  such  that  the  co-ordinates  of  every  particle  of  the 
body  could,  if  necessary,  be  expressed  in  terms  of  them  by 
means  of  equations  which  do  -  not  contain  any  differential 
coefficients  with  regard  to  t. 

167.  As  an  example  of  the  use  of  Lagrange's  equations, 
let  us  apply  them  to  the  following  problem. 

A  lody,  two  of  whose  prmctpal  moments  at  the  centre  of 
gravity  are  equal,  turns  about  a  fixed  point  O  situated  in  the 
axis  of  unequal  moment  v/nder  the  action  of  gravity^  To 
determine  the  conditions  that  there  may  be  a  simple  equiva- 
lent pendulum. 

Bef  If  a  body  be  suspended  from  a  fixed  point  0  under 
the  action  of  gravity,  and  if  the  angular  motion  of  the 
straight  line  joining  0  to  the  centre  of  gravity  be  the  same 
as  that  of  a  string  of  length  I  to  the  extremity  of  which  a 
heavy  particle  is  attached,  then  I  is  called  the  length  of  the 
simple  equivalent  pendulum.  This  is  an  extension  of  the  defi- 
nition in  Art.  51. 
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Let  OC  be  the  axis  of  unequal  moment,  A,  B,  0  the  prin- 
cipal moments  at  the  fixed  point,  and  let  the  rest  of  the  nota- 
tion be  the  same  as  in  Art.  166.     Then 

2T=A  (ff^  +  sin"  0i|r'*)  +  C  (^'  +f'  cos  6)", 

U  =  Mgh  cos  6  -)-  constant, 

where  h  is  the  distance  of  the  centre  of  gravity  from  the  fixed 
point,  and  gravity  is  supposed  to  act  in  the  positive  direction 
of  the  axis  of  z.  Lagrange's  equations  will  be  found  to  be- 
come 

^  {Ae')-A  sin  e  cosd^}r"'+  C'«/r'(f +i|r'cos  e)Bme=-Mgham0, 
|{C'(f  +  Vr'cos5)}  =  0, 

^{C(f  +  f  cos  ^  cos ^  +  ^  sin'^V^'}  =0. 

Integrating  the  last  two  equations  we  have 

<j>'  +  ■^'  cos  6  =  n, 

where  n  is  some  constant  expressing  the  angular  velocity 
about  the  axis  of  unequal  moment ;  and 

On  cos6  +  A  sin ■  6-^  =  a., 
at 

where  a  is  another  constant  expressing  the  moment  of  the 
momentum  about  the  vertical  through  0. 

Instead  of  the  first  equation,  we  may  use  the  equation  of 
vis  viva,  which  gives 

To  determine  the  iarbitrary  constants  a  and  /S  we  must  have 
recourse  to  the  initial  values  of  6  and  i|r.  Let  6^,  i/cj,,  -^ ,  -^ 

B.  D.  16 
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be  the  initial  values  oi  0,  f,  ^,  ^,  then  the  above  equa- 
tions become 


sin 


These  equations,  when  solved,  give  Q  and  ■^  in  terms  of  t, 
and  thus  determine  the  motion  of  the  line  OGi.  The  corre- 
sponding equations  for  the  motion  of  the  simple  equivalent 
pendulum  OL  are  found  by  making  C=  0,  -4  =  Mf,  and  A  =  Z, 
where  I  is  the  length  of  the  pendulum. .  This  gives 


o)i: 


sin=^5  =  «in=^,^» 
dt  ■  "  dt. 


■<t)"-(i)"-'°-<t)'HSf^f(-^-»"'j 


(2), 


In  order  that  the  motions  of  the  two  lines  OG  and  OL 
may  be  the  same,  the  two  equations  (1)  and  (2)  must  be  the 
same.  This  will  be  the  case  if  either  Cn  =  6,  or  0  =  6^. 
In  the  first  case,  we  must  have  «=0,  or  (7=0,  so  that  the 
body  must  either  have  no  rotation  about  OG,  or  else  the 
body  must  be  a  rod.    In  the  second  case,  we  must  have 

throughout  the  motion  6  and  -j-  constant,  so  that  the  body 

must  be  moving  in  steady  motion  making  a  constant  angle 
with  the  vertical.     See  Art.  240.     In  either  case,  the  two 

sets  of  equations  are  identical  if  Z  =  r^ .     This  is  the  same 

formula  which  was  obtained  in  Art.  54. 

168.  In  some  cases  it  may  be  found  more  convenient  to 
express  the  motion  of  the  system  in  terms  of  variables  0,d)... 
which  are  not  all  independent.  These  variables  will  then  be 
connected  by  certain  geometrical  relations.     Let  these  be 

L{0,  4>, t)=0^ 

M{0,<f>, <)=oi (1), 

&c.  =  0 
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which  are  supposed  not  to  contain  0 ,  <^' See  Art.  166. 

The  general  equation  of  virtual  velocities  may  be  transformed 
by  the  same  reasoning  as  before  into  the  equation 

^  \d    dT    dT     dm  .,   ■ 

where  the  symbol  %  means  summation  for  all  the  co-ordi- 
nates d,  ij),  &c.    Also  we  have 

sS«»=»| (S). 

&c.  =  oJ 

Let  us_  use  the  method  of  indeterminate  multipliers. 
The  equations  will  then  be  transformed  by  the  usual  pro- 
cess into  * 

d  dT_dT_dU       dL       dM 

dt  dff    dd~  dd^^ dd^^  de^ ^*^' 

with  similar  equations  for  ^  and  i|r.  Besides  these  we  have 
the  geometrical  equations  (1) ;  these  are  together  sufficient  to 
determine  the  symbols  Q,  ^,  &c.  \,  ytt,  &c. 

It  follows,  that  if  the  position  of  the  system  has  not  been 
expressed  in  terms  of  the  fewest  possible  number  of  symbols, 
yet  in  forming  the  dynamical  equations  according  to 
Lagrange's  rule,  we  may  treat  these  as  if  they  were  indepen- 
dent, provided  we  add  to  dU,  the  differential  of  the  force 
function,  the  quantities  XdL,  fidM,  &c. 

The  method  of  indeterminate  multipliers  is  really  a  re- 
introduction  of  the  unknown  reactions  into  the  dynamical 
equations.     Thus  suppose  the  geometrical  relation  i  =  0  to 

*  If  we  multiply  each  of  the  geometrical  equations  (3)  by  X,  /«, ...,  respect- 
ively and  subtract  them  from  (2),  we  get 

Ldtde'    d-e     da      de    '^  de       J 

Now  there  will  be  as  many  indeterminate  multipliers  X,/*...  as  there  are  geome- 
trical equations,  i.e.  as  there  are  dependent  variables  among  the  ooorilinates 
6,  <p...  By  properly  choosing  X,  /i...  the  coeiEcients  of  the  differentials  of  these 
variables  may  be  made  to  vanish,  and  then  the  coefficients  of  the  others  ndll 
vanish  of  themselves. 

16—2 
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express  the  fact  that  the  particle  m  is  constrained  to  rest 

.1  n       -r  ,  -  m.  clL       dL    .  ciL 

on  the  surface  L  [x,  y,  z)  =  0.     Then  >-  t-  ,  '^~j~^     'J'  ^^® 

the  resolved  parts  of  the  reaction  of  this  surface  parallel  to 
the  axes.  At  the  same  time,  the  process  introduces  these 
reactions  in  just  that  manner  which  is  most  convenient  for 
the  solution  of  the  problem, 

169.     The  transformation  on  which  Lagrange's  equations 

are  founded  may  he  generalized  in  a  manner  which  puts  the 

whole  method  in  a  clearer  light.     Let  T  be  any  function  of 

X,  X,  x"  ...y,  y',  y" &c.,  and  of  t,  and  let  it  be  required 

to  transform  the  variables  x,  y,  &c.  into  others  6,  (j>,  &c.  by 

writing  for  x,  y,  &c.  any  functions  of  0,  <}>,  &c.  and  t.   For  the 

dT  dT 
.  sake  of  brevity  let  the  partial  diiferential  coefficients -t-  ,  -5-7 , 

dT  iJT 

-r-TT,  &C..  be  denoted  by  X,  X^,  X^,  &c.  then  similarly  -5- , 

dT    .  ^ 

-r-i  will  be  represented  by  T,  Y^,  and  as  before  let  accents 

denote  total  differential  coefficients  with  regard  to  t.  Let  S 
be  a  symbol  of  differentiation  which  does  not  operate  on  t, 
so  that  Sr  means  the  variation  produced  in  T  by  any  arbi- 
trary alteration  of  x,  y,  &c.,  t  remaining  unaltered. 

The  function  T  may  be  expressed  in  two  ways,  either  as  a 
function  of  x,  y,  &c.  and  t,  or  of  Q,  (f,  &c.  and  t.     By  com- 

paring  the  two  values  of  S  I    Tdt  given  by  the  Calculus  of 

J  to 

Variations  for  these  two  methods  of  expressing  T  we  get  the 
equation*, 

{x-x; + x/'  -  &c.)  Sx]    u®  -  e/  +  @;'  -  &c.)  B9    ' 

+  similar  expressions   >  =  <  +  similar  expressions 
for  y,  &,  &c.  J      [         for  ^,  'Y,  &c. 

*  The  two  equal  values  of  S/r*  'are 

S[/(X-i,'  +  ...)5a!(e<+(Z,-X/+...)8a:+&o.] 

=2[/(e-e,'+...)s«ci«+(e,-e/+...)se+&o.J^ 

where  the  Bymbol  S  means  summation  of  similar  terms  for  all  the  variables. 
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In  the  particular  case  in  wliicli  T  is  half  the  vis  viva 
we  have 

therefore  X=Q,  X^  =  x',  X,  =  0,  &c.  and  the  equation 
becomes 

170.  In  order  to  conform  to  modern  notation,  let  us 
represent  the  independent  co-ordinates  of  the  dynamical 
system  by  g'u'O'a ...  g'„  and  their  differential  coefJScients  by 
S'l'j  ii  •••  ?»'■  I'Ct  2* be  half  the  vis  viva  and  U  the  force 
function  as  before.  Also  let  L=T+U,  then  Lagrange's 
equations  may  be  written  in  the  form 

d    dL     dL 

dt  dq'      dgi  ~   ' 

where  q  stands  for  any  one  of  the  co-ordinates  q^,  q^...  q„. 
These  equations  have  been  put  into  another  form  by  Sir 
W.  Hamilton,  which  is  found  to  be  more  convenient  for  the 
investigation   of  the'  general  properties   of  any   dynamical 

system.    Let  us  put  -^,  =p^,  -=—,  =p^,  &c.,  or,  as  we  may  more 

Now  the  variations  S0,  Stj>,  &c.  ate  all  arbitrary,  let  them  be  chosen  so  that 
they  vanish  at  both  limits.    Then  since 

Sx  must  also  vanish  at  both  limits^  and  the  same  reasoning  will  apply  to  all  the 
other  variables.     Hence  we  have 

jij(x-x,' + ...)dxdt='sj{e-e,' + ...)sedt. 

Now  substitute  for  Sx,  dy,  &o.  their  values  in  terms  of  SB,  S<t>,  &c.  Then  by 
the  usual  reasoning  in  the  Calculus  of  Variatioins,  since  id,  S(p,  &c.  are  inde- 
pendent and  arbitrary,  their  coefiBcients  under  the  integral  signs  must  be 
equal  each  to  each.     But  these  are  just  the  conditions  that 

x{X-Xi'+  ...)sx=s{e-ei'+...)se. 

We  might  also  reason  thus— By  comparing  the  two  yalues.of  SJTdt  we  see  that 
the  integral  t)f  S[{X-&o.)Sx-{0~kB.)Se]  maybe  completely  found.  Hence 
this  expression  must  be  a  perfect  difierential  with  ~  regard  to  t,  quite  inde- 
pendently of  the  operation  B.  But  this  cannot  be,  unless  it  vanishes,  because 
it  contains  only  the  variations  Sx,  S8,  &c.  and  not  the  differential  coefficients  of 
these  variations. 
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dij 
briefly  write  it,  -j-,  =p.     The  quantity  i  is  a  function  of  the 

letters  represented  by  q  and  ^.     The  object  of  the  Hamil- 
tonian  transformation  is  to  change  the  independent  variables  ' 
to  the  letters  represented  byp  and  q.     To  effect  this,  let 

H=-L  +  tp^, 

where  the  symbol  2  implies  a  summation  of  similar  terms 
from  p=p^  to  i'=p„.     We  shall  suppose  that  by  help  of 

the  n  equations  represented  by  --r-,=p,  H  has  been  expressed 

as  a  function  of  the  p's  and  ^'s  only.     Taking*  the  total 
differential  of  H  we  have 

dB=tY--^dq--^d^  +  pd^+^dp^, 
But  by  hypothesis  t-t  =  p.  and  by  Lagrange's  equations 

dT 

-J-  =p';  hence  by  substitution 

dH=  t  \idp  -p'dq]. 
This  equation  Implies  the  partial  differential  equations 

dH_   ,  dH_      , 

dp~^'  dg~    P' 

These  are  called  the  Hamiltonian  equations. 

If  we  refer  to  the  first  demonstration  of  Lagrange's  equa- 
tions in  Art.  165,  we  shall  see  that  when  the  geometrical 
equations  do  not  contain  the  time  explicitly,  T  is  a  homo- 
geneous function  of  j/,  q^  •■•  2'"'  °^ *^^  second  order,  so  that 

—  "^qp. 
In  this  case  therefore  we  have  H=:  T~  27. 

*  This  mode  of  conducting  the  transformation  is  due  to  Prof.  Donkin.  It 
has  the  advantage  of  not  assuming  that  the  geometrical  equations  do  not  con- 
tain the  time  explicitly. 
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171.  If  we  could  solve  generally  the  Lagrangian  equa- 
tions, we  should  determine  the  motion  of  any  dynamical 
system  whatever.  This,  however,  we  cannot  do.  The  first 
step  was  taken  by  Hamilton,  who  showed  that,  when  the 
geometrical  equations  do  not  contain  the  time  explicitly,  the' 
complete  solution  may  be  made  to  depend  on  the  determina- 
tion of  a  single  function  V  which  he  called  "  the  characteristic 
function." 

Let  T  be  half  the  vis  viva  at  the  time  t,  U  the  force 
function.    Then  by  the  principle  of  vis  viva  we  have 

T=U+h, 

where  h  is  some  constant  depending  on  the  initial  conditions. 
Let  g'j,  q^...q„  be  the  co-ordinates  of  the  system,  and  let  the 
initial  values  of  q,  q'  be  represented  by  a,  a'.  Let  us  now  vary 
all  the  initial  conditions,  that  is,  let  us  suppose  the  system  to 
be  "  started  "  in  any  manner  slightly  differing  from  its  actual 
motion  at  the  time  t=0.  Then  at  the  time  t  all  the  quanti- 
ties represented  by  q,  q  will  have  valines  slightly  differing 
from  the  values  they  have  with  the  given  initial  conditions. 
Let  these  differences  be  represented  by  Zq,  hq,  thus  the  symbol 
S,  for  the  moment,  represents  an  arbitrary  differentiation  in 
which  t  is  supposed  constant.    Then  we  have 


'Z.^*-'/! 


TJdt  +  till. 


Expressing  these  variations  at  length  according  to  the 
rules  of  the  calculus  of  variations*  we  have 

where,  as  before,  the  symbol  "%  means  summation  for  all 
letters  from  q  =  q^^  q  =  $'„■ 

*  The  proof  is  as  follows.    We  have 
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"Sy  Lagrange's  equations  this  becomes 


=  2S  j 


Tdt-thh. 


Now  let  F=  2  /  Tdt,  so  that  V  is  the  whole  accumula- 

tion  of  vis  viva,  i.e.  the  "action"  of  the  system  in  passing 
from  any  position  called  its  initial  position  to  its  position  at 
the  time  t.  Then  the  above  equation  written  at  length  be- 
comes 

S  F=  2  4?8«  -  2  45^  Sa  +  iSA, 
ag    ^  da 

where  T^  is  the  same  function  of  a,  a  that  T  is  of  £,  q. 

Let  us  now  give  an  extension  of  meaning  to  the  symbol  S. 
Let  SF  be  the  difference  between  the  "action"  along  two 
neighbouring  courses  which  are  not  described  in  the  same 
time.  Let  these  times  be  ^  and  ^ -I- S^  Then  we  must  add 
to  the  expression  which  has  just  been  found  for  SFthe  quan- 
tity 2  Tbt  which  is  the  action  described  by  the  system  as  it 

Now  ,     f§Sc^dt=MdS^ 


r 

dq' 


dT  ^       rd/dT\^    .^ 


by  integrating  by  parts ; 

The  investigation  in  the  text  might  also  be   arranged  so  as  not  to  require 
Lagrange's  equations.     If  (x,  y,  z)  be  the  Cartesian  co-ordinates  of  a  particle  m, 

we  have  2T=l,m{x'^+y'^  +  '/'')  tod  ■Sm{ci/'8x+  &o.)  =  Sto  ('^Sx+  &c.Y    Then 
proceeding,  step  for  step,  as  in  the  text,  we  get 

S  V=  Sm  {x'dx  +  &e.)  -  Sm  (as'jSao  +  &o.)  +  tSh, 
where  x^,  x,/,  &c.  are  the  initial  values  of  x,  a/,  &c.     Referring  td  the  note  ill 
page  244,  we  have,  equating  the  parts  between  limits, 

S  [(Z,  -  Z'a+ ...)  5a;+&c.]=S[(ej  -  e'j-t- ...)  Se  +  &c.]. 
By  this  theorem  the  expression  for  S  V  may  be  changed  into  the  final  form 
given  in  the  text.     This  theorem  is  however  only  another  form  of  Lagrange's 
equations. 
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moves  along  its  course  during  the  additional  time  St,  Again, 
according  to  our  extended  meaning  of  the  symbol  S,  we  must 
represent  hj  q  +  Sq  the  terminal  co-ordinates,  i.e.  the  co-ordi- 
nates in  the  displaced  motion  at  the  time  t  +  Bt.  Hence  the 
co-ordinates  at  the  time  t  will  be  represented  lij  q  +  Sq  —  ^Bt. 
The  value  of  SFis  therefore 

BV=  t^{Bq-  q'Bt)  -t^Sa  +  tSh  +  2TBL 

But  since  T  is  a  homogeneous  fiinction  of  q^,  q^,  &c.  we 
have2T  =  S^2', 

If  we  supposed  the  two  courses  nol;  to  begin  as  well  as 
not  to  terminate  at  the  same  instant,  we  may,  in  the  same 
way,  prove  this  formula  to  be  still  true. 

It  is  clear  that  we  may  regard  F  as  a  function  of  t,  the 
initial  co-ordinates  a^,a^...a„  and  the  initial  velocities  a,',  a/  ...«„'. 
Also  q^...qn  are  functions  of  t  and  the  same  initial  conditions. 
Hence  by  eliminating  cc'...a^  we  may  regard  F  as  a  function 
of  <  and  a^...a„  2'i-"9'»  ™^  co-ordinates  of  the  system  at  the! 
times  t  =  0  and  t  =  t.  If  we  use  the  initial  equation  of  vis 
viva  we  may  eliminate  t  also  dnd  consider  F  to  be  a  function 
of  h  and  of  the  co-ordinates  of  the  system  at  the  beginning 
and  end  of  the  motion  considered. 

Taking  this  latter  view,  we  have 

by  the  Difierential  Calculus.  Hence  by  comparing  the  two 
expressions  for  SFwe  find 

dq      dq' 
dV_  .   dT, 


da  da! 

dV  _ 
dh-* 


(A), 
(C). 
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In  these  equations  we  must  write  for  q  in  the  denominator 
successively  q^,  q^...q„.  We  thus  obtain  two  sets  of  equations, 
corresponding  to  (A)  and  (B),  the  first  and  second  of  these, 
and  the  last  equation  remains  unaltered.  Suppose  now  V 
were  known,  then  the  first  set  of  these  equations  when  h  has 
been  eliminated  by  means  of  the  last  equation  gives  a  set  of 
first  integrals  of  the  equations  of  motion  containing  only  the 
first  differential  coefiicients  of  the  co-ordinates  of  the  bodies 
forming  the  system.  The  second  set  of  equations  treated 
similarly  gives  a  set  of  second  integrals  which  completely 
determine  the  values  of  g'l'S'a-"?"  in  terms  of  t,  and  their 
initial  values  and  velocities. 

172.  There  are  two  differential  equations  which  the  func- 
tion V  must  satisfy.  These  may  be  found  in  the  following 
manner.     Let  the  expression  for  half  the  vis  viva  be 

where  the  suflSx  of  A  in  any  term  is  made  up  of  the  suffixes 
of  the  other  letters  which  occur  in  the  term  of  which  it  is  the 
coefficient.  Then  ^,„  A^^,  &c.  are  functions  of  g',,  g'a-'-S'n  o^^7- 
The  equations  (A)  then  become 

^=A.?/  +  ^.?.'  + ] 

dV  _  ,  ,  \ (A'). 


12 

&c.  =  &c. 


Also  since  T  is  a  homogeneous  function  of  the  second 
order  in  ql,q^..-t[n  w^e  have 

dT  dT 

Hence  the  equation  of  vis  viva  may  be  written  in  the 
form 

2(^+;.)=^2/-Hf^;-i- (D). 
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The  quantities  g',',  q^...qj  maybe  eliminated  from  the 
equations  (A')  and  (D),  and  we  have  a  partial  differential 
equation,  which  may  be  written  in  the  form  of  a  determinant, 
to  find  F. 

Also  if  we  consider  the  initial  value  of  T,  we  shall  have 
another  equation  of  a  similar  form  with  a^,a^. .  .a„  written  instead 
of  q^,  q^. .  .q^.  It  is  necessary  that  the  function  F should  satisfy 
both  these  equations. 

If  we  wrote  PitP^---  for  -j— ,  -j— . . .  this  process  of  finding 

q,'qj...  from  the  equations  (A')  and  substituting  in  the  equa- 
tion of  vis  viva  exactly  corresponds  to  the  Hamiltonian  pro- 
cess of  expressing  Zf=  T—  U  in  terms  of  p^,p^...qi,q^...H 
then  we  write  the  Hamiltonian  function  H  in  the  form 

the  differential  equation  to  find  V  will  be 

173.  By  the  preceding  reasoning  all  the  integrals  of  a 
dynamical  system  of  equations  can  be  expressed  in  terms  of 
the  differential  coeflScients  of  a  single  function  V.  But  the 
method  furnishes  no  means  of  discovering  this  function  d, 
priori.  It  is  indeed  shown  that  it  is  a  similar  function  of 
the  initial  and  final  co-ordinates  of  the  system,  and  that  it 
must  satisfy  a  certain  partial  differential  equation,  but  there 
is  no  rule  given  to  determine  which  integral  expresses  the 
whole  action.  This  rule  has  been  supplied  by  Jacobi  in  the 
following  proposition. 

Let  V  be  defined  to  be  any  function  of  the  co-ordinates 
flf ,  q^-'-qn  of  tlie  system  which  satisfies  the  differential 
equation 

„/  dVdV     AV\     , 

Suppose  a  solution  to  have  been  found  containing  n  —  1 
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constants*  besides  Ti,  and  the  constant  which  may  be  intro- 
duced Tdj  simple  addition  to  the  function  V,  These  need  not 
be  the  initial  values  of  gj,  q^..'q„,  but  may  be  any  constants 
whatever.     Let  them  be  denoted  by  a.^,  a^ ...  a,^i,  so  that 

Then  the  integrals  of  the  dynamical  equations  will  be 

(B"), 


|.A.&c..#=,. 


da„ 


dh' 


t  +  e  . 


(C"), 


where  0^,  yS^...  I3„_^  and  e  are  n  new  arbitrary  constants.   And 
the  first  integrals  of  the  equations  may  be  written  in  the  form 

^^dj[     dl^dj^ 

dl.     dqr    dq,     dq-^'-''' ^^>- 

Let  Q^,  ^2 ...  Q„he  such  functions  of  q^,  q^.-.q^  and  the 
constants,  that  they  may  satisfy  identically  the  n  equations 


.(A'"). 


&c.  =  &c. 


Then  from  the  mode  in  which  the  differential  equation  to 
find  V  has  been  fonned,  in  Art.  172,  we  know  Q^^,  Q^  will 
also  satisfy  identically  the  equation 


U+h  =  ^A,,Q,'^A,,Q,Q,+  . 


,(1). 


*  An  integral  of  a  partial  differential  equation  has  been  called  by 
Lagrange  "  complete,"  when  it  contains  as  many  arbitrary  constants  as  there 
are  independent  variables.  It  is  implied  that  the  constants  enter  in  such 
a  manner  into  the  integral  that  they  cannot  by  any  algebraic  process  be  re- 
duced to  a  smaller  number.  For  instance,  if  two  of  the  constants  enter  in 
the  form  a,  +  as,  they  amount  on  the  whole  to  only  one. 
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First,  we  shall  prove  that  Qj^  =  q^,  Qs=q^,  &c.,  it  will 
then  follow  that  the  equations  (A")  are  satisfied.  Differen- 
tiating equations  (B")  and  (C"),  we  have 


da^dq^   dt       da^dq^  dt 

dy    dq,  ^     dV    dq,      ^ 
dhdq^^  at      dhdq^  dt 


5=0 


=  0 


(2). 


These  are  the  equations  to  find  -^ ,   -^,  &c. 

■Cut  CCt 

But  differentiating  (A'")  with  regard  to  a^,  we  have 
..A  ^^  +  A  ^  + 


dV   ^,   dQ,,   ,   dQ, 
da^  dq^ 


'da.. 


•(3), 


da^  dq^ 

&c.  =  &c. 

because  -4,„  A^^,  &c.  are  not  functions  of  the  constants.    Mul- 
tiplying these  equations  by  Qj,  Qg ...,  and  adding,  we  get 

Since  the  equation  (1)  is  an  identical  equation  the  quan- 
tity in  brackets  on  the  right-hand  side  does  not  contain  «i, 
being  equal  to  U+h.  Hence  the  expression  on  the  left- 
hand  side  vanishes.  Thus  we  have  an  equation  connecting 
§1,  ^2 ...  exactly  similar  to  the  first  of  equations  (2).  Simi- 
larly by  differentiating  equations  (A'")  with  respect  to  a^ . . .  A 
successively,  we  shall  have  equations  similar  to  the  second, 
&(3.  and  last  of  equations  (2).  We  have  therefore  exactly  the 
same   equations  to  find   Q^,    Q^.-  and  qi,  q^....      Hence 

Qi=qi':  Q2=q^,&c- 

Secondly,  we  shall  prove  that  (B")  and  (C")  siatisfy  the 
equations  of  motion.  Let  us  consider  the  equation  of  La- 
grange *, 

•  We  may  also  show  that  the  Jaoohian  integrals  satisfy  the  Hamiltonian 
form  of  the  equations  uf  motion.     The  peculiar  relation  of  the  differential  equa- 
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d^dTl_dT^dU 

dt  dq^     dq^     dq^ ' 

When  g-j',  q^. .  .q^  have  been  expressed  in  terms  oi  q-^,  q^.> .?» 
and  the  constants  by  means  of  equations  (A"),  we  have 
identically 

U+h==^A^q^  +  A^,q;q;+... 

Therefore,  differentiating  partially, 
^_^^Ai^,t,dA-,.,, 

+  U 


+  &C. 

But  differentiating  (A")  written  at  length,  with  regard  to 
gj,  we  have 

tion  to  the  HaTailtonian  function  B  adapts  it  to  this  process.  If  we  sub- 
stitute the  value  of  Y  given  at  the  top  of  page  252  in  the  differential  equation 
in  page  251,  the  result  is  an  identical  equation.     Differentiating  this  identity 

■with  regard  tp  each  of  the  n  constants  and  replacing  -j —  by.  p,  we  get  n  equa- 
tions of  the  form 

^_^+^_^+      =0 
dp,  dq^da     dp^  dq^da 
(ITT     (ITT 
to  find-^ — ,    J—,  &c.     These  are  the  same  as  the  equations  (2)  in  the  text, 

dTt 
hence  -r-  =g'.    Again,  differentiating  H  partially  with  regard  to  g,,  we  have 

dU     dH  d:'f      dS     dj 
dq^      dp  ati^     dp^  dg.idq^ 

But  all  the  terms  of  this  equation  except  the  first  are  together  equal  to  the  total 

differential  coefficient  -7J .     Hence   y-=~^,    Theinvestifrationsof Hamil- 
at  ctj,         at  ° 

ton  and  Jacobi  apply  to  a  system  of  free  particles  mutually  attracting  each  other 

referred  to  Cartesian  co-ordinates.     In  the  text  the  reasoning  has  been  applied 

to  a  system  of  bodies  referred  to  any  co-ordinates. 
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^"  dq,  ^^^^dq,^'--  dq,'      ^^    dq,  ~  ^=   dq, 
dq'  dq'  _     d^f  dA^  dA 


dq^  ^dq,       -      dq,dq,      ^'    dq,       ^'    dq,        - 

&c.  =  &c. 
Hence,  substituting 

dU_d'f    ,        <f/      , 
dqrdq.''^''^d^,^^^- 

_  ^  dA,,    ,j     dA,3    ,   , 
2   dq,  ^^         dq,  ^^2'       •••• 

Next  let  us  consider  the  expression  for  T,  we  see  that  the 
partial  differential  coefficient 

dT  _\  dA^    ,      dA,     ,  , 
dq,-2'd^^'   +~^2i?»  +  - 

is  the  same  as  the  second  line  of  the  expression  for  -j^  . 

Also  -J—,  =  -T- ,    therefore  taking  the   total  differential 
dq,      dq,'  * 

coefficient,  we  have 

d^dT_^    ,        dj      , 

dt  dq;  ~  dq^  S-i  +  d^^d^^  1.  +  -. 

which  is  the  same  as  the  first  line  of  the  expression  for 

JTT 

-=— .     Hence  the  differential  equation  of  motion  is  satisfied. 
dqx 

We  have  also,  since  T  is  homogeneous, 


dq,^-^dq,'i^^- 
~  dt' 
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where  the  differential  coefficient  is  total.  This  shows  that 
the  function  /  represents  the  whole  accumulated  "  action"  in 
the  time  t.     See  Art.  171. 

174.  JacoM  has  extended  his  theorem  to  the  case  in 
which  the  geometrical  equations  do  contain  the  time  ex- 
plicitly. But  for  this  we  have  no  space.  It  is  no  part  of  the 
plan  of  this  book  to  enter  on  Theoretical  Dynamics.  We 
cannot  therefore  do  more  than  allude  to  Professor  Donkin's 
theorem  that  a  knowledge  of  half  the  integrals  of  the  Hamil- 
tonian  system  will  in  certain  cases  lead  to  a  determination  of 
the  rest. 

In  Boole's  Differential  Equations  it  is  shown  that  when 
the  Hamiltonian  equations  are  four  in  numher,  and  one  inte- 
gral besides  Vis  Viva  is  known,  both  the  remaining  integrals 
can  be  found  by  integrating  an  exact  differential  equation. 
Miscellaneous  Exercises,  No.  15. 


Variation  of  the  Elements. 
175.     Let  the  integrals  of  a  dynamical  problem  be 

o<,=fAPi,SvPp  S^,  ■■■*)> (1), 

&c.  =  &c.  j 

where  p,  q, ...  are  some  variables  which  determine  the  posi- 
tion and  motion  of  the  system,  and  which  are  such  that  the 
equations  of  motion  may  be  written  in  the  forms 

dH         ,     dH 
^=-W      «=^ ^2), 

in  the  manner  explained  in  Art.  170.  Let  the  equations  of 
motion  of  a  second  dynamical  problem  be 

,^_dM_dK             dE     dK 
^  dq       dq'     2--^  +  -^ (3), 

where  K  is   some  function  oi  p,  q  ...t.      If  we  consider 
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Cj,  Cjj, . . .  the  constants  of  the  solution  of  the  first  prohlem  to 
be  functions  of  p,  q,  and  t,  we  may  suppose  the  solution  of 
the  second  problem  to  be  represented  by  integrals  of  the  same 
form  (1)  as  those  of  the  first  problem.     It  is  therefore  our 

object  to  discover  what  functions  Cj,  c are  of  p,  q,  and  t. 

The  function  jK"  is  called  "the  disturbing  function,"  and  is 
usually  small  as  compared  with  H. 

Since  the  equations  (1)  are  the  integrals  of  the  difieren- 
tial  equations  (2),  we  shall  obtain  identical  expressions  by 
substituting  from  (1)  in  (2).  Hence  differentiating  (1),  and 
substituting  for  jj'  and  g'  their  values  given  by  (2),  we  get 

_     dc^  dH     dc^  dH  dc^  "j 

dp  dq.     dq  dp       '"       dt  !- (4). 

0  =  &c.  J 

But  when  c„  c^,  ...  are  considered  as  variables,  the  equa- 
tions (1)  are  the  integrals  of  the  differential  equations  (3). 
Hence  repeating  the  same  process,  we  have 

dc^_     dc^  dH  dc^  dH  dc^ 

dt  dp-  dq  dq    dp        "       dt 

dc^  dK  de^  dK 

dp  dq  dq  dp 

^  =  &c. 
dt 

where  the  differential  coeflScients  on  the  left-hand  side  are 
total,  and  those  on  the  right-hand  side  partial. 

Hence,  using  the  identities  (4),  we  get 

<?c,  _     dc,  dK     dc^  dK  ,  , 

dt  dp  dq      dq  dp       

dr, 
with  similar  expressions  for  — ■'' ,  &c. 

If  K  be  given  as  a  function  of  p,  q,  &c.  and  t,  we  have 
-7^ ,  &c.  expressed  as  functions  of  p,  q,  &c.  and  t.    Joining 

E.  D.  17 
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tliese  equations  to  those  marked  (1)  we  find  c^,  c^ 
tions  of  t.  If  K  be  given  as  a  function  of  c^,  c^,  ■ 
may  continue  thus, 

dK^dKdc^     dKdc^ 
dp       dc^  dp      dc^  dp 

dK^dKdc,     dKdc^ 
dg      d\  dg      dc^  dq 

.  dc 

Substituting  in  the  expression  for  -^  ,  we  get 


.  as  func- 
, and  t  we 


dt 


+  S 


dt 

dc^  dc^     dc^  dc. 
dg  dp      dp  dq 

dc^  dc^     c?c,  (Zcj 
dq  dp      dp  dq 


;\dK 

^dK 

J    ^^3 


where  the  S  means  summation  for  all  values  of  p,  q,  Viz. 
Pi>  ?..  A.  ?2.  &c- 

Since  by  hypothesis  c^,  c^, ...  are  supposed  expressed  as 
functions  of  p^,  q^,  &c.  and  t,  these  coeflScients  may  be  found 
by  simple  differentiation.  It  will,  of  course,  be  more  conve- 
nient to  express  them  in  terms  of  Cj,  c^,  &c.  and  t  by  substi- 
tuting for^j,  q^,  &c.  their  values  given  by  the  integrals  (1). 

176.  On  effecting  this  substitution  it  will  be  found  that 
t  disappears  from  the  expressions.  This  may  be  proved  as 
follows.     Let  A  be  any  coefficient,  so  that 

\_dq  dp      dp  dq\  ' 
we  have  to  prove  that  A  being  regarded  as  a  function  of 

d    A 

p^,  q^,  &c.  and  t,  the  total  differential  coefficient  -V-  is  zero 

dt 
Now 

d.A  _dA     dA    ,     dA   , 
dt  ~  W^"^^'^%2+-- 
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The  letters  p^,  q^,  &c.  enter  into  the  expression  for  A  only 

through  Cj  and  c^.    Let  us  consider  only  the  part  of  -jj— 

due  to  the  variation  of  c,,  then  the  part  due  to  the  variation 
of  Cj  may  be  found  by  interchanging  Cj  and  Cj,  and  changing 

the  sign  of  the  whole.    The  complete  value  of  -V-  is  the 

sum  of  these  two  parts. 

d.A 
The  part  of  ^^  due  to  the  variation  of  c,  is 


dt 


V  Vdc,  {d  dc^      d\    dH     d\  dH 
[dp  \dq^  dt     dpdc[  dq      dc^  dp 

dc^{d   dc^     d\dA       d\  dH         \ 
dq  \dp   dt      dp^   dc[      dpdg  dp       '") 

If  we  substitute  for  -^^  its  value  given  by  the  identity  (4), 
we  get 


t 


rde,  1^  dm_  dc^  d'S) 
[dp  [dp    d^      dq  dp  dq) 


dc^^dc,    d'S 
dq  [dp  dp  dq 

If  we  now  interchange  c^  and  c^  we  get  the -same  result. 

f7  id 
Hence  when  the  two  parts  of  -j^  are  added  together,  the 

signs  being  opposite,  the  sum  is  zero. 
177.    Let  the  expression 


2  r^  ^  _  &j 

\_dq  dp      dp 


dq_ 

where  the  2  means  summation  for  all  the  values  of  p,  q,  be 
represented  shortly  by  (c„  cj.    Then  in  any  dynamical  prob- 

17—2 
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lem  if  K  be  the  disturbing  function,  the  variations  of  the 
parameters  Cj,  c^, . . .  are  given  by 

■where  all  the  coefficients  are  functions  of  the  parameters  only 
and  not  of  t. 

This  equation  may  be  greatly  simplified  by  a  proper 
choice  of  the  constants  c,,  Cj, ....  In  the  MScanique  Analyti- 
que  of  Lagrange,  it  is  shown  that  if  the  constants  chosen  be 
the  initial  values  of  p^,  p^, ...  and  q^,  q^, ...,  viz.  a,  /S,  7,  ... 
and  \,  fi,  V, ...  respectively,  then  the  equations  become 


dx_ 

dt 

dK 

dx' 

dfi_ 

dt  ~' 

dK    „     1 
-df.'^'- 

d\ 
dt~ 

dK 
do.  ' 

it- 

dt 

dK    „ 
d^'^-\ 

It  is  assumed  in  the  demonstration  that  ^  is  a  function 
of  q^,  q^, ...  only.  This  simplification  has  been  extended  by 
Sir  W.  Hamilton  and  Jacobi  to  other  cases,  but  for  this  we 
must  refer  the  reader  to  books  which  treat  on  theoretical 
dynamics. 

178.  It  follows  from  the  investigation  in  Art.  176,  that 
if  two  integrals  of  a  dynamical  problem  be  found,  viz. 

c,  =  a,     C2  =  /S, 

where  Cj  and  Cj  stand  for  some  functions  of  ;o„  q^,  p^,  q^, .... 
and  t,  and  a  and  /3  are  constants,  then  (Cj,  Cj)  is  also  constant. 
So  that  (Cj,  cJ  =  7,  where  7  is  a  constant,  is  either  a  third 
integral  of  the  equations  of  motion  or  is  an  identity.  If  it 
is  an  integral  it  may  be  either  a  new  integral  or  one  deriva- 
ble from  the  two  c,  and  c^  already  found. 
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The  Principle  of  Least  Action. 

179.  Def.  Let  v  be  the  velocity  of  any  particle  whose 
mass  is  m  and  let  ds  be  an  element  of  the  path  traced  out 
by  it,  then  the  value  of  mfvds  taken  between  any  limits  of  s  is 
called  the  "action"  of  the  particle  in  passing  from  one  posi- 
tion to  the  other. 

1/et  a  si/stem  of  bodies  he  subject  only  tO'  their  mutual 
actions  or  to  forces  tending  to  fixed  centres.  Then  in  moving 
from  any  one  given  position  to  another  their  paths  and  veloci- 
ties are  such  that  the  sum  of  the  ^^  actions"  of  all  the  particles 
is  less  than  if  the  bodies  had  been  constrained  to  take  any  other 
courses  by  which  they  could  be  brought  from  their  initial  to 
their  final  positions. 

This  constraint  may  be  effected  by  the  introduction  of 
new  geometrical  relations  or  in  any  other  manner.  But  in 
all  cases  it  is  supposed  that  no  given  geometrical  relations 
are  violated  and  that  the  same  law  of  vis  viva  holds  throughT 
out  all  the  different  motions. 

Since  mjvds  =  mjv'dt,  it  is  clear  that  the  whole  action  of 
the  system  is  what  Hamilton  has  represented  by  tlie  symbol 
V.  Now  let  the  system  be  constrained  to  take  any  other 
course,  then  by  the  same  reasoning  as  before,  see  Art.  171, 

Sr=t^,Sq-t^Ba  +  tSh. 
ag    ^  da 

This  new  course,  by  hyppthesis,  is  such  that  the  system 
does  really  go  from  the  same  initial  to  the  same  final  positions 
in  such  a  manner  that  the  constant  h  of  vis  viva  is  unaltered. 

Hence  Ba  =  0,  Sq=^  0,  Bh  =  0, 

.-.  8F=0. 

That  is,  V  is  either  a  maximum  or  a  minimum.  It  cannot 
be  a  maximum,  since  by  causing  the  bodies  to  take  circuitous 
routes  we  may  make  Fas  large  as  we  please.  Hence  F  is  a 
jninimum. 
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If  the  system*  be  acted  on  by  no  external  forces  and  be 
such  that  the  vis  viva  is  constant,  we  hare 


'-/>*- 


TA. 


Hence  « is  a  minimum,  that  is  the  system  will  pass  from  one 
given  position  to  another  in  less  time  than  if  it  were  compelled 
to  take  any  other  route  than  that  which  in  accordance  with 
the  laws  of  motion  it  does  actually  choose  for  itself. 

If  there  be  but  one  particle  constrained  to  rest  on  a  given 
surface,  and  if  it  be  subject  to  the  action  of  no  force,  then  its 
velocity  is  constant  and  the  particle  in  passing  from  one  given 

fiosition  on  the  surface  to  another  will  describe  the  shortest 
ine  that  can  be  drawn  between  them  on  the  given  surface. 


On  Im/pulsive  Forces. 

180.  The  Lagrangian  equations  of  motion  may  be  applied 
to  impulsive  forces.  We  may  regard  an  impulse  as  the  limit 
of  a  large  finite  force  acting  for  a  very  short  time.  If  t^  and 
<,  be  the  times  at  which  the  force  begins  and  ceases  to  act,  the 
required  equations  may  be  found  by  integrating  the  equation 

d  dT      dT ^dU 
dt  dq'      dq^       dg 

between  the  limits  t  =  t^  and  t  =  t^. 

[dTl'i 
—rr      ,    which  is   the 

dT 

difference  between  the  initial  and  final  values  of  -r-,  .    The 

dq 

integral  of  the  second  term  is  zero,  for  consider  any  term 

dT 
■^9.1  9.2  of  t^e  expression  for  ^~-,  where  A  is,  &  function  of 

S'li  9vS«-     "^he  interval  of  impact  is  so  short  that  the  change 

•  See  Eamshaw's  Dynamic^. 
t  See  a  paper  by  Prof.  Niven  in  the  Mathematical  Messenger  for  May,  1867. 
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in  position  of  the  particles  may  be  neglected.    We  have 
therefore 


■'t„  -Ik 


dt. 


Let  'Wj,  «jj  be  the  greatest  values  of  §'/,  q^  during  the 
impact,  which  are  clearly  both  finite.  Then  this  integral  is 
less  than  Ao>^  o)^  (<j  —  <J  which  vanishes  when  in  the  limit  t^ 
becomes  equal  to  «„.  Also  if  BJI^  be  the  virtual  moment  of 
the  impulsive  forces  we  shall  have  on  the  same  suppositions 

as  before  -^  =  f    ^^^  ^f'     Hence  we  may  write  the  Lagran- 
dq,      Jt,dq  ^  ^  ^ 

gian  equations  of  impulses  in  the  form 

ldq'\  ~  dq  • 

The  principle  of  Virtual  Velocities  applied  to  impulsive 
forces  gives  the  general  equation 

Xm[{x^-x^)Bx+iy;-y^)Sy  +  &c.]  =  t[XBx+YS9/  +  &c.], 

where  {x^,y^>^a)  {^^'iVi'  ^i)  *'"®  *^®  resolved  velocities  of  the 
particle  m  parallel  to  the  axes  just  before  and  after  the  action 
of  the  impulsive  forces  whose  components  areX,  Y,  Z.  From 
this  we  may  at  once  deduce  the  Lagrangian  equations  of 
impulses.     For  by  referring  to  Art.  165,  we  see  that 

a,'Sa;=J^i^S5  +  &c. 
2    do 

with  similar  expressions  for  y'Zy,  z'hz.  Hence  the  left-hand 
side  of  the  above  equation  is 


[^-^>^^'^^ 


IT 


and  the  right-hand  side  is  evidently 

Comparing  these  we  get  the  equations  of  motion. 


f^+f»*+- 
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181.  Example.  As  an  illustration  of  the  use  of  these 
equations  let  us  consider  the  example  already  discussed  in 
Art.  85. 

Let  X  be  the  altitude  of  the  centre  of  gravity  of  the 
rhombus  at  any  time,  then  x  and  a  may  be  taken  as  the 
independent  variables. 

We  have 

T  =  2{x"+{Jc'  +  a')a"]. 

Let  P  be  the  impulsive  action  between  the  rhombus  and 
the  plane,  then  the  virtual  moment  of  the  impulsive  forces  is 

S  U=  FB  (x  —  2a  cos  a) 

=  PBx  +  2a  sin  a  PBa. 

The  Lagrangian  equations  are  therefore 

4«-<)=P  ) 

4  (A"  +  a")  («/  -  aj  =  2a  P  sin  a  S 

Now  the  initial  and  final  values  of  x'  are 

x„'  =  —  V,  x^'  —  —  2a  sin  aa; 

those  of  a'  are  «„'  =  0,    a^  =  m. 

Hence  eliminating  Pwe  have 


eo  =  - 


3  7"       sin  a 


■  2  a  1  +  3  sin^  a  ' 
the  same  result  as  before. 

182.  To  determine  the  change  in  the  vis  viva  of  a  moving 
system  produced  hy  any  collisions  between  the  bodies  or  by  any 
explosions.     (Garnet's  Theorem.) 

Let  v^,  Vy,  v^,  vj,  Vy,  vj  be  the  resolved  parts  of  the  ve- 
locities of  any  particle  m  of  the  system  before  and  after  the 
impulse. 

Then  by  D'Alembert's  Principle  the  momenta 

«*  {vj -v^),     m  {Vy  -Vy),    m  («/  -  v,) , 

being  reversed  and  taken  throughout  the  whole  system,  are  in 
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equilibrium  with  the  forces  of  the  impulse.  But  these  last 
are  themselves  in  equilibrium.  Hence  the  former  set  are  also 
in  equilibrium.     Therefore  by  Virtual  Velocities, 

Xm  {{vj  -  v^)  Bx  +  (vj  -  v„)  Sy  +  (y^  -  v,)  Ss}  =  0, 

where  Sx,  hy,  Bz  are  any  small  arbitrary  displacements  of  the 
particles  impinging  on  each  other,  which  are  consistent  with 
the  geometrical  conditions  of  the  system  during  the  time  of 
action  of  the  impulse. 

During  the  impact,  it  is  one  geometrical  condition  that  the 
particles  impinging  on  each  other  have  no  velocity  of  separa- 
tion normal  to  the  common  surface  of  the  bodies  of  which  they 
form  a  part. 

First.  Let  the  bodies  be  devoid  of  elasticity.  -  Then  the 
above  geometrical  condition  will  hold  just  after  the  moment 
of  greatest  compression  as  well  as  during  the  impact.  Hence 
we  can  put 

Bx  —  vJ.Bt,    By  =  VyBt,    Bz  =  v^Bt. 
The  equation  now  becomes 

2m  {(«;  -  V,) «;  +  «  -  V,)  v; + «  -«.)}= o ; 

.-.  tm  (vj^  +  vj^  +  v^")  =  tm  (v^vj  +  v^  +  ^A  )• 

This  may  be  put  into  the  form 

tm  {vj'  +  v,"  +  <»)  -  tm  {v:  +  V  +  v:) 

=  -  2m  (K'  -  «.)'  +  «  -  VyY  +  «  -  « J}. 

Therefore  in  the  impact  of  inelastic  bodies  vis  viva  is 
always  lost. 

Secondly.  Let  an  explosion  take  place  in  any  body  of  the 
system.  Then  the  geometrical  equation  above  spoken  of  will 
hold  just  before  the  impulse  begins  as  well  as  during  the 
explosion,  but  it  will  not  hold  after  the  particles  of  the  body 
have  separated.    Hence  we  must  now  put 

Bx  =  v^Bt,    By  —  VyBt,    Bz  =  vJBf. 

As  before,  we  have 

tm  (v^nj  +  VyV^  +  vX)  =  2m  («?/  + 1)/  +  O. 
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and 

=  +  tm  {{v:  -  v:f  +  «  - «.)'+  {<  -  ^.)'}- 

Therefore  in  cases  of  explosion  vis  viva  is  always  gained. 

Thirdly.  Let  the  particles  of  the  system  be  perfectly 
elastic.  Then  the  whole  action  consists  of  two  parts,  a  force 
of  compression  as  if  the  particles  were  inelastic,  and  a  force  of 
restitution  of  the  nature  of  an  explosion.  The  circumstances 
of  these  two  forces  are  exactly  equal  and  opposite  to  each 
other.  By  examining  these  two  expressions  it  is  easy  to  see 
that  the  vis  viva  lost  in  the  compression  is  exactly  balanced 
by  the  vis  viva  gained  in  the  restitution. 

EXAMPLES. 

1.  A  uniform  rod  is  moving  on  a  horizontal  table  about 
one  extremity,  and  driving  before  it  a  particle  of  mass  equal 
to  its  own,  which  starts  from  rest  indefinitely  near  to  the  fixed 
extremity ;  show  that  when  the  particle  has  described  a  dis- 
tance r  along  the  rod,  its  direction  of  motion  makes  with  the 
rod  an  angle 


tan 


Vr''  +  F 


2.  A  thin  uniform  smooth  tube  is  balancing  horizontally 
about  its  middle  point,  which  is  fixed ;  a  uniform  rod  such  as 
just  to  fit  the  base  of  the  tube  is  placed  end  to  end  in  a  line 
with  the  tube,  and  then  shot  into  it  with  such  a  horizontal 
velocity  that  its  middle  point  shall  only  just  reach  that  of  the 
tube ;  supposing  the  velocity  of  projection  to  be  known,  find 
the  angular  velocity  of  the  tube  and  rod  at  the  moment  of  the 
coincidence  of  their  middle  points. 

Result.  If  m  be  the  mass  of  the  rod,  m'  that  of  the  tube, 
and  2a,  2a'  their  respective  lengths,  v  the  velocity  of  the  rod's 
projection,  w  the  required  angular  velocity,  then 

^  = — T-. — r-7T.. 
ma  +ma 


EXAMPLES.  267 

3.  A  fine  circular  tube,  carrying  within  it  a  heavy  par- 
ticle, is  set  revolving  about  a  vertical  diameter.  Show  that 
the  difference  of  the  squares  of  the  absolute  velocities  of  the 
particle  at  any  two  given  points  of  the  tube  equidistant  from 
the  axis  is  the  same  for  all  initial  velocities  of  the  particle  and 
tube. 

4.  A  screw  of  Archimedes  is  capable  of  turning  freely 
about  its  axis,  which  is  fixed  in  a  vertical  position :  a  heavy 
particle  is  placed  at  the  top  of  the  tube  and  runs  down 
through  it;  determine  the  whole  angular  velocity  communi- 
cated to  the'  screw. 

Result.  Let  n  be  the  ratio  of  the  mass  of  the  screw  to 
that  of  the  particle,  a  =  the  angle  the  tangent  to  the  screw 
makes  with  the  horizon,  h  the  height  descended  by  the  par- 
ticle.    Then  the  angular  velocity  generated  is 


V; 


2gh  cos'  a. 


a?{n  +  \){n  +  siv?a)' 


5.  A  cone  of  mass  m  and  vertical  angle  2a  can  move 
freely  about  its  axis,  and  has  a  fine  smooth  groove  cut  along  its 
surface  so  as  to  make  a  constant  angle  /3  with  the  generating 
lines  of  the  cone.  A  heavy  particle  of  mass  P  moves  along 
the  groove  under  the  action  of  gravity,  the  system  being 
initially  at  rest  with  the  particle  at  a  distance  o  from  the  ver- 
tex. Show  that  if  d  be  the  angle  through  which  the  cone  has 
turned  when  the  particle  is  at  any  distance  r  from  the  vertex, 
then 

mF+Pr' sin'' a  ^  sAsina.cotp 
m/4f+i^c' sin?  a 

Je  being  the  radius  of  gyration  of  the  cone  about  its  axis. 

6.  Two  equal  beams  connected  by  a  hinge  at  their 
centres  of  gravity  so  as  to  form  an  X  are  placed  symmetrically 
on  two  smooth  pegs  in  the  same  horizontal  line,  the  distance 
between  which  is  b.  Show  that,  if  the  beams  be  perpen- 
dicular to  each  o^her  at  the  commencement  of  the  motion,  the 
velocity  of  their  centre  of  gravity  when  in  the  line  joining  the 
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pegs  is  equal  to  /J  jfjrZiJ^  where  k  is  the  radius  of  gyration 

of  either  beam  about  a  line  perpendicular  to  it  through  its 
centre  of  gravity. 

7.  A  lamina  of  any  form  rolls  on  a  perfectly  rough 
straight  line  under  the  action  of  no  forces ;  prove  that  the  ve- 

locity  V  of  the  centre  of  gravity  G  is  given  by  «^  =  c^  3,2 , 

where  r  is  the  distance  of  G  from  the  point  of  contact,  and  h 
is  the  radius  of  gyration  of  the  body  about  an  axis  through  G 
perpendicular  to  its  plane,  and  c  is  some  constant. 

8.  If  an  elastic  string,  whose  natural  length  is  that  of 
a  uniform  rod,  be  attached  to  the  rod  at  both  ends  and 
suspended  by  the  middle  point,  prove  by  means  of  vis  viva 
that  the  rod  will  sink  until  the  strings  are  inclined  to  the 
horizon  at  an  angle  Q,  which  satisfies  the  equation 

6  6 

cot'  -  —  cot  -  —  2ra  =  0, 

where  the  tension  of  the  string,  when  stretched  to  double  its 
length,  is  n  times  the  weight. 

If  the  string  be  suspended  by  a  point,  not  in  the  middle, 
write  down  the  equation  of  vis  viva. 

9.  A  circular  wire  ring,  carrying  a  small  bead,  lies  on  a 
smooth  horizontal  table ;  an  elastic  thread  the  natural  length 
of  which  is  less  than  the  diameter  of  the  ring,  has  one  end 
attached  to  the  bead  and  the  other  to  a  point  in  the  wire; 
the  bead  is  placed  initially  so  that  the  thread  coincides  very 
nearly  with  a  diameter  of  the  ring ;  find  the  vis  viva  of  the 
system  when  the  string  has  contracted  to  its  original  length. 

10.  A  straight  tube  of  given  length  is  capable  of  turning 
freely  about  one  extremity  in  a  horizontal  plane,  two  equal 
particles  are  placed  at  different  points  within  it  at  rest,  an 
angular  velocity  is  given  to  the  system,  determine  the  velocity 
of  each  particle  on  leaving  the  tube. 
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11.  A  rougli  plane  rotates  with  uniform  angular  velocity 
n  about  a  horizontal  axis  which  is  parallel  to  it  but  not  in  it. 
A  heavy  sphere  of  radius  a  being  placed  on  the  plane  when 
in  a  horizontal  position,  rolls  down  it  under  the  action  of 
gravity.  If  the  centre  of  the  sphere  be  originally  in  the 
plane  containing  the  moving  axis  and'  perpendicular  to  the 
moving  plane,  and  if  x  be  its  distance  from  this  plane  at  a 
subsequent  time  t  before  the  sphere  leaves  the  plane,  then 

where  A  =       ,_  f  — |'  -  84a  -  60c 
24V35  \n' 

c  being  the  distance  from  the  axis  to  the  plane  measured 
upwards. 

12.  Two  particles  of  masses  m,  m  are  connected  by  an 
inelastic'  string  of  length  a.  The  former  is  placed  in  a 
smooth  straight  groove  and  the  latter  is  projected  in  a 
direction  perpendicular  to  the  groove  with  a  velocity  V. 
Prove'  that  the  particle  m   will  oscillate  through  a  space 

, ,  and  if  m  be  large  compared  with  m   the  time  of 


oscillation  is  nearly  -p  ( 1  —  —1 , 


13.  The  extremities  of  the  axis  of  a  uniform  solid  of 
revolution  symmetrical  with  respect  to  its  equator,  slide 
freely  on  two  smooth  intersecting  rods  at  right  angles  to  each 
other,  one  of  which  is  fixed  and  vertical  and  the  other 
revolves  freely  about  it,  their  point  of  intersection  being 
fixed.  An  angular  velocity  \  about  the  vertical  rod  is  im- 
pressed on  the  system  while  the  solid  spins  with  an  angular 
velocity  n  about  its  axis,  which  is  initially  inclined  at  an 
angle  a  to  the  vertical.     Prove  that 

{Ma"  +  A)  8m''0^+ On  cos  6  =  {Ma'  +  A)  X  am^a  +  Cn  cos  a, 
{Ma!'  +  A)\^-  (^)'cos  6 sin  e\+ Cn^^sm0  =  - Mga sin 6, 
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M  being  the  mass  of  the  solid,  2a  the  length  of  its  axis ; 
0,  A  its  moments  of  inertia  ahout  its  axis  of  figure  and  about 
an  equatorial  diameter  respectively,  6  the  inclination  of  the 
axis  to  the  vertical,  and  ^  the  angle  through  which  the 
horizontal  rod  has  revolved  after  a  time  t, 

14.  The  centre  (7  of  a  circular  wheel  is  fixed  and  the 
rim  is  constrained  to  roll  in  a  uniform  manner  on  a  perfectly 
rough  horizontal  plane  so  that  the  plane  of  the  wheel  maljes 
a  constant  angle  a  with  the  vertical.  Round  the  circum- 
ference there  is  a  uniform  smooth  canal  of  very  small  section, 
and  a  heavy  particle  which  just  fits  the  canal  can  slide 
freely  along  it  under  the  action  of  gravity.  If  m  be  the 
particle,  B  the  point  where  the  wheel  touches  the  plane- 
and  6=^BCm,  and  if  n  be  the  angular  rate  at  which  B 
describes  the  circular  trace  on  the  horizontal  plane,  prove 
that 

/de\^     2q  /,       ,       ,         2/, 

( -^  I  =  -^  COS  a  cos  0  —  n  cos  a  cos  p  +  const. 

where  a  is  the  radius  of  the  wheel. 

15.  A  regular  hexagonal  inelastic  prism  each  side  of 
which  is  r  feet,  is  at  rest  on  a  perfectly  rough  inclined  plane 
inclined  at  an  angle  30°  to  the  horizon,  with  its  axis  hori- 
zontal. Supposing  it  to  be  just  disturbed  from  its  position  of 
rest,  show  that  the  velocity  V  of  its  centre  of  gravity  after 
the  wth  impact  is  given  by 


V'  = 


Vrgr 
14 


(S' 


16.  The  extremities  of  a  uniform  heavy  beam  of  length 
2a  slide  on  a  smooth  wire  in  the  form  of  the  curve  whose 
equation  is  r  =  a  (1  —  cos  6)  the  prime  radius  being  vertical 
and  the  vertex  of  the  curve  downwards.  Prove  that  if  the 
beam  be  placed  in  a  vertical  position  and  displaced  with  a 
velocity  just  sufficient  to  bring  it  into  a  horizontal  position 


tan0  =  -4e^'»  —e^'^'y, 


where  0  is  the  angle  through  which  the  rod  has  turned  after  a 
time  t. 
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17.  A  rigid  body  whose  radius  of  gyration  about  G 
the  centre  of  gravity  is  h,  is  attached  to  a  fixed  point  C  by  a 
string  fastened  to  a  point  A  on  its  surface.  CA{  =  h)  and 
AG-{=a)  are  initially  in  one  line,  and  to  G  is  given  a 
velocity  Fat  right  angles  to  that  line.  No  impressed  forces 
are  supposed  to  act,  and  the  string  is  attached  so  as  always 
to  remain  in  one  right  line.  If  d  be  the  angle  between  AG 
and  AG  at  time  t,  show  that 


(d&\^  _  F" 
\dt)  ~T 


F  — 4aJsin''- 


and  if  the  amplitude  of  0,  i.e.  2  sin"'— =  be  very  small,  the 

.  J  .  2Trbk 

period  is 


Vja(a+b)' 

18.  A  fine  _  weightless  string  haying  a  particle  at  one 
extremity  is  partially  coiled  round  a  hoop  which  is  placed  on 
a  smooth  horizontal  plane,  and  is  capable  of  motion  about  a 
fixed  vertical  axis  through  its  centre.  If  the  hoop  be  initially 
at  rest  and  the  particle  be  projected  in  a  direction  perpendi- 
cular to  the  length  of  the  string,  and  if  s  be  the  portion  of  the 
string  unwound  at  any  time  t,  then 

m  +  fi  ' 

where  b  is  the  initial  value  of  s,  m  and  /*  the  masses  of  the 
hoop  and  particle,  a  the  radius  of  the  hoop  and  Fthe  velocity 
of  projection. 

19.  A  square  formed  of  four  similar  uniform  rods  jointed 
freely  at  their  extremities  is  laid  upon  a  smooth  horizontal 
table,  one  of  its  angular  points  being  fixed:  if  angular  velo- 
cities CO,  CO  in  the  plane  of  the  table  be  communicated  to  the 
two  sides  containing  this  angle,  show  that  the  greatest  value 
of  the  angle  (2a)  between  them  is  given  by  the  equation 

cosSa  =  --^  4. 

6   CO  +C0 
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20.  Two  particles  of  masses  m,  m  lying  on  a  smooth 
horizontal  table  are  connected  by  an  inelastic  string  ex-^ 
tended  to  its  full  length  and  passing  through  a  small  ring  on 
the  table.  The  particles  are  at  distances  a,  d  from  the  ring, 
and  are  projected  with  velocities  v,  v  at  right  angles  to  the 
string.  Prove  that  if  mv^a^  =  m'v'^a'^,  their  second  apsidal 
distances  from  the  ring  will  be  a,  a  respectively. 

21.  If  a  uniform  thin  rod  PQ  move  in  consequence  of 
a  primitive  impulse  between  two  smooth  curves  in  the  same 
pUne,  prove  that  the  square  of  the  angular  velocity  varies  in- 
versely as  the  difference  between  the  sum  of  the  squares  of 
the  normals  OP,  OQ  to  the  curves  at  the  extremities  of  the 
rods,  and  -^  of  the  square  of  the  whole  length  of  the  rod. 

22.  A  small  bead  can  slide  freely  along  an  equiangular 

spiral  of  equal  mass  which  can  turn  freely  about  its  pole  as 

a  fixed  point.     A  centre  of  repulsive  force  F  is  situated  in  the 

pole  and  acts  on  the  particle.     If  the  system  start  from  rest 

when  the  particle  is  at  a  distance  a,  show  that  the  angular 

velocity   of  the  spiral  when  the  particle  is  at  a  distance  k 

/("Fdr 
from  the  pole  is  a/       -.a  where  mh^  is  the  moment  of  inertia 

of  the  spiral  about  its  pole. 

23.  The  extremities  of  a  uniform  beam  of  length  2a, 
slide  on  two  slender  rods  without  inertia,  the  plane  of  the 
rods  being  vertical,  their  point  of  intersection  fixed  and  the 

rods  inclined  at  angles   -    and  —  t   to  the  horizon.     The 
°        4  4 

system  is  set  rotating  about  the  vertical  line  through  the 

point  of  intersection  of  the  rods  with  an  angular  velocity  w, 

prove  that  if  6  be  the  inclination  of  the  beam  to  the  vertical 

at  the  time  t  and  a  the  initial  value  of  6 

,  fde\^      (Scos'a  +  sin'a)'    ,      ,         „         . 
^[-dt)  +  3cos-g4-sin->=(^"°^°'^  +  «^^''-)'"' 

+  —  (sm  a  —  sm  6). 
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183.  When  a  system  of  bodies  admits  of  only  one  inde- 
pendent motion,  and  is  making  small  oscillatioiis  about  some 
mean  position,  it  is  in  general  our  object  to  reduce  the  equa- 
tions of  motion  to  the  form 

d^x       dx     1 

—  +aj^+hx  =  c, 

where  x  is  some  small  quantity  which  determines  the  position 
of  the  system  at  the  time  t,  and  a,  h,  c  are  some  constants. 
This  reduction  is  effected  by  neglecting  the  squares  of  the 
small  quantity  x.  The  integral  of  this  equation  is  known 
to  be 


x=r  +  Ae   *  sin 
o 


{v^^+4' 


where  A  and  B  are  two  undetermined  constants  which  de- 
pend on  the  initial  conditions  of  motion.  The  physical 
interpretation  of  this  equation  is  not  difficult.  It  represents 
an  oscillatory  motion,  and  the  period  of  a  complete  oscillation 

is  The  central  position  about  which  the  system 


V^' 


oscillates  is  determined  hy  x  =  j-.    The  extent  of  the  oscilla- 
tion on  either  side  of  this  central  position  is  determined  by 

_at 

x=t±Ae  ^,  and  depends  on  the  initial  conditions.     If  a 
E.  D.  18 
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be  positive  the  extent  of  the  oscillations  continually  decreases 
and  the  subsequent  arcs  will  be  in  geometrical  progression. 

If  J  —  J  be  negative,  the  sine  must  be  replaced  by  its  ex- 
ponential value,  and  the  integral  becomes 

where  A',  B'  are  two  undetermined  constants.  The  motion  is 
now  no  longer  oscillatory.  If  S  —  —  =  0,  the  integral  takes 
a  different  form  and  we  have 

at 

x  =  ^  +  {A"t  +  Br')e~^, 
where  A'\  B"  are  two  undetermined  constants. 

In  all  these  cases,  except  that  in  which  a  and  &  —  y 

are  both  positive,  the  magnitude  of  x  will  continually  in- 
crease. The  terms  depending  on  x"  which  have  been  neg- 
lected in  forming  the  equation  will  then  become  large.  It 
is  possible  that  they  may  alter  the  whole  character  of  the 
motion.  In  such  cases  the  equilibrium  of  the  body  is  called 
unstable,  and  these  equations  can  represent  only  the  nature 
of  the  motioii  with  which  the  system  iegins  to  move  from 
its  state  of  rest. 


First  Method. 

184.  When  the  system  under  consideration  consists  of.  a 
single  body,  there  is  a  simple  method  of  formi-ng  the  equa- 
tion of  motion  which  is  sometimes  of  great  use. 

It  has  been  shown  in  Art.  92,  that  if  we  neglect  the 
squares  of  small  quantities  we  may  take  moments  about  the 
instantaneous  centre  as  a  fixed  centre.  Usually  the  unknown 
reactions  will  be  such  that  their  lines  of  action  will  pass 
through  this  point,  their  moments  will  then  be  zero  and  thus 
we  shall  have  an  equation  containing  only  known  quantities. 
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Since  the  body  is  supposed  to  be  turning  about  the  in- 
stantaneous centre  as  a  point  fixed  for  the  moment,  the  direc- 
tion of  motion  of  any  point  of  the  body  is  perpendicular 
to  the  straight  line  joining  it  to  the  centre.  Conversely  when 
the  directions  of  motion  of  two  points  of  the  body  are  known, 
the  position-  of  the  instantaneous  centre  can  be  found.  For 
if  we  draw  perpendiculars  at  these  points  to  their  directions 
of  motion,  these  perpendiculars  must  meet  in  the  instan- 
taneous centre  of  rotation. 

185.  Ex.1.  A  hemisphere  performs  small  oscillations  on 
a  perfectly  rough  horisontal  plane:  find  the  motion. 

Let  0  be  the  centre,  G  the  centre  of  gravity  of  the 
hemisphere,  N  the  point  of  contact  with  the  rough  plane. 

Let  the  radius  =  a,  CG  =  c,  e  =  ^NOG. 


Here  the  point  N  is  the  centre  of  instantaneous  rotation, 
because  the  plane  being  perfectly  rough,  sufficient  friction  will 
be  called  into  play  to  keep  N  at  rest.  Hence  taking  moments 
about  N 

fPft 
{k'+GN')^  =  -ffc.sm0. 

Since  we  can  put  GN=  a  —  c  in  the  small  terms,  this 
reduces  to 

{!c'+{a-c)Y^,+ffc.0  =  O. 


Therefore  the  time  of  a  small  oscillation  is 

eg 


^       /le^^a-cY^ 
V         eg        ■ 


18—2 
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2 
It  is  clear  that  F  +  c^  =  (rad.)'  of  gyration  about  G=  -zd!' 

3 

and  c  =  -  o. 

o 

If  the  plane  had  been  smooth,  M  would  have  been  the 
instantaneous  axis,  GM  being  the  perpendicular  on  GN.  For 
the  motion  of  ^  is  in  a  horizontal  direction,  because  the 
sphere  remains  in  contact  with  the  plane,  and  the  motion 
of  G  is  vertical  by  Art.  46.  Hence  the  two  perpendi- 
culars OM,  NM  meet  in  the  instantaneous  axis.  By  rea- 
soning similar  to  the  above  the  time  will  be  found  to  be 

V  eg 

186.  Ex.  2.  A  cylind/rical  surface  of  any  form  rests  in 
stable  equilibrium  on  amother  perfectly  rough  cylindrical  sur^ 
face,  the  axes  of  the  cylinders  being  parallel.  A  small  dis- 
turbance being  given  to  the  upper  surface,  find  the  time  of  a 
small  oscillation. 

Let  BAP,  B'A'P  be  sections  of  the  cylinders  perpen- 
dicular to  their  axes.    Let   OA,  CA'  be  normals  at  those 


points  A,  A'  which  before  disturbance  were  in  contact,  and 
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let  a  be  the  angle  A  0  makes  with  the  vertical.  Let  OPG 
be  the  common  normal  at  the  time  t.  Let  O  be  the  centre 
of  gravity  of  the  moving  body,  then  before  disturbance  AG 
was  vertical.     Let  A  G  =  r. 

Now  we  have  only  to  determine  the  time  of  oscillation 
when  the  motion  decreases  without  limit.  Hence  the  arcs 
AP,  AP  will  be  ultimately  zero,  and  therefore  0  and  0  may 
be  taken  as  the  centres  of  curvature  of  AP,  A  P.  Let  p  =  OA, 
p  =  CA',  and  let  the  angles  AOP,  A  GP  be  denoted  by  ^, 
<^'  respectively. 

Let  0  be  the  angle  turned  round  by  the  body  in  moving 
from  the  position  of  equilibrium  into  the  position  BAP. 
Then  since  before  disturbance,  A  G  and  A  0  were  in  the  same 
straight  line,  we  have  0  =  z  GDE=^  +  ^',  where  GA'  meets 
OAE  in  D. 

Also  since  one  body  rolls  on  the  other,  the  arc  AP=  arc 

A'P,  .■.p<l>  =  p'<l>',  ,.^  =  -^,6. 

Again,  in  order  to  take  moments  about  P,  we  require  the 
horizontal  distance  of  Q  from  P;  this  may  be  found  by  pro- 
jecting the  broken  line  PA  +  AG  on  the  horizontal.  The 
projection  of  PA  =  PA  cos  {a  +  d)  =  p(j>  cos  a  when  we  neg- 
lect the  squares  of  small  quantities.  The  projection  of  A  G 
is  rO.     Thus  the  horizontal  distance  required  is 


{         ,  cos  a  —  r  I  ^. 


If  h  be  the  radius  of  gyration  about  the  centre  of  gravity, 
the  equation  of  motion  is 

(,«+6^^=)g  =  -,^(-^C0S«-.). 

If  L  be  the  length  of  the  simple  equivalent  pendulum,  we 
have 

A°  -I-  r"        op 

= =      ^'^    ,  COS  0.  —  T. 

L        p  +  p 
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187.     Along  the  common  normal  at  the  point  of  contact 
A  of  the  two  cylindrical  surfaces  measure  a  length  A8=s 

where  -  =  -  +  -,  and  describe  a  circle  on  AS  as  diameter. 
s     p     p  > 

Let  AG,  produced  if  necessary,  cut  this  circle  in  K    Then 


GN=  s  cos  a  —  r,  the  positive  direction  being  fi:om  N  towards 
A.  The  length  L  of  the  simple  equiralent  pendulum  is 
given  by  the  formula 


Je'+GA' 


=  GN. 


It  is  clear  from  this  formula,  that  if  (r*  lie  without  the 
circle  L  is  negative  and  the  equilibrium  is  unstable,  if  within 
L  is  positive  and  equilibrium  is  stable. 

188.  Ex.  3,  Two  points  A,  B  o/  a  iodi/  are  constrained 
to  describe  given  curves,  and  the  body  is  in  equilibrium  under 


*  Let  R  be  the  radius  of  curvature  of  the  path  traced  out  by  G  as  the  one 

A6^ 


cylinder  rolls  on  the  other,  then  we  know  that  J2=  ■ 


NO' 


so  that  all  points 


within  the  circle  described  on  AS  as  diameter  are  describing  curves  whose 
concavity  is  turned  towards  A,  while  those  within  the  circle  are  describing 
curves  whose  convexity  is  turned  towards  A.  It  is  then  clear  that  the  equi- 
librium is  stable,  unstable,  or  neutral,  according  as  the  centre  of  gravity  lies 
within,  without,  or  on  the  circumference  of  the  circle. 
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the  action  of  gravity.    A  small  disturbance  Being  given,  find 
the  time  of  an  oscillation. 

Let  G,  Z)  be  the  centres  of  curvature  of  the  given  curves 
at  the  two  points  A,  B.  Let  A  G,  BD  meet  in  0.  Let  &  be 
the  centre  of  gravity  of  the  body,  (?^  a  perpendicular  on  AB. 
Then  in  the  position  of  equilibrium  OU-  is,  vertical.  Let  i,j 
be  the  angles  GA,  BD  make  with  the  vertical,  and  let  a  be 
the  angle  A  OB. 

Let  A,  5'... denote  the  positions  into  which  A,  5... have 
been  moved  when  the  .body  has  been  turned  through  an 
angle  d.  Let  A  GA!  =  ^,  BBB  =  ^'.  Since  the  body 
may  be  brought  from  the  position  AB  into  the  position 
A'B'  by  turning  it  about  0  through  an  angle  6,  ,we  have 

'^=    f)r?  "=  ^-    -^^^0  ^^'  i^  ultimately  perpendicular 

to  OG,  and  we  have  GG'=OG.e. 

Also  let  x,y  be  the  projections  of  00'  on  the  horizontal 
and  vertical  through  0.     Then  by  projections 

X  cos  j  +  y  siaj  =  distance  of  0'  from  OD 

=  OB.<l)', 
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X COS i—y  sin i  =  distance  of  0'  from  0 G 

=  OC.<l>; 

_  on  sin  i<l)'+  PC.  sinj.  ^ 
sma 

Now  -taking  moments  about  C/  as  the  centre  of  instanta- 
neous rotation,  we  have 

^/^^      on.  OB    sin^■      OC.O^sinA 

=  -g0  lOG  +  — ^j, — .-; — + — TT-j r-^  h 

^    V  nn        sin  a  CA       sin  aj 

where  i  is  the  radius  of  gyration  about  the  centre  of  gravitJ^ 

.     Hence  if  L  be  the  length  of  the  simple  equivalent  pendu- 
lum, we  have 

F+  0G'^_  ^g     on .  OB   sin i      OG.OA    sin/ 
L         ~  Bn      'sin a  AC.      "  sina  ' 

CoE.  If  the  given  curves,  on  which  the  points  A,  B  are 
constrained  to  move,  be  straight  lines,  the  centres  of  curvature 

Q  and  B  are  at  infinity.   In  this  case,  we  may  put  -^j^  =  —  1, 

OG  ,   ,  .      , 

-T-p  =  —  1,  and  the  expression  becomes 

^l-±fi^  =  Oa-OB.'H-OA.^^-. 
Li  sm  a  sm  a 

If  OA  and  OB  be  at  right  angles,  this  takes  the  simple 
form 

'L+2}^  =  0G-20F, 

Jb 

where  .Fis  the  projection  on  OG  oi  the  middle  point  of  AB. 

189.  When  ttie  body  is  capable  of  only  one  independent 
motion,  the  problem  of  finding  the  time  of  a  small  oscillation 
is  really  the  same  as  that  of  finding  the  radius  of  curvature  of 
the  path  of  the  centre  of  gravity. 
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Let  A  be  the  position  of  the  centre  of  gravity  of  the  body- 
when  it  is  in  its  position  of  equilibrium,  G  the  position  of 
the  centre  of  gravity  at  the  time  t.  Then  since  in  equilibrium 
the  altitude  of  the  centre  of  gravity  is  a  maximum  or  minimum, 
the  tangent  at  A   to  the  curve  AG  is  horizontal.     Let  the 


normal  GC  to  the  curve  at  G  meet  the  normal  at  A  in  C. 
Then  when  the  oscillation  becomes  indefinitely  small  0  is  the 
centre  of  curvature  of  the  curve  at  A.  Let  AG  =  s,  the  angle 
A  CO  =  ■<^,  and  let  B  be  the  radius  of  curvature  of'  the  curve 
at  A. 

Let  6  bd  the  angle  turned  round  by  the  body  in  moving 

from  the  position  of  equilibrium  into  the  position  in  which 

(Jd 
the  centre  of  gravity  is  at  G;  then  -y-  is  the  angular  velocity 

of  the  body.  Since  G  is  moving  along  the  tangent  at  G,  the 
centre  of  instantaneous  rotation-  lies  in  the  normal  OG,  at 

such  a  point  0,  that  OG  ^  —  vel.  oi  G  =  -r  ,  •'•  GO=-y^  , 

Let  M¥  be  the  moment  of  inertia  of  the  body  about  its 
centre  of  gravity,  then  taking  moments  about  0,  we  have 

{l^  +  OG")  ^  =  -g.OGsmf. 

Now  ultimately  when  the  angle  0  is  indefiinitely  small 
^  =  -^  =  -5- ;  .•.  the  equation  of  motion  becomes 

U  CLv  XL 
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Hence  if  L  be  the  length  of  the  simple  equivalent  pendu- 
lum we  have 


Second  Method. 

190.  Let  the  general  equations  of  motion  of  all  the  bodies 
be  formed.  If  the  position  about  which  the  system  oscillates 
be  known,  some  of  the  quantities  involved  wiU  be  small.  The' 
squares  and  higher  powers  of  these  may  be  neglected,  and  all 
the  equations  will  become  linear.  If  the  unknown  reactions 
be  then  eliminated  the  resulting  equations  may  be  easily 
solved. 

If  the  position  about  which  the  system  oscillates  be 
unknown,  it  is  not  necessary  to  solve  the  statical  problem 
first.  We  may  by  one  process  determine  the  positions  of  rest, 
ascertain  whether  they  are  static  or  not,  and  find  the  time  of 
oscillation.  The  method  of  proceeding  will  be  best  explained 
by  an  example. 

191.  Ex.  1.  TM  ends  of  a  uniform  heavy  rodKR  of  length 
21  are  constrained  to  move,  the  one  along  a  horizontal  line  Ox, 
and  the  other  along  a  vertical  line  Oy.  If  the  whole  system  turn 
round  Oy  with  a  uniform  angular  velocity  a,  it  is  required  to 
find  the  positions  of  equilibrium  and  the  time  of  a  small  oscil- 
lation. 

Let  X,  y  be  the  co-ordinates  of  G  the  middle  point  of  the 
rod,  0  the  angle  OAB  which  the  rod  makes  with  Ox.  Let 
B,  B'  be  the  reactions  at  A  and  B  resolved  in  the  plane  xOy. 
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The  accelerations  of  any  element  dr  of  the  rod  whose 
co-ordinates  are  (f,  ^)  are  J"-  «=|  parallel  to  Ox,  i  ~  (f «) 

perpendicular  to  the  plane  xOy  and  ^  parallel  to  Oy. 

As  it  will  not  be  necessary  to  take  moments  about  Oa?, 
Oy,  or  to  resolve  perpendicular  to  the  plane  xOy,  the 
second  acceleration  will  not  be,  required.    The  resultants  of 

the  effective  forces   -^dr  and  -r^dr,  taken  throughout  the 

body,  are  2l~  and  2Z^  acting  at  Q,  and  a  couple  2Z/5;^^ 

tending  to  turn  the  body  round  G.  The  resultants  of  thfr 
effective  forces  tB^fe?/- taken  throughout  the  body  is  a  single 
force  acting  at  Q 

i=i    Q)^  (a3  +  r  COS  ^)  d?r  =  (B^a; .  2Z, 

and  a  couple*  round  G 

r+l  js 

=  I    ©"(aj  +  r  cos^)rsin0c?r  =  w''.2Z.-sin^cos^, 

the  distance  r  being  measured  from  G  towards  A. 

Then  we  have,  by  resolving  along  Ox,  Oy,  and  by  taking 
moments  about  G,  the  dynamical  equations 


2L^=-Ii'+a>'x.2l 
2l.-^  =  -R+g.<2,l 


dt 

d^ 

dt 


21.F. ^  =  Iix-B'y-oy'.2L~  sine  COB  e 


(!)• 


*  If  a  body  in  one  plane  be  turning  about  an  axis  in  its  own  plane  with  an 
angular  velocity  a,  a  general  expression  can  be  found ,  for  the  resultants  of  the 
centrifugal  forces  on  all  the  elements  of  the  body.  Take  the  centre  of  gravity 
G  as  origin  and  the,  axis  of  ^  parallel  to  the  fixed  axis.    Let  c  be  the  distance 
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We  have  also  the  geometrical  equations 

X=l  cos  6  I  ln\ 

y=  Zsin  6)  

Eliminating  B,  E,  from  the  equations  (1),  we  get 
cPy        ^x     T,d^d  „  J^  •    a        a  /'a^ 

To  find  the  position  of  rest. 

We  observe  that  if  the  rod  were  placed  iu  that  position  it 
would  always  remain    there,    and'  that   therefore   -^  =  0, 


:3l  =  0, -^,=  0.     This  gives 


gx  —  ai'xy  —  at'- -  sin  ^  cos  ^  =  0 (4). 


TT 


Joining    this    with    equations    (2),    we    get    0=-,    or 

sin  ^=  T2/)  ^^"1  thus  the  positions  of  equilihrinm  are  found. 

Let  any  one  of  these  positions  be  represented  by  9  =  a,  x  =  a, 
y  =  h. 

To  find  the  motion  of  oscillation. 

Let  x-=a  +  x',   y  =  h  -\-  y',    6  =  a.  +  ff,  where  x',  y',  & 
are  all  small  quantities,  then  we  must  substitute  these  values 

in  equation  (3).     On  the  left-hand  side  since  -j-j ,    ~^,  -^, 

are  all  small,  we  have  simply  to  write  a,  h,  a,  for  x,  y,  6.  On 
the  right-hand  side  the  substitution  should  be  made  by 
Taylor's  Theorem,  thus 

of  G  from  the  axia  of  rotation.  Then  all  the  centrifugal  forces  are  equivalent 
to  a  single  resultant  force  at  0 

=fa^  (c  -j-  a)  c^m = w*.  Mc,  since  k = 0, 

and  to  a  single  resultant  couple 

=fui^{c  +  x)ydm,  =  u^/tii!l/dm,  since  p=0. 
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We  know  that  the  first  term  y(a,  h,  a)  will  be  eq^ual  to 
nothing,  because  this  was  the  very  equation  (4)  from  which 
a,  h,  a  were  found.    We  therefore  get 

iPij'         rPr  fPff  P 

''S  ~  ^  ^  "^  ^w  ^^~  '"'^^  ^'  ~  "^'"^  ~  *"'!  "^"^  ^"-  •  ^'• 

But  by  putting  9  =  a  +  9'  in  equations  (2),  we  get  by 
Taylor's  Theorem  a;'  =  —  Zsin  a .  0',  y'  =  lco3a..  &, 

Hence  the  equation  to  determine  the  motion  is 
(f=  +  ^')  5  +  (^^  sin  a  + 1  w'Z^  cos  2a)  &  =  0. 

4  ... 

Now,  if  gl  sin  a  +  5  w"?'  cos  2a  =  m  be  positive  when  either 

of  the  two  values  of  a  is  substituted,  that  position  of  equili- 
brium is  stable,  and  the  time  of  a  small  oscillation  is 


If  n  be  negative  the  equilibrium  is  unstable,  and  there  can 
be  no  oscillation. 

If  o)^  >  -y  there  are  two  positions  of  equilibrium  of  the 

rod.    It  will  be  found  by  substitution  that  the  position  in 
which  the  rod  is  inclined  to  the  vertical  is  stable,  and  the 

other  position  unstable.   If  w"  <  -j  the  only  position  in  which 

the  rod  can  rest  is  vertical,  and  this  position  is  stable. 

If  w=  0,  the  body  is  in  a  position  of  neutral  equilibrium. 
To  determine  the  small  oscillations  we  must  retain  terms  of 
an  order  higher  than  the  first.  By  a  known  transformation 
we  have 

^df     y df      dt\    dtj- 
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Hence  the  left-hand  side  of  equation  (3)  becomes  (f+A  J-^^- 
The  right-hand  side  becomes  by  Taylor's  Theorem 
^(^Zcosa-|o,=Psin2a)^  +  &c. 

When  m  =  6,  we  have  a  =  |  and  ©^  =  J  .  Making  the 
necessary  substitutions  the  equation  of  motion  becomes 

Since  the  lowest  power  of  &  on  the  right-hand  side  is  odd 
and  its  coefficient  negative,  the  equilibrium  is  stable  for  a  dis- 
placement on  either  side  of  the  position  of  equilibrium.  Let 
a  be  the  initial  value  of  8,  then  the  time  T  of  reaching  the 
position  of  equilibrium  is 


ffi       Jo  Jo 
put  ff  =  0.^,  then 


V        gl       ■j„Vl-d)'"a 


Hence  the  time  of  reaching  the  position  of  equilibrium  varies 
inversely  as  the  arc.  When  the  initial  displacement  is  indefi- 
nitely small,  the  time  becomes  infinite, 

192.  This  problem  might  have  been  easily  solved  by  the 
first  method.  For  if  the  two  perpendiculars  to  Ox,  Oy  at 
A  and  B  meet  in  N,  N  is  the  instantaneous  axis.  Taking 
moments  about  N,  we  have  the  equation 

{V  +  lc')^^  =  ql cos e -  f ^ w=  {I  +  rf  sin 6 cos 6- 

at       '  J  _i  21       ' 

=  gl  cos  0  — ^ .  sin  0  cos  0 

=.m. 
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Then  the  positions  of  equilibrium  can  be  found  from  the 
equation 

and  the  time  of  oscillation  from  the  equation 


(P  +  F) 


d'ff  ^df{a.) 
df        da. 


.&, 


193.  Ex.  2.  A  string  of  length  (n  + 1)  1,  and  insensible 
mass,  stretched  between  two  fioced  points  with  a  force  T,  is  loaded 
at  intervals  1  with  n  equal  masses  m  not  under  the  influence  of 

gravity  and  is  slightly  disturbed;  if  ^ —  =  0°,  prove  that  the 

periodic  times  of  the  simple  transversal  vibrations  which  in 

general  coexist  are  given  by  the  formula  —  cosec  ( — ) 

putting  in  succession  i  =  1,  2,  3  ...  n. 


on 


Let  A,  B\iQ  the  fixed  points  j  y,,  y^  •••yn  ffie  ordipates  at 
time  t  of  the  n  particles^ 

The  motion  of  the  particles  parallel  to  AB  is  of  the 
second  order,  and  hence  the  tensions- of  all  the  strings  must 
be  equal,  and  in  the  small  terms  we  may  put  this  tension 
equal  to  ^T. 

Consider  the  motion  of  the  particle  whose  ordinate  is  y^. 
The  equation  of  motion  is 


m 


.-.  ^  =  pMy*..-2y.+y^. 
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Now  the  motion  of  each  particle  is  vibratory,  we  may 
therefore  expand  y^  in  a  series  of  the  form 

As  there  may  be  a  term  of  the  argument  pt  in  every  y, 
let  L^,  L^, ...  be  their  respective  coefficients.  Then  substi- 
tuting, we  have 


Llu.^  —  2-^*  +  L,. 


■.-P-L 


To  solve  this,  put  L,^  =  al'L,  we  get 


a-2+-=- 
a 


or 


&nd 


Let  these  ro(Jts  be  called  a^  and  a^,  then  we  have 

•       .-.  y^  =  'Z  {Aa^"-  +  Ba,"]  sin  {pt  +  a). 

Now  y  =  0  when  k  =  0  for  aM  values  of  t,  hence  every 
term  of  the  series  must  vanish ; 

.-.  A  +  £  =  0. 
Also  ^  =  0  when  k=n+l  for  all  values  of  t ; 

These  equations  give  by  division  a^"*^  =  a^'*^.     But  if 
^>  1,  the  ratio  of  a^  to  a^  is  real  and  different  from  unity. 

Hence  we  must  have  ^  <  1.     Let  then  ^  =  sin  ^ : 
2c  2c 

.-.  a  =  cos  2^  + sin  2^  V^. 
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Hence,  by  what  we  proved  before, 
(cos  20  +  sin  2d  V^)"**  =  (cos  20  -  sin  20  V^)"""' ; 
.-.  sin2(ra  +  l)5  =  0; 
.-.  2{n  +  l)0  =  iTr; 


0^- 


TT 


n  +  1    2 


p         .         I         T 

■■2r''''rr+i-2' 

and  the  period  of  any  term  =  — . 

If  m  and  I  be  indefinitely  small  and  n  indefinitely  large, 
the  loaded  string  may  be  regarded  as  a  uniform  string  of 
length  {n  +  l)l=L  and  mass  nm  =  M  stretched  between  two 
fixed  points  with  a  tension  T.     In  this  case  the  expression 

nr 

just  found  reduces  to^  =  irix/  -=r^ . 


Third  Method. 

194.  When  the  system  of  bodies  in  motion  admits  of 
only  one  independent  motion,  the  time  of  a  small  oscillation 
may  frequently  be  deduced  from  the  equation  of  .Vis  Viva. 
This  equation  will  be  one  of  the  second  order  of  small  quan- 
tities, and  in  forming  the  equation  it  will  be  necessary  to 
take  into  account  small  quantities  of  that  order.  This  will 
sometimes  involve  rather  troublesome  considerations.  On 
the  other  hand  the  equation  will  be  free  from  all  the  un- 
known reactions,  and  we  may  thus  frequently  save  much  eli- 
mination. 

The  method  of  proceeding  will  be  made  clear  by  the  fol- 
lowing example,  by  which  a  comparison  may  be  made  with 
the  method  of  Art.  189. 

The  motion  of  a  lody  in  space  of  two  dimensions  is 
given  hy  the  co-ordinates  x,  y  of  its  centre  of  gravity,  and 

E.  D.  19 
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the  angle  6  which  any  fixed  line  in  the  hody  makes  with  a 
line  fixed  in  space.  The  hody  being  in  equilibrium  under 
the  action  of  gravity  it  is  required  to  find  the  time  of  a  small 
oscillation. 

Since  the  body  is  capable  of  only  one  independent  motion, 
■we  may  express  \x,  y)  as  functions  of  6,  thus 

x  =  F{e),     y=f{d). 

Let  Ml^  he  the  moment  of  inertia  of  the  body  about  its  centre 
of  gravity,  then  the  equation  of  Vis  Viva  becomes 

where  y,  is  the  altitude  of  the  centre  of  gravity  in  the  posi- 
tion of  equilibrium. 

Let  a  be  the  value  of  9  when  the  body  is  in  the  position 
of  equilibrium,  and  suppose  that  at  the  time  t,  d  =  a.  +  (j). 
Then,  by  M'Laurin's  theorem, 

where  y'  y"  are  the  values  of  -^,  -j^  when  6  =  0..    But  in 

ao    do 

the  position  of  equilibrium  y  is  a  maximum  or  minimum; 

.•.  y^  =  0.     Hence  the  equation  of  Vis  Viva  becomes 


{x:^+m(^^^—9y:'<i>\ 


dx 
where  aro'  is  the  value  of  -jt,  when  6  =  0.;  differentiating  we  get 

If  L  be  the  length  of  the  simple  equivalent  pendulum, 
we  have 

L  =  - 


'<wj 


d&' 
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where  for  6  we  are  to  write  its  value  a  after  the  differentia- 
tions have  been  effected.  It  is  not  difficult  to  see  that  the 
geonfetrical  meaning  of  this  result  is  the  same  as  that  given 
in  Art.  189.  This  formula  is  given  by  Mr  Holditch  in  the 
Camh.  Trans.  Vol.  viil. 

In  just  the  same  way  we  may  deduce  a  formula  for  the 
length  of  the  equivalent  pendulum  in  the  case  of  a  body 
moving  in  space  of  three  dimensions,  see  Art.  166. 

195.  When  the  system  of  bodies  admits  of  several  in- 
dependent displacements,  the  principle  of  Vis  Viva  which 
furnishes  one  equation  will  be  insufficient  for  the  solution 
of  the  problem.  In  such  a  case  we  may  have  recourse  to 
the  general  equatioiis  of  Lagrange  given  in  Art.  165. 

As  an  example  of  this  method,  let  us  consider  a  problem 
connected  with  the  motion  of  the  balls  in  Watt's  Governor 
of  the  steam  engine.  The  mode  in  which  this  works  to 
moderate  the  fluctuations  of  the  engine  is  well  known.  A 
somewhat  similar  apparatus  has  been  used  to  regulate  the 
motion  of  clocks,  and  in  other  cases  where  uniformity  of 
motion  is  required.  If  there  be  any  increase  in  the  driving 
power  of  the  engine,  or  any  diminution  of  the  load,  so  that 
the  engine  begins  to  move  too  fast,  the  balls,  by  their  in- 
creased centrifugal  force,  open  outwards,  and  by  means  of  a 
lever  either  cut  off  the  driving  power  or  increase  the  load 
by  a  quantity  proportional  to  the  angle  opened  out.  If  on 
the  other  hand  the  engine  goes  too  slow,  the  balls  fall  in- 
ward, and  more  driving  power  is  called  into  action.  In  the 
case  of  the  steam  engine  the  lever  is  attached  to  the  throttle- 
valve,  and  thus  regulates  the  supply  of  steam.  It  is  clear 
that  a  complete  adaptation  of  the  driving  power  to  the  load 
cannot  take  place  instantaneously,  but  the  machine  will  make 
a  series  of  small  oscillations  about  a  mean  state  of  steady 
motion.  '  The  problem  to  be  considered  may  therefore  be 
stated  thus : — 

Two  equal  rods  OA,  OA',  each  of  length  I,  are  con- 
nected with  a  vertical  spindle  by  means  of  a  hinge  at  0 
which  permits  free  motion  in  the  vertical  plane  A  OA'.  At 
A  and  A!  are  attached  two  balls,  each  of  mass  m.  To  repre- 
sent the  inertia  of  the  other  parts  of  the  engine  we  shall 

19—2 
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suppose  a  horizontal  fly-wheel  attached  to  the  spindle,  whose 
moment  of  inertia  about  the  spindle  is  /.  When  the  machine 
is  in  uniform  motion,  the  rods  are  inclined  at  some  angle' a  to 
the  vertical,  and  turn  round  it  with  uniform  angular  velocity 
n.  If,  owing  to  any  disturbance  of  the  motion,  the  rods  have 
opened  otit  to  an  angle  6  with  the  vertical,  a  force  is  called 
into  play  whose  moment  about  the  spindle  is  —0(6  —  a). 
It  is  required  to  find  the  oscillations  about  the  state  of  steady 
motion. 

Let  ^  be  the  angle  the  plane  AOA'  makes  with  some 
vertical  plane  fixed  in  space.  The  equation  of  angular  mo- 
mentum about  the  spindle  is 

|(/+2rfsin=^)g  =  -/3|^-«) .^(1), 

where  mle'  is  the  moment  of  inertia  of-  a  rod  and  ball  about 
a  perpendicular  to  the  rod  through  0,  the  .balls  being  re- 
garded as  indefinitely  small  heavy  particles. 

The  semi  Vis  Viva,  of  the  system  is 

and  the  moment  of  the  impressed  forces  on  either  rod  and  ball 
about  a  horizontal  through   0  perpendicular  to   the   plane 

1  '  J  TJ 

AOA'  is  -  -ja-=—gh  sin 5,  where  li  is  the  distance  of  the 

centre  of  gravity  of  a  rod  and  ball  from  0.  Hence  by 
Lagrange's  equation 

d  dT     dT^dU 

dt  dff     dd~  dd' 

we  have 

d^e      .    „       ^fd^y       g   .    a 
^^.sm0cos^(^)=-Jsm^ (2), 

-  ¥ 
where  a  has  been  written  for  -r  •     This  equation  might  also 

have  been  obtained  by  taking  the  acceleration  of  either  ball, 
treated  as  a  particle,  in  a  direction  perpendicular  to  the  rod 
in  the  plane  in  which  6  is  measured. 
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l=«      #  =  , 


To  find  the  steady  motion  we  put  6.=  a,   -j-  =  n,  the 


second  equation  then  gives  n°  cos  a  =  -  , 


d^ 


To  find  the  oscillations,  we  put  6  =  a.  +  x,    ~j  —n  +  y. 

at 


The  two  equations  then  become 


d.» 


( J+  imk'  sin^  a)  -f  +  2mMn  sin  2a-r  =  —  Bx 
at  at 

d'x 


vs  —  Sin  2a  i 


}■ 


^. 


, .      »^»^  «ui  ny  =(m°  cos  2a  —  ^  cos  a.jx 
To  solve  these  equations,  we  must  write  them  in  the  form 

(«^'^2«^+2-^J''^+(ii+«^"'«)^^  =  « 
{D^+  «" sin'a)  a;  -  w  sin  2ay  =  0 . 

where  the  symbol  D  stands  for  the  operation  -5- .     Elimina- 
ting y  by  cross  multiplication  we  have 

i2-i  +  «^'^'«>"  +  "^^^^'«(^  +  ^'=°^'«  +  ^> 

+  ^— p  n  sin  2a    ar=  0. 

The  real  root  of  this  cubic  equation  is  necessarily  nega- 
tive because  the  last  term  is  positive.  The  other  two  roots 
are  imaginary  because  the  term  11^  has  disappeared  between 
two  terms  of  like  signs.  Also  the  sum  of  the,  three  roots 
being  zero,  the  real  parts  of  the  two  imaginary  roots  must  be 
positive.  Let  these  roots  therefore  be  — r  and  ji  +  gV  — 1. 
Then 

X = He-"  +  K^'  sin  {qt  +  L), 

where  H,  K,  2/  are  three  undetermined  constants  depending 
on  the  nature  of  the  initial  disturbance.     Thus  it  appears 
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that  the  oscillation  is  unstable*  The  balls  will  alternately 
approach  and  recede  from  the  vertical  spindle  with  increasing 
violence. 

196.  When  the  motion  of  clock-work  is  regulated  by 
centrifugal  balls,  it  is  found  as  a  matter  of  observation  that 
there  is  a  strong  tendency  to  irregularity.  If  the  balls  once 
receive  in  the  slightest  degree  an  elliptic  motion,  the  re- 
sistance ^{6  — a)  by  which  the  motion  of  the  balls  is  regu- 
lated may  tend  to  render  the  ellipse  more  and  more  elliptical. 
To  correct  this  some  other  resistance  must  be  called  into 
play.  This  resistance  should  be  of  such  a  character  that  it 
does  not  affect  the  circular  motion  and  is  only  produced  by 
the  ellipticity  of  the  movement.  In  an  equatoreal  clock  at 
Liverpool,  the  elliptic  motion  of  the  balls  causes  a  slider  on 
the  vertical  spindle  to  rise  and  fall.  This  is  connected  by 
a  lever  with  a  plate  of  metal  moving  in  a  vessel  of  water. 
The  resistance  of  the  water  quickly  reduces  the  elliptic  to 
circular  motion  and  has  no  effect  on  the  circular  motion. 
See  Astronomical  Notices,  XI.  page  17,  1851. 

The  general  effect  of  the  water  will  be  to  produce  a  re- 
sistance varying  as  the  velocity,  and  may  therefore  be  repre- 

sented  by  a  term  —7-^  on  the  right  hand  of  equation  (2). 

The  solution  being  continued  as  before,  the  cubic  will  now 
take  the  form 


*  That  the  general  effect  of  the  force  px  is  to  make  the  motion  unstable 

may  be  shown  thus.     Let  the  balls  be  moving  in  steady  motion  with  a  given 

angular  momentum  equal  to  A.     Then  we  have  (/+2mi^  sin*o)»=il,  but 

s  .  (I  +  2mk^  sin^  af  .   A^      w       ,  ,.       '  .v 

smce  on-' cos  0=0,  we  get  ^ -  =  — .     Now  let  us   suppose  the 

"  *  a  cos  a  g  *^^ 

rods  slightly  displaced  so  as  to  make  an  angle  d,  greater  than  a,  with  the 

vertical,  and  to  be  making  small  oscillations  about  their  mean  position.     Let 

the  force  ~p{$  —  a),  thus  called  into  play,  be  supposed  to  act  as  an  impulsive 

force  at  small  intervals  of  time.     Consider  first  the  effect  of  any  one  impulse. 

Its  effect  will  be  to  diminish  A,  the  angular  momentum.     It  follows  from  the 

above  equation  that  a  is  also  diminished.     So  that  the  angular  distance  6  —  aot 

the  ball  from  its  mean  position  is  increased,  that  is,  the  arc  of  oscillation  is 

increased.     In  the  same  way  it  may  be  shown  that  when  6  is  less  than  a,  the 

effect  of  an  impulse  is  to  increase  A  and  a,  and  thus  again  to  increase  the  arc 

of  oscillation.    Ttus  the  arc  being  always  increased,  the  whole  effect  is  to  make 

the  motion  unstable. 


+  2^^^^°'«l 
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If  the  roots  of  this  cubic  are  real,  they  are  all  negative,  and 
the  value  of  oo  takes  the  form 

where  —X,  —  ytt,  —v  are  the  roots  and  A,  B,  0  are  three  un- 
determined constants.  If  one  root  only  is  real,  that  root  is 
negative,  and  if  the  other  two  hQ  p±qj  —  1  the  value  of  x 
takes  the  form 

X  =  Ee^  +  Ke"' sin  {qt  +  L), 

where  H,  K,  L  as  before  are  undetermined  constants. 

In  order  that  the  motion  may  be  stable  it  is  necessary  that 
p  should  be  negative.     The  analytical  condition*  of  this  is 

7(l  +  3cos'a+2-^)>^2cota. 

If  7  be  sufficiently  great  this  condition  may  be  satisfied. 
The  uniformity  of  motion  of  the  rods  round  the  vertical  will 
then  be  disturbed  ,by  an  oscillation  whose  magnitude  is  con- 
tinually decreasing  and  whose  period  is  — .    By  properly 

choosing  the  magnitude  of  /when  constructing  the  instru- 
ment, the  period  may  sometimes  be  so  arranged  as  to  produce 
the  least  possible  ill  eifect.  If  the  period  be  made  very  long 
the  instrument  will  work  smoothly.  If  it  can  be  made  very 
short  there  will  be  less  deviation  from  circular  motion. 

In  this  investigation  no  notice  has  been  taken  of  the 
frictions  at  the  hinge  and  at  the  mechanical  appliances  of  the 

*  If  the  roots  of  the  cubic  aa^  +  hx^ +  C3i+d=X>  be  !«!=a±/3V(-l)  and  y, 

we  have =2o+7,  -  =  270+0^  +  3^,  --  =  (a' +  j3*)  7,  whence  we  easily  de- 
act  Olt 

duce  — ^3— =  -2o{(o-l-7)*  +  j82};  hence  he -ad  and  a  have  always  opposite 
signs. 
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Governor,  whicli  may  not  be  inconsiderable.     These  in  many 
cases  tend  to  reduce  the  oscillation  and  keep  it  within  bounds. 

In  the  case  of  Watt's  Governor  if  any  permanent  change 
be  made  in  the  relation  between  the  driving  power  and  the 
load,  the  state  of  uniform  motion  which  the  engine  will 
finally  assume  is  different  from  that  which  it  had  before  the 
change.  For  this  reason  it  has  been  suggested  that  the  term 
"Governor"  is  inappropriate,  the  instrument  being  in  fact 
only  a  "Moderator"  of  the  fluctuations  of  the  engine.  The 
reader  who  may  be  interested  in  the  construction  of  Go- 
vernors, properly  so  called,  may  refer  to  an  article  by  Mr 
Siemens  in  Phil.  Trans,  for  1866.  He  may  also  consult  a  brief 
sketch  by  Prof.  Maxwell  in  the  Phil.  Mag.  for  May,  1868. 

197.  When  the  oscillations  of  the  system  take  place 
about  a  position  of  equilibrium  Lagrange  has  indicated  a 
general  method  of  proceeding  by  which  the  result  may  be 
shortly  arrived  at. 

Pkop.  To  determine  the  oscillations  of  a  system  of  bodies 
about  a  position  of  equilibrium. 

Let  2!rbe  the  vis  viva  of  the  whole  system,  which  may 
be  found  by  Art.  166,  and  let  U  be  the  force  function. 
Let  6,  ^,  ...  be  n  certain  small  independent  quantities  by 
which  the  position  of  the  system  may  be  determined,  and 
whose  values  are  zero  when  the  system  is  in  the  position  of 
equilibrium.  Also,  aS  before,  let  accents  denote  differential 
coefficients  with  respect  to  t.     Then  we  have  the  n  equations 

d dT_dT^dU^ 

dt  dff      dd~  de  I    (1). 

&c.  =  &c. 

Let  X,  y,  z  be  the  co-ordinates  of  a  particle  m,  then 

2r=2m(a;"-Fy»  +  «'^)J ^^^ 

U=%mf{x,y,z)         J 

The  co-ordinates  x,  y,  a  are  functions  oi  0,  ^,  ...  and 
may  be  expanded  by  Taylor's  Theorem  in  powers  of  ^,  <j>  .... 
Assuming  that  the  coefficients  of  the  first  powers  do  not  all 
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vanish,  we  may,  since  0,  ^,  ...  are  small  quantities,  neglect 
the  squares  and  higher  powers.    Let  then  these  expansions  be 

a;  =  a  +  aj^  +  Oj^+ (3), 

with  similar  expressions  for  y  and  z.     Here  a,  a, ,  a^  are  con- 
stant quantities.     Hence  differentiating  we  have 

x'  =  a,ff  +  a^^'+ (4), 

with  similar  expressions  for  y'  and  z'. 

Substituting  in  (2),  we  see  that  2" is  a  function  of  0',  A'... 

and  not  oi0,j> Hence  ^=0,    ^  =  0,  &c.  =  0,  and 

do  af> 

the  equations  (1)  reduce  to 


dt  dff  ~  d0 
&c.  =&c. 


(5). 


'!■■•} 


.(6), 


Let  the  values  of  T  and   U  after  substituting  from  (3) 
and  (4)  in  the  equations  (2)  be 

where  U^  is  the  value  of  ZZwhen  the  system  is  in  the  position 
of  equilibrium,  and  A^,  a^,  &c.  are  constants.  In  these  ex- 
pressions all  terms  above  the  second  order  are  to  be  neglected. 
The  terms  in  the  first  order  in  U—  U^  are  absent,  because 
by  the  principle  of  virtual  velocities 

S  Z7=  tm  {XZx  +Yhy\-  ZSs) 

vanishes  in  a  position  of  equilibrium  so  far  as  quantities  of 
the  first  order  are  concerned.  Substituting  in  equations  (5), 
it  is  obvious  that  the  n  resulting  equations  will  be  linear, 
and  of  the  form 


^d^0         d'<i> 


=  e^0  +  e^<f>  +  . 


'd(^ 


&c.  =  &c. 
where  E^,  e,,  &ft  F^,  f^,  &c.  are  all  constants. 


(7), 
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To  solve  these,  we  must,  as  usual,  assume 

0  =  haiR{\t  +  K),  ^  =  A'siii  (\«  +  «),  &c (8). 

Substituting  in  the  n  equations  (7)  we  shall  obtain  n—1 

.     Je'      Je" 
equations  to  determine  the  n  —  1  ratios  -jr  >    -r-  >  ^'^•>  together 

with  an  equation  of  the  w"'  degree  to  determine  the  n  ralues 
of  X".  This  substitution  may  be  effected  once  for  all,  as 
follows.     The  equations  (7)  become 

-X'iEfi  +  FJc'  +  ...)  =eJc  +  e,Jc'  +  ...  I 

-X'iF,k  +  FJc'  +  ...)=f,h+f,k'+...\ W- 

&c.  =  &c.  ' 

Keferring  to  the  manner  in  which  the  equations  (7)  were 
obtained  from  (5)  and  (6),  we  see  that 

dT 

-^  =  E^e'  +  E^^  +  ... 

Hence,  if  we  put 

T,  =  AJi?  +  AJc"  +  BJc'k"  +  , 
lf^  =  aje'  +  ajc"+bjck"+... 

which  are  obtained  from  the  expressions  for  Tand  ?7— .  ?7^,  in 
equations  (6)  by  writing  k  for  6'  and  0,  M  for  <j>'  and  ^,  then 

dU,        ,  .     ,, 


(11). 


1 


,(10), 


Hence  the 

equations 

J)  become 

^  dk 

dU,__ 

^  dk 

=  0 

'^  dk' 

^  dk! 

=  0 

&c.  = 

=  0 
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In  these  equations  the  quantities  k,  le\  &c.  enter  in  the 
first  power  only,  and  the  ratios  k  :  k'  :  k"  :  &c.  may  be  eli- 
minated by  the  usual  general  methods. 

In  this  way  we  have  an  equation  to  determine  X",  and 
thus  by  substituting  in  (8)  the  values  oi  6,(j) ...  may  be  found. 

In  any  particular  problem  the  process  of  applying  this 
proposition  will  be  as  follows.  Write  down  the  equation  of 
Vis  Viva  in  terms  of  such  independent  quantities  6,  <f),  &c. 
that  their  values  in  the  position  of  equilibrium  are  zero.  He- 
place  e^  ^»,  &c.  by  k\  k'\  &c.  and  6'%  <p'\  &c.  by-X'F, 
—  \"  k'",  &c.  and  differentiate  the  equation  partially  with  re- 
gard to  each  of  the  n  small  independent  quantities  k,  k',  &c. . . . 
and  we  shall  thus  obtain  n  equations  which  are  identical  with 
those  written  down  in  (11). 

198.  Peop.  To  explain  the  principle  of  the  co-existence  of 
small  oscillations. 

It  has  been  proved  that  the  motion  of  any  system  is  made 
up  of  a  number  of  simultaneous  oscillations  whose  general 
type  is 

^sin(\<  +  K). 

Each  of  these  motions  is  called  a  simple  oscillation,  and  if  the 
initial  conditions  be  properly  chosen,  any  one  term  will  give 
the  law  of  motion,  and  the  system  will  make  small  oscillations 
analogous  to  those  of  a  simple  pendulum.  Thus  the  general 
motion  of  a  system  of  bodies  is  made  up  of  all  the  simple 
oscillations  of  which  it  is  capable.  The  number  of  such 
simple  oscillations  is  not  necessarily  equal  to  the  number  of 
moveable  bodies,  but  is  equal  to  the  number  of  independent 
motions.  When  the  periods  of  all  these  simple  oscillations 
are  commensurable,  the  whole  system  will  return  to  the  same 
state  in  a  period  equal  to  the  least  common  multiple  of  these 
periods. 

199.  Prop.  If  a  system  oflodies  he  in  equilibrium  under 
the  action  of  any  forces,  to  determine  whether  the  equilibrium  is 
stable  or  unstable*. 

*  See  Lagrange's  MSeanique  AitaXyliique ;  Duhamel's  Cimri  de  Mitanique, 
Vol.  II. ;  and  Vieille's  Oowra  CompUmentai/re  d'Analyae  et  de  MScaniqm 
BaUoneUe. 
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Let  the  system  receive  any  small  disturbance  and  let  tlie 
type  of  the  resulting  motion  be  h  sin  (Xi  +  «).  Then,  fol- 
lowing the  "same  notation  as  before,  the  equation  to  deter- 
mine \  is  found  ,by  eliminating  the  ratios  h  :  h'  ::  k"  :  &c. 
from  the  equations 


.(1). 


dk       dk 

V^'H-^'  =0 
dk'      die 

&c.  =  0, 

There  are  three  different  forms  which  the  type  of  motion 
may  assume,  according  to  the  nature  of  the  values  of  \. 

I.  If  all  the  values  of  V  be  positive,  the  type  of  motion 
is  h  sin  (\<-|-  k).  In  this  case  the  motion  is  represented  by  a 
number  of  simultaneous  small  oscillations  about  the  position 
of  equilibrium.  The  system  never  departs  far  from  the  posi- 
tion of  equilibrium,,  and  the  equilibrium  is  said  to  be  stahh. 

II.  If  any  value  of  X"  be  negative,  the  corresponding 
trigonometrical  expression  takes  the  form  Ae"^  +  Be~'^. 

In  this  case  the  motion  is  said  to  be  unstable,  for  6,  <j},  &c. 
will  generally  become  large  if  a  suflScient  time  t  be  allowed 
to  elapse-.  It  is  of  course  possible  that  the  initial  conditions 
may  be  such  that  A  vanishes,  and  in  this  case  the  system 
will  not  depart  far  from  the  position  of  equilibrium.  The 
equilibrium  in  such  a  case  may  be  said  to  be  stable  for  some 
displacements  and  unstable  for  others.  It  is  however  more 
usual  to  call  a  position  of  equilibrium  unstable,  if  any  small 
displacements  can  be  founds  such  that  the  system  will  not 
then  remain  in  the  immediate  neighbourhood  of  the  position 
of  equilibrium. 

III.  Lastly,  let  any  value  of  \°  be  imaginary,  thus 
X''=j,  +  q  V^,  then  \  =  +  (a  ±  /8  V^). 

The  corresponding  trigonometrical  expression  takes  the  form 
(u4e"*  +  Be-"*)  sin  (J3t  +  7). 
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In  this  case  the  motion  is  oscillatory,  but  as  the  magnitude 
of  the  oscillations  continually  increases  with  the  time,  the 
equilibrium  is  said  to  be  unstable. 

When  a  system  is  in  equilibrium  we  know  from  Statics 
that  Sm  (Xdx  +  Tdy  +  Zdz)  =  0,  so  that  in  general  the  func- 
tion U  is  either  a  minimum  or  a  maximum.  First,  let  it  be 
a  minimum,  then  we  may  show  that  the  equilibrium  is  un- 
stable. For  if  possible  let  it  be  stable,  then  the  motion 
resulting  from  any  disturbance  is  represented  by  the  type 
k  sin  (\t  -I-  k),  where  k  is  essentially  real. 

Now  multiplying  the  equations  (1)  respectively  by  k,  k', 
&o.  and  adding  we  get,  since  T^  and  C^  are  homogeneous 
functions  of  the  second  order, 

.••>-'=-^ (2). 


2\ 


Now  Z7is  a  minimum  for  all  small  variations  of  0,  <^,  &c., 
hence  U—  U  is  positive  for  all  values  of  0,  ^,  &c.  less  than 
certain  fixed  limits,  which  are  supposed  not  to  be  very  small. 
Also  U^  is  obtained  from  U—  U^  by  writing  for  0,  <f>,  &c.  the 
very  small  real  quantities  k,  k'  &c.  Hence  C/j  is  also  posi- 
tive. Again,  since  2  T  is  the  Vis  Viva  of  the  system,  it  is 
a  function  of  0',  ^',  &c.  which  is  essentially  positive  for  all 
values  of  0',  4>',  &c.  Hence  T^  which  is  obtained  from  y  by 
writing  k,  k',  &c.  for  0',  (ft,  &c.  is  also  positive.  Hence  by  equa- 
tion (2)  the  values  of  \'  are  all  negative.  Hence  there  is 
no  real  term  of  the  form  isin(\<  +  «).  That  is,  the  equi- 
librium is  unstable. 

Secondly,  let  "tm  {Xdx -^^  Ydy  +  Zdz)  be  a  maximum, 
then  we  may  more  conveniently  show  that  the  equilibrium  is 
stable  in  the  following  manner.  Let  the  values  of  0,  (f>,  &c.  in 
the  position  of  equilibrium  be  a,  /3,  &c.  Suppose  the  system 
displaced  into  any  position  defined'  by  0=a  +  p„  (f>  =  $  +  q„, 
&c.  very  near  the  position  of  equilibrium,  so  that  p„,  q^,  &c. 
are  all  very  small,  and  suppose  the  system  to  be  set  in 
motion  with  any  small  velocity.  Let  F,  be  the  velocity 
thus  communicated  to  the  particle  m.  At  any  time  t  after 
the  commencement  of  the  motion,  let  the  values  of  the  varia- 
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bles  e,  ^,  &c.  "be  a+p,  /S  +  y,  &c.,  and  let  v  be  the  velocity 
of  the  particle  m.  Also  let  us  represent  the  force  function  by 
f{0,  ^...).  Then  assuming  that  the  geometrical  equations 
do  not  contain  the  time  explicitly,  we  have,  by  Vis  Viva, 

I  Xmv" -  ^  tmv,^  =f{oi+p.  &c.)  -/(a,  &c.). 

We  shall  now  show  that  if  the  variables  p,  q,  &c.  do  not 
always  remain  very  small,  a  time  must  come  when  l,mif  is 
negative,  which  is  clearly  impossible. 

Since  the  function  /  is  a  maximum,  we  shall  have 

/(a,  A -..)-/(«  +  ?'>  ^  +  Sy-)' 
positive  for  all  values  of  ^,  q,  &c.  numerically  less  than  cer- 
tain fixed  values  which  we  shall  represent  by  p',  q' ...,  and 
which  may  be  as  small  as  we  please.  Let  them  be  taken 
sufficiently  great  that  the  initial  values  p^,  q^,  &c.  are  all  re- 
spectively less  than  p',  q,  &c.  If  we  represent  this  positive 
function  by  F(p,  q, ...)  the  equation  of  Vis  Viva  may  be 
written 

ltmy'-ltmv,'  =  F{p„  q„...)^F{p,  q,...). 

Nowi''(0,  0,  ...)  =  0,  and  as  p^  q,  &c.  increase  or  decrease, 
F{p,  q,...)  remains  positive  for  all  values  of  ^,  q,  &c.  nume- 
rically less  than  p',  q,  &c.  Let  A  be  the  least  of  the  values 
of  F{n,  q, ...)  when  we  give  to  one  or  more  of  the  variables 
p,  q,  &c.  their  limiting  values.  Then  ^  is  a  positive  quan- 
tity greater  than  zero.  Let  us  also  suppose  the  system  to  be 
started  from  its  initial  position  a  +Po,  /3  +  q^,  with  so  small 
an  initial  Vis  Viva,  that 

-tmv^  +  F{p„q,...)<A, 

then  throughout  the  motion  we  must  have 

A  —  F{p,  q,  ...)  =  &  positive  quantity. 
If  then  p,  q, ...  do  not  always  remain  less  than  p',  g',..., 
there  must  be  a  time  when  one,  at  least,  of  them  as  they  in- 
crease numerically,  becomes  equal  to  its  limit,  and  at  that 
instant  the  function  F  is  equal  or  greater  than  A.  So  that 
i  Imv^  has  a  negative  value,  which  is  impossible.  Hence  tha 
equilibrium  is  stable. 
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Oscillations  of  the  Second  Order. 

200.  When  the  oscillations  of  a  system  are  very  small 
it  will  generally  be  a  sufficient  approximation  to  neglect  the 
squares  of  the  small  quantities  which  determine  the  change  of 
position  of  the  system.  But  there  are  cases  in  which  it  is 
necessary  to  proceed  to  a  second  approximation.  In  such 
cases  we  may  either  solve  the  equations  of  motion  by  the 
method  of  Variation  of  Parameters,  or  we  may  proceed  by  the 
more  usual  method  of  approximation  which  is  employed  in 
the  Lunar  Theory.  We  shall  here  consider  the  latter  of 
these  two  methods. 

In  order  to  make  the  explanation  clearer  let  us  suppose 
that  the  system  admits  of  but  one  independent  motion,  so 
that  its  position  may  be  made  to  depend  on  one  single  small 
quantity  x.     Suppose  the  equation  of  motion  to  be 

d^x       'dx     ,               ,  f     dx     d^x     \  .,. 

_.  +  a^+hx  =  c  +  ^(x,^,   ^...j (1), 

in  which  all  the  quantities  of  the  first  order  have  been  col- 
lected together  on  the  left-hand  side,  and  those  of  the  second 
and  higher  orders  form  collectively  the  function  ^. 

As  a  first  approximation  we  neglect  the  small  function  <f), 
and  integrating  the  equation,  we  have 

c       _1*  /  /     ^  /~    a^  \ 

x  =  T  +  e  2  I Asin/i/ b  —  --t  +  B cosa/ b  —  —tj  ....  (2). 

To  obtain  a  second  approximation  we  substitute  this  value 
of  x  in  the  terms  on  the  right-hand  side  of  the  equation. 

In  order  to  facilitate  the  integration  of  the  new  differen- 
tial equation  thus  formed,  it  will  be  necessary  to  expand  the 
powers  of  the  sines  and  cosines  which  may  occur  in  the  sub- 
stitution in  a  series  of  sines  and  cosines  of  multiple  angles. 
This  may  be  effected  by  the  formulae  given  in  books  on 
Trigonometry.     The  equation  will  then  take  the  form 

^  +  a^  +  bx  =  -ZF.e'''sin{qt+f).. (3), 


304  SMALL  OSCILLATIONS. 

where  F,p,  q,fa,Ye  quantities  given  by  the  expansion,  and  p 
must  be  negative  if  the  oscillation  is  to  remain  small. 

Each  term  on  the  right  side  of  the  equation  gives  a 
corresponding  term  in  the  expansion  of  x.  To  find  the  term 
corresponding  to  the  one  written  down  we  proceed  thus. 

Let  the  operation  -j-  be  written  D,  then 

by  the  known  theorem 

/(Z>)en/W=e'^/(i)+p)/(«), 
in  the  Differential  Calculus.    Putting 

a  =2p  +  a  and  b'  =p^  +ap+  h, 
this  may  be  written 

Now  by  another  theorem  in  the  Differential  Calculus 
T^  (D^)  sin  g<  =  i/r  (—  ^  sin  qt, 

.    ^_w  opi  (-g'  +  V)  sin  [qt  +f)  -  dq  cos  (g<  +/) 
••  ^-^-^   •  (_g«  +  jy  +  aY 

which  may  be  written  for  brevity 

X  =  e*'{i  sin  {qt  +/)  +  ilfcos  {qt  +/)]. 

Thus  the  complete  value  of  x  is 

X  =  ^+e~'^iA  ain/^yh-j  t  +  Bcos  /s/b-jti 

+  te'^ [L ain  {^t +f)+M COS  {qt+f)} (4). 
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In  this  expression  ^  and  5  are  two  arbitrary  constants; 
and,  if  determined  from  the  initial  conditions,  it  is  obvious 
that  their  values  as  determined  by  using  the  first  or  second 
approximate  values  of  x  may  be  different.  This  difference 
will  be  small,  being  of  the  order  of  the  terms  L,  M.  But  as  it 
cannot  be  neglected,  it  will  be  necessary  either  to  apply 
corrections  to  the  values  of  A,  B  determined  from  the  first 
approximate  value  of  as,  or  to  keep  A  and  B  undetermined 
until  the  form  of  the  complete  value  of  a;  has  been  found. 

201.  There  are  two  cases  in  the  preceding  investigation 
which  merit  particular  observation. 

First.  If  a  body  be  acted  on  by  several  forces,  each 
tending  to  produce  oscillatory  motions,  the  effects  of  these 
forces  are  not  necessarily  proportional  to  their  respective 
magnitudes.  Each  separate  force  will  produce  terms  of  the 
form  represented .  on  the  right-hand  side  of  the  differential 
equations  (3).  The  force  may  be  such  that  the  coeflficient  F 
may  be  small,  yet  if  the  denominators  of  the  expressions  for 
L,  M  be  small,  this  force  may  produce  a  very  large  effect  on 
the  value  of  x.  Thus  in  forming  our  differential  equation 
correct  to  the  second  order  we  should  include  in  it  all  terms 
of  the  third  or  even  higher  powers  of  x,  which  are  such  that 
the  coefficients  of  t  in  the  exponent  (viz.  p)  and  in  the  arc 

(viz.  q)  are.  respectively  nearly  equal  to    —  -  and  \/^— j- 

The  process  of  approximation  is  therefore  somewhat  ten- 
tative. If  at  any  stage  of  our  approximation  a  term  is 
introduced  much  larger  than  those  compared  with  which-  it 
had  been  already  neglected,  we  may  have  to  revise  our 
whole  process  and  include  these  additional  terms  in  our 
approximation  at  an  earlier  stage. 

Secondly.  It  is  possible  that  a  term  in  the  differential 
equation  (3)  may  be  such  that  on  solving  it  in  the  manner 
above  indicated  we  find  a'  =  0,  V  =  ^.  The  value  of  x  is 
then  infinite.  This  indicates  that  the  expression  for  x 
changes  its  character.  Following  the  rules  given  in  books, 
on  Differential  Equations,  we  find 

x  =  e^ .t{L  wa.qt  -V  MzQi  qi) (5), 

B.  D.  20 
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thus  the  value  of  x  containing  a  factor  proportional  to  the 
time  may  become  very  large.  This  will  generally  be  found 
to  occur  when  the  body  is  acted  on  by  a  small  force  whose 
period  is  so  timed  that  either  it  always  urges  the  body  in 
the  direction  in  which,  according  to  the  first  approximation, 
it  is  then  moving,  or  always  in  the  opposite  direction.  The 
motion  thus  produced  continually  accumulates,  and  our  first 
approximation  soon  ceases  to  give  a  correct  representation 
of  the  motion. 

The  effect  of  this  small  force  may  ultimately  be  to  destroy 
all  small  oscillations  whatever,  but  this  is  not  necessarily  the 
case.  It  may  only  so  alter  the  character  of  the  motion  that 
our  assumed  first  approximation  is  not  sufficiently  near  the 
truth  to  serve  as  a  basis  for  a  series  of  approximations.  We 
must  therefore  amend  our  first  approximation  by  including  in 
it  the  effect  of  this  small  force. 

Suppose  that  in,  forming  our  differential  equation  (3) 
we  find  a  term  of  the  form 

_at 

e  i-{Fsm/3t+  Gcos^t) (6), 

whexe  ^=  t^b-^.     In  this  case  we  find  L  and  if  both 

infinite.  Let  us  then  alter  our  first  approximate  value  of  x 
given  in  (2)  into 

X  =  T  +  e'^{Asmst+  B  coa  st] (7). 

Then  repeating  our  process,  beginning  with  this  value  of 
X,  we  may  find  as  our  differential  equation 

d^x        dx 

-^+  a  -j^  +  hx  =  c  +  e"^  iFsiQ.st+  G  coast) (8), 

where  i^and  O  are  known  functions  of  A  and  B.  Here  the 
terms  on  the  right-hand  side  are  those  which  would  become 

(6)  if  we  put  J-  =  - 1,  s  =  /3.     Then  r  and  s  are,  if  possible, 

to  be  so  chosen  that  the  value  of  x  given  in  (7)  may  satisfy 
this  differential  equation. 
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Substituting  and  equating  the  coefficients  of  Blast  and 
cos  st,  we  get 

A  y+ar  +  h  - g')  -B(2r  +  a)s  =  F 
A{2r  +  a)s+B{7^  +  ar  +  b-s')=G'' 

In  these  equations  A  and  B  are  to  be  left  arbitrary,  being 
dependent  on  the  initial  conditions,  while  r  and  s  are  at  our 
disposal.  Now  F  and  G  are  small  quantities  of  the  second 
order  at  least.  If  they  were  zero,  we  should  have  by  hypo- 
thesis   r  =  —  -   and  s  =  13,   where  /3  =  */ 6  —  -j .      Let  us 

then  put  r  =  —  -+p,    s  =^  +  a: 

In  many  cases  it  will  be  sufficient  to  neglect  the  squares 
of  p  and  a :  substituting  we  get 

__}_  FB-QAr\ 
^~     2y8'   A^  +  B^     I 

=  _i_  FA+OB  j 
""        2jS"   A'  +  B^  J 

Introducing  these  values  of  r  and  s  in  equation  (7),  we 
have  obtained  the  proper  form  of  our  first  approximation. 

It  is  to  be  remarked  that  p  does  not  necessarily  vanish 
when  a  vanishes.  So  that  even  if  the  right-hand  side  of  the 
equation  does  not  present  any  exponential,  it  may  be  neces- 
sary to  introduce  one  into  the  value  of  x.  F,  O  are  known 
functions  of  A  and  B  given  by  the  process  of  substitution. 

F     A 
If  ^  =  "5  it  will  be  unnecessary  to  introduce  any  exponential 

W  Ti 

into  the  value  of  x.     So  also  if  r=f  =  —  -j ,   it  will  be  unne- 
cessary to  alter  the  coefficient  of  t. 

On  substituting  the  amended  first  approximate  value  of  x 
given  in  (7)  in  the  differential  equation,  it  may  happen  that 
the  equation  does  not  take  the  form  given  in  (8) ;  so  that  it  is 
not  possible  to  satisfy  the  equation  with  the  value  of  x  assumed 
in  (7).  This  indicates  that  some  other  form  must  be  assumed 
as  a  first  approximation.     What  this  should  be  must  depend 

20—2 
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on  the  particular  problem  under  consideration.  The  criteria 
that  the  right  form  for  a  first  approximation  has  been  chosen 
are,  that  it  satisfies  the  equation  to  the  first  order,  and  that 
at  no  subsequent  stage  of  our  process  of  approximation  does 
any  term  make  its  appearance  which  can  become  so  great  as 
to  make  our  assumed  value  for  x  cease  to  be  a  first  approxi- 
mation. 

202.  Ex.  A  pendulum  swings  in  a  very  rare  medium, 
resisting  partly  as  the  velocity  and  partly  as  the  square  of  the 
velocity,  to  find  the  motion. 

Let  6  be  the  angle  the  straight  line  joining  the  point  0 
of  support  to  the  centre  of  gravity  G  of  the  pendulum  makes 
with  the  vertical.     Then  the  equation  of  motion  is 

d^e    a  .    .       ^  dO       fdev 
_  +  |sm^  =  -2«^-/.y, 

where  I  is  the  length  of  the  simple  equivalent  pendulum, 
2k  and  /jl  the  coefficients  of  the  resistance  divided  by  the 
moment  of  inertia  of  the  pendulum  about  the  axis  of  sus- 
pension.   Let  J  =  n^. 

Since  6  is  small  we  may  write  the  equation  in  the  form 
d'0  ,     ,.        ^    dd        (de\\    ,0' 

Since  K  and  6  are  very  small,  we  might  at  first  suppose 
that  it  would  be  sufficient  to  take  as  a  first  approximation 

This  gives  6=  asm nt,  the  origin  of  measurement  of  t  being 
so  chosen  that  t  and  0  vanish  together.  If  we  substitute  this 
in  the  small  terms  we  get 

d'0 

-Tz  + 1^0  =  —  2/cw .  a  cos  nt  +  &c., 

which  gives       0  =  a.sYa.nt  —  kclA  sin  nt  +  &c. 

This  additional  term,  contains  i  as  a  factor,  and  shows  that 
our  first  approximation  was  not  sufficiently  near  the  truth  to 
represent  the  motion  except  for  a  short  time. 
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To  obtain  a  sufficiently  near  first  approximation  we  must 

include  in  it  the  small  term  2«  j- ,  we  have  therefore 

at 

This  gives 

0  =  ae"**.  sin  mi, 

where  for  the  sake  of  brevity  we  have  put  1^  —  1^=  m^. 

In  our  second  approximation  we  shall  reject  all  terms  of 
the  order  a'  or  a°«  unless  they  are  such  that  after  integration 
they  rise  in  importance  in  the  manner  explained  in  Art.  201. 
We  thus  get 

-^+2K-^  +  n'd  =  -  ^-r —  e-^"' (1  +  cos 2mt) 


n'  ,e- 


■S/t« 


+  —  a'        ■  (3  sin  mt  —  sin  3jm*) 


fidKe-'^*'  (—  9  +  n  cos 2mt  +  m  sin 2mt\ , 


where  all  the  terms  after  those  in  the  first  line  are  of  the 
third  order,  and  are  to  be  rejected  unless  they  rise  in  import- 
ance. 

To  solve  this,  let  us  first  consider  the  general  case 
^,  +  2/e  ^  +  7^0  =  e-i-"'.  {A  sin  rmt  +  B  cos  rmt). 

Put  0  =  e-P**  {L  sin  rmt  +  M  cos  rmt). 

Substituting  we  get 
L{{p- 1) V  +  w'  (1  -»•')}  +  9  (i)  - 1)  KrmM=  A\ 
i/{(p-  l)V  +  m'  (1  -0}  -  2  (^  - 1)  KrrnL  =  B)  ' 

Now  k  is  very  small.     If  then  r  be  not  equal  to  unity,  we 
have  nearly 

^_.       A  ,,  B 

^~m'{l-ry     ^"m'il-r^)' 
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but  if  r  =  1,  we  haye  nearly 


2  (p  -  1)  Km  '  2  (^  -  1)  Km 

The  case  of  p  =  1  does  not  occur  in  our  problem. 

It  appears  that  those  terms  only  in  the  differential  equa- 
tion which  have  r  =  1  give  rise  to  terms  in  the  value  of 
X  which  have  the  small  quantity  k  in  the  denominator. 
Hence  in  the  differential  equation  the  only  term  of  the  third 
order  which  should  be  retained  is  the  first.  We  thus  find, 
putting  successively  »•  =  0,  ?■  =  2,  r  =  \, 

0  =  ae-«i!  gin  mt-f^  e-'^  +  ^  e-^'  cos  2mt  +  ^^  e-^"*  cos  mt. 
2  6  32/cm 

This  equation  determines  the  motion  only  during  any 

one  swing  of  the  pendulum ;  when  the  pendulum  turns  to 

go  back  fj,  changes  sign.     Let  us  suppose  the  pendulum  to 

be  moving  from  left  to  right,  and  let  us  find  the  lengths  of 

the  arcs  of  descent  and  ascent.     To  do  this,  we  must  put 

d0 

-jr—^-     3Jet  the  equation  be  written  in  the  form  6=f[t), 

d6 
then  if  we  neglect  all  the  small  terms,  -y-  vanishes  when 

mt=±  —  .    Put  then  mt  =  —  —  +  x  where  a;  is  a  small  quan- 
tity,  we  have 

""  ^  '^  —  f> 
2m)  m 


/«=/'(-s)+/'(-s)^ 


Now  /'  (<)  =  ae-**  (m  cos  mt  —  k  sin  mt) 

-  ^  «~^''*  (-  2«  +  -^  cos  2mt  +  -^  sin  2mt) 

^  o  o 

+  qK —  fi"^"'  (—  "*  sin  mt  —  3k  cos  mt). 

A  sufficiently  near  approximation  to  the  value  of /"(<) 

may  be  found  by  differentiating  the  first  line  of  the  value  of 

f{t).    We  thus  find 

K      4  itaK       nV 
x  = '^ 


m     Z   m       32Km ' 
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'] 


the  second  of  these  terms  being  smaller  than  the  other  two 
might  be  neglected.    We  also  find  as  the  arc  of  descent 

[—      2          —                "^       reV    ' 
ae^  +  -  ua'e'^  —  x  {/cae™  + e 
o                    "■              32icm 

Similarly  to  find  the  arc  of  ascent  we  put  mt  =  -+t/. 
This  gives  ?/  =  -  —  -  ^^-—  ,  and  the  arc  of  ascent  is  , 

In  these  expressions  for  the  arcs  of  descent  and  ascent  the 
terms  containing  x  and  y  are  very  small,  and  assuming  «  not 
to  be  extremely  small,  these  terms  will  be  neglected*. 

Now  a  is  difierent  for  every  swing  of  the  pendulum, 
we  must  therefore  eliminate  a.    Let  m„  and  w„^j  be  two  sue- 

.  Kir 

cessive  arcs  of  descent  and  ascent,  and  let  \  =  e~^,  so  that 
\  is  a  little  less  than  unity.     Then  we  have 


«„  =  a^  +  3/^a^. 


Vi  =  aX--/iaV 


2      2      , 1  -  X" 


*  If  these  terms  are  not  neglected  the  equation  connecting  the  successive 
arcs  of  descent  and  ascent  becomes 

Now  1  -\*= nearly,  so  that  this  additional  term  is  very  small  compared  ■ 

with  that  retained. 
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Hence  ^  =  — -u(l+X^. 

This  equation  connects  the  successive  arcs  of  descent  and 
ascent.    It  may  be  written  in  the  form 


,  3    1-X'      Skit  , 

where  c  =  -—  - — r-s  = nearly. 

2/1  1  +  V     ifim  •' 

The  successive  arcs  are,  therefore,  such  that  — h  -  is  the 

M„      c 

general  term  of  a  geometrical  series  whose  ratio  is  em.  The 
ratio  of  any  arc  m„  to  the  following  arc  m^,  is 

=  em  H —  (em  —  1), 

which  continually  decreases  with  the  arc.  In  any  series  of 
oscillations  the  ratio  is  at  first  greater  and  afterwards  less 
than  its  mean  value.  This  result  seems  to  agree  with  experi- 
ment. 

To  find  the  time  of  oscillation.  Let  t^,  t^  be  the  times  at 
which  the  pendulum  is  at  the  extreme  left  and  right  of  its 
arc  of  oscillation.     Then 

mt^—  — 


m     32mK 


TT         K  n  OL 

*"""      2  ~  m  ~  32mK 


time  =  «-/  =  -, 


This  result  is  independent  of  the  arc,  so  that  the  time  of 
oscillation  remains  constant  throughout  the  motion.  The 
time  is  however  not  exactly  the  same  as  in  vacup,  but  is  a 
little  longer;  the  difference  depending  on  the  square  of  the 
small  quantity  k. 
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The  Gavendish  Experiment. 

203.  As  an  example  of  the  mode  in  which  the  theory 
of  small  oscillations  may  be  used  as  a  means  of  discovery 
we  have  selected  the  Cavendish  Experiment.  The  object  of 
this  experiment  is  to  compare  the  mass  of  the  earth  with 
that  of  some  given  body.  The  plan .  of  effecting  this  by 
means  of  a  torsion-rod  was  first  suggested  by  the  Eev,  John 
Michell.  As  he  died  before  he  had  time  to  enter  on  the 
experiments,  his  plan  was  taken  up  by  Mr  Cavendish,  who 
published  the  result  of  his  labours  in  the  Phil.  Trans,  for 
1798.  His  experiments  being  few  in  number,  it  was  thought 
proper  to  have. a  new  determination.  Accordingly  in  1837, 
Mr.  Baily  was  requested  by  the  Astronomical  bociety  to 
undertake  the  duty.  Mr  Baily  made  upwards  of  two  thou-' 
sand  experiments  with  balls  of  different  weights  and  sizes, 
and  suspended  in  a  variety  of  ways,  a  full  account  of  which 
is  given  in  the  Memoirs  of  the  Astronomical  Society,  Vol.  xiv. 
The  experiments  were,  in  general,  conducted  in  the  follow- 
ing manner. 

Two  small  equal  balls  were  attached  to  the  extremities 
of  a  fine  rod  called  the  torsion-rod,  and  the  rod  itself  was  sus- 
pended by  a  string  fixed  to  its  middle  point  G.  Two  large 
spherical  masses  A,  B  were  fastened  on  the  ends  of  a  plank 
which  could  turn  freely  about  its  middle  point  0,  The  point 
0  was  vertically  under  G  and  so  placed  that  the  four  centres 
of  gravity  of  the  four  balls  were  in  one  horizontal  plane. 


4i) 
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First,  suppose  the  plank  to  be  placed  at  right  angles  to  the 
torsion-rod,  then  the  rod  will  take  up  some  position  of  equili- 
brium called  the  neutral  position,  in  which  the  string  has  no 
torsion.  Let  this  be  represented  in  the  figure  hy  Ga.  Now 
let  the  masses  A  and  B  be  moved  round  0  into  some  posi- 
tion B^A^,  making  a  not  very  large  angle  with  the  neutral 
position  of  the  torsion-rod.  The  attractions  of  the  masses  A 
and  B  on  the  balls  will  draw  the  torsion-rod  out  of  its  neutral 
position  into  a  new  position  of  equilibrium,  in  which  the 
attraction  is  balanced  by  the  torsion  of  the  string.  Let  this 
be  represented  in  the  figure  by  CE^.  The.  angle  of  devia- 
tion E^Ga.  and  the  time  of  oscillation  of  the  rod  about  this 
position  of  equilibrium  might  be  observed. 

Secondly,  replace  the  plank  AB  at  right  angles  to  the  neu- 
tral position  of  the  rod,  and  move  it  in  the  opposite  direc- 
tion until  the  masses  A  and  B  come  into  some  position  A^B,^ 
near  the  rod  but  on  the  side  opposite  to  B^A^^.  Then  the  tor- 
sion-rod will  perform  oscillations  about  another  position  of 
equilibrium  CE^  under  the  influence  of  the  attraction  of  the 
masses  and  the  torsion  of  the  string.  As  before,  the  time  of 
oscillation  and  the  deviation  E^  Go.  might  be  observed. 

In  order  to  eliminate  the  errors  of  observation,  this  pro- 
cess was  repeated  over  and  over  again,  and  the  mean  results 
taken.  The  positions  B^A^  and  AJS^,  into  which  the  masses 
were  alternately  put,  were  as  nearly  as  possible  the  same 
throughout  all  the  experiments.  The  neutral  position  Ga  of 
the  rod  very  nearly  bisected  the  angle  between  B^A^  and 
A^B^,  but  as  this  neutral  position,  possibly  owing  to  changes 
in  the  torsion  of  the  string,  was  found  to  undergo  slight 
changes  of  position,  it  is  not  to  be  considered  in  any  one 
experiment  coincident  with  the  bisector  of  the  angle  A^  GB^. 

Let  Cx  be  any  line  fixed  in  space  from  which  the  angles 
may  be  measured.  Let  h  be  the  angle  xGol,  which  the  neu- 
tral position  of  the  rod  makes  with  Gx ;  A  and  B  the  angles 
which  the  alternate  positions,  B^A^  and  AJB^,  of  the  straight 
line  joining  the  centres  of  the  masses,  make  with  Gx ;  and  let 

A+  B 
•  a  =  — - — .    Also  let  x  be  the  angle  which  the  torsion-rod 

makes  with  Gx  at  the  time  t. 
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Supposing  the  masses  to  be  in  the  position  A^^B^,  the 
moment  about  GO  of  their  attraction  on  the  two  balls  and  on 
the  rod  will  be  a  function  only  of  the  angle  between  the 
rod  and  the  line  A^B^ ;  let  this  moment  be  represented  by 
^{A—x).  The  whole  apparatus  was  enclosed  in  a  wooden 
casing  to  protect  it  from  any  currents  of  air.  The  attraction 
of  this  casing  cannot  be  neglected.  As  it  may  be  different  in 
different  positions  of  the  rod,  let  the  moment  of  its  attraction 
about  CO  be  i/r  (a;).  Also  the  torsion  of  the  string  will  very 
nearly  be  proportional  to  the  angle  through  which  it  has  been 
twisted.     Let  its  moment  about  CO  be  ^(tc  — 5). 

If  then  I  be  the  moment  of  inertia  of  the  balls  and  rod 
about  the  axis  CO,  the  equation  of  motion  will  be 

I^  =  c|>{A-x)+^|r(x)-:E(x-h). 

Now  a  —  03  is  a  small  quantity,  let  it  be  represented  by  ^. 
Substituting  for  x  and  expanding  by  Taylor's  theorem  in 
powers  of  ^,  we  get 

-I^=^{A-a)+^{a)-E{a-h) 

+  {,^'{A-a)--^'{a)  +  E]i. 

Let  ,.^f(^-^)-^'W+^ 

,^{A- a)  +'y^{a)  - E [a-h) 
e-a+  ^ 

Then  x  =  e  + Lsi.n{nt+ L'), 

where  L  and  L'  are  two  arbitrary  constants.  We  see  there- 
fore that  in  the  position  of  equilibrium  the  angle  the  torsion- 
rod  makes  with  the  axis  of  x  is  e,  and  the  time  of  oscillation 

about  the  position  of  equilibrium  is  —  . 

Let  us  now  suppose  the  masses  to  be  moved  into  their 
alternate  position  Afi^ ;  the  moment  of  their  attraction  on  the 
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balls  and  rod  will  now  be  —^{x-B).     The  equation  of 
motion  is  therefore 

I^^  =  -i>{x-B)+^lr{x)-i:{x-h). 

Let  a  =  x  —  ^,  then  substituting  for  B  its  value  2a  —  A, 
we  find  by  the  same  reasoning  as  before 

a;  =  e'  +  JVsin  {nt  +  N'), 

where  n  has  the  same  value  as  before  and 

-<l,{A-a)+y}r{a)-i:(a-h) 
e-a+  j^  . 

In  these  expressions,  the  attraction  i/r  (a)  of  the  casing, 
the  coefficient  of  torsion  E  and  the  angle  h  are  all  unknown. 
But  they  all  disappear  together,  if  we  take  the  difference 
between  e  and  e'.    We  then  find 


^{A  —  a)_e  —  i 
I  2 


where  T  is  the  time  of  a  complete  oscillation  of  the  torsion- 
rod  about  either  of  the  disturhed  positions  of  equilibrium. 
Thus  the  attraction  ^{A  —  a)  can  be  found  if  the  angle  e  —  e' 
between  the  two  positions  of  equilibrium  and  also  the  time  of 
oscillation  about  either  can  be  observed. 

The  function  ^{A  —  ci)  is  the  moment  of  the  attraction  of 
the  masses  and  the  plank  on  the  balls  and  rod,  when  the  rod 
has  been  placed  in  a  position  Cf,  bisecting  the  angle  ^,  GB^ 
between  the  alternate  positions  of  the  masses.  Let  M  be  the 
mass  of  either  of  the  masses  A  and  B,  m  that  of  one  of  the 
small  balls,  m  that  of  the  rod.     Let  the  attraction  of  M  on 

m  be  represented  by  /*  -™- ,  where  D  is  the  distance  between 

their  centres.  If  [p,  q)  be  the  co-ordinates  of  the  centre  of  A^ 
referred  to  Cf  as  the  axis  of  x,  the  moment  about  G  of  the 
attraction  of  both  the  masses  on  both  the  balls  is 

=  2f.Mm\ ^2 5 '-^ }, 
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where  c  is  the  distance  of  the  centre  of  either  ball  a,  h  from 
the  centre  0  of  motion.  Let  this  be  represented  by  fiMmP. 
The  moments  of  the  attraction  of  the  masses  on  the  rod  may 
by  integration  be  found  =  fiMm'  Q,  where  Q  is  a  known  function 
of  the  linear  dimensions  of  the  apparatus.  The  attraction  of 
the  plank  might  also  be  taken  account  of.    Thus  we  find 

4){A-a)=fiM  {mP+  m  Q). 
If  r  be  the  radius  of  either  ball,  we  have 


J=2m|c=+|rj+»«'^^^, 


which  may  be  represented  by 

I^mP'  +  mlQ, 

where  P  and  Q  are  known  functions  of  the  linear  dimensions 
of  the  rod  and  balls,  Hence  we  find  by  substituting  in 
equation  (A) 

mP+m'Q  _e-e' 


-.    mP+m'Q  _e-e'  (^ttV 
f^^'  mP+m!Q'~    2    '  I  fj ' 


Let  E  be  the  mass  of  the  earth,  R  its  radius  and  g  the 

force  of  gravity,  then 

E   * 
9  =  l^^.- 


Substituting  for  /*,  we  find 

:  (i^\ 

E        2    \t)    gE 


■     -P  + 


"^.P+Q 
m 


The  ratio  -7  was  taken  equal  to  the  ratio  of  the  weights 


m 


of  the  ball  and  rod  weighed  in  vacuo,  but  it  would  clearly 

•  In  Baily's  experiment,  a  more  accurate  value  of  g  was  used.  If  e  be  the 
ellipticity  of  the  earth,  m  the  ratio  of  centrifugal  force  at  the  equator  to  equato- 
real  graTxty,  and  X  the  latitude  of  the  place,  we  have 


=li^{l-2e  +  {^^m-ejcoa''\]. 


318  SMALL  OSCILLATIONS, 

have  been  more  accurate  to  have  taken  it  equal  to  the  ratio 
weighed  in  air.  For  since  the  masses  attract  the  air  as  well 
as  the  balls,  the  pressure  of  the  air  on  'the  side  of  a  ball  near- 
est the  attracting  mass  is  greater  than  that  on  the  furthest 
side;  The  diiference  of  these  pressures  is  equal  to  the  at- 
traction of  the  mass  on  the  air  displaced  by  the  ball. 

By  this  theory  the  discovery  of  the  mass  of  the  earth  has 
been  reduced  to  the  determination  of  two  elements,  (1)  the 
time  of  oscillation  of  the  torsion-rod,  and  (2)  the  angle  e  —  e' 
between  its  two  positions  of  equilibrium  when  under  the  in- 
fluence of  the  masses  in  their  alternate  positions.  To  observe 
these,  a  small  mirror  was  attached  to  the  rod  at  C  with  its 
plane  nearly  perpendicular  to  the  rod.  A  scale  was  engraved 
on  a  vertical  plate  at  a  distance  of  108  inches  from  the  mirror, 
and  the  image  of  the  scale  formed  by  reflection  on  the  mirror 
was  viewed  in  a  telescope  placed  just  over  the  scale.  The 
telescope  was  furnished  with  three  vertical  wires,  in  its  focus, ' 
As  the  torsion-rod  turned  on  its  axis,  the  image  of  the  scale 
was  seen  in  the  telescope  to  move  horizontally  across  the 
wires,  and  at  any  instant  the  number  of  the  scale  coincident 
with  the  middle  wire  constituted  the  reading.  The  scale  was 
divided  by  vertical  lines  one-thirteenth  of  an  inch  apart  and 
numbered  from  20  to  180  to  avoid  negative  readings.  The 
angle  turned  through  by  the  rod  when  the  image  of  the  scale 
moved  through  a  space  corresponding  to  the  interval  of  two 

divisions  was  therefore  —  ,  --^  .  -  =  73"'  46,      But  the  divi- 

lo      lOo     2 

sion  lines  were  cut  diagonally  and  subdivided  decimally  by 
horizontal  lines ;  so  that  not  only  could  the  tenth  of  a  divi- 
sion be  clearly  distinguished,  but  after  some  little  practice, 
the  fractional  parts  of  these  tenths.  The  arc  of  oscillation 
of  the  torsion-rod  was  so  small  that  the  square  of  its  circular 
.measure  could  be  neglected;  but  as  it  extended  over  several 
divisions  it  is  clear  that  it  could  be  observed  with  accuracy. 
A  minute  description  of  the  mode  in  which  the  observations 
were  made  would  not  find  a  fit  place  in  a  treatise  on  Dyna- 
mics, we  must  therefore  refer  the  reader  to  Baily's  Memoir. 

In  this  investigation  no  notice  has  been  taken  of  the  effect 
of  the  resistance  of  the  air  on  the  arc  of  vibration.  This  was, 
to  some  extent  at  least,  eliminated  by  a  peculiar  mode  of 
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taking  the, means  of  the  observations.  In  this  way  also  some 
allowance  was  made  for  the  motion  of  the  neutral  position  of 
the  torsion-rod. 

The  final  result  was  that  the  mean  density  of  the  earth  is 
5-6747. 


EXAMPLES. 

1.  A  uniform  rod  of  length  2c  rests  in  stable  equilibrium 
with  its  lower  end  at  the  vertex  of  a  cycloid  whose  plane  is 
vertical  and  vertex  downwards,  and  passes  through  a  small 
smooth  fixed  ring  situated  in  the  axis  at  a  distance  h  from  the 
vertex.  Show  that  if  the  equilibrium  be  slightly  disturbed, 
the  rod  will  perform  small  oscillations  with  its  lower  end  on 

the  arc  of  the  cycloid  in  the  time  Att  ^  A{c'  +  3  (6~c)^} 

"^  _  V      3y(6^-4ac)     ' 

where  2a  is  the  length  of  the  axis  of  the  cycloid. 

2.  A  small  smooth  ring  slides  on  a  circular  wire  of 
radius  a  which  is  constrained  to  revolve  about  a  vertical  axis 
in  its  own  plane,  at  a  distance  c  from  the  centre  of  the  ring, 

with  a  uniform  angular  velocity  \/     ^    , — ;  show  that  the 

cj'2  +  a 
ring  will  be  in  a  position  of  stable  relative  equilibrium  when 
the  radius  of  the  circular  wire  passing  through  it  is  inclined 
at  an  angle  45°  to  the  horizon ;  and  that  if  the  ring  be  slightly 
displaced,  it  will  perform  a  small  oscillation  in  the  time 

faV2  c  \/2  +  gU 
"cVS  +  aj   ' 


27r 


9 

3.  A  uniform  bar  of  length  2cf.  suspended  by  two  equal 
parallel  strings  each  of  length  2&  from  two  points  in  the  same 
horizontal  line  is  turned  through  a  small  angle  about  the  ver- 
tical line  through  the  middle  point,  show  that  the  time  of  a 

small  oscillation  is  27r  a  / — s . 

4.  The  upper  extremity  of  a  uniform  beam  of  length  2a 
is  constrained  to  slide  on  a  smooth  horizontal  rod  without 
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inertia,  and  the  lower  along  a  smooth  vertical  rod  through  the 
upper  extremity  of  which  the  horizontal  rod  passes  :  the  sys- 
tem rotates  freely  about  the  vertical  rod,  prove  that  if  a  be  the 
inclination  of  the  beam  to  the  vertical  when  in  a  position  of 
relative  equilibrium,  the  angular  velocity  of  the  system  will 

be  (j — - — j  ,  and  if  the  beam  be  slightly  displaced  from  this 

position  show  that  it  will  make  a  small  oscillation  in  the  time 
47r 

J-^(seca  +  3cosa)l 

5.  Two  equal  heavy  rods  connected  by  a  hinge  which 
allows  them  to  move  in  a  vertical  plane  rotate  uniformly 
about  a  vertical  axis  through  the  hinge,  and  a  string  whose 
length  is  twice  that  of  either  rod  is  fastened  to  their  extremi- 
ties and  bears  a  weight  at  its  middle  point.  If  M,  M'  be  the 
masses  of  a  rod  and  the  particle,  and  2a  the  length  of  a  rod, 
prove  that  the  angular  velocity  about  the  vertical  axis  when 

the  rods  and  string  form  a  square  is  */  — ^ . ^j^ —  ,  and 

if  the  weight  be  slightly  depressed  in  a  vertical  direction  the 

time  of  a  small  oscillation  is  2ir  v  — ^-5 ■  ^ — --^, . 

6.  A  ring  of  weight  W  which  slides  on  a  rod  inclined  to 

the  vertical  at  an  angle  a  is  attached  by  means  of  an  elastic 

string  to  a  point  in  the  plane  of  the  rod  so  situated  that  its 

least  distance  from  the  rod  is  equal  to  the  natural  length 

of  the  string.     Prove  that  if  6  be  the  inclination  of  the  string 

W 
to  the  rod  when  in  equilibrium,  cot  0  —  cos  0  =  —  cos  a,,  where 

w 

w  is  the  modulus  of  elasticity  of  the  string.     And  if  the  ring 

be  slightly  displaced  the  time  of  a  small  oscillation  will  be 

'^'"'/u ■■_  ■  3a )  where  I  is  the  natural  length  of  the  string. 

7.  A  circular  tube  of  radius  a  contains  an  elastic  string 
fastened  at  its  highest  point  equal  in  length  to  -  of  its  circum- 


the  time  of  a  small  oscillation  is 
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ference,  and  having  attached  to  its  other  extremity  a  heavy 
particle  which  hanging  vertically  would  double  its  length, 
The  system  revolves  about  the  vertical  diameter,  with  an  an- 
gular velocity  a/--  Find  the  position  of  relative  equi- 
librium and  prove  that  if  the  particle  be  slightly  disturbed 

8.  A  heavy  uniform  rod  AB  has  its  lower  extremity  A 

fixed  to  a  vertical  axis  and  an  elastic  string  connects  B  to 

AB 
another  point  G  in  the  axis  such  that   AG  =  —j—  =  a ;  the 

whole  is  made  to  revolve  round  A  C  with  such  angular  velo- 
city that  the  string  is  double  its  natural  length,  and  horizpn- 
tal  when  the  system  is  in  relative  equilibrium  and  then  left  to 
itself.     If  the  rod  be  slightly  disturbed  in  a  vertical  plane, 

prove  that  the  time  of  a  small  oscillation  is  ^tta/—-,  the 

weight  of  the  rod  being  sufficient  to  stretch  the  string  to 
twice  its  length. 

9.  Three  equal  elastic  strings  AB,  BO,  CA  surround  a 
circular  arc,  the  end  A  being  fixed.  At  B  and  G  two  equal 
particles  of  mass  m  are  fastened.  If  I  be  the  natural  length 
of  each  string  supposed  always  stretched  and  \  the  modulus 
of  elasticity,  show  that  if  the  equilibrium  be  disturbed  the  par- 

I  vnL 

tides  will  be  at  their  original  distance  after  intervals  "■  a/  -5-  ■ 

10.  A  particle  of  mass  M  is  placed  near  the  centre  of 
a  smooth  circular  horizontal  table  of  radius  a,  strings  are 
attached  to  the  particle  and  pass  over  n  smooth  pullies  which 
are  placed  at  equal  intervals  round  the  circumference  of  the 
circle ;  to  the  other  end  of  each  of  these  stj'ings  a  particle  of 
mass  M  is  attached ;  show  that  the  time  of  a  small  oscillation 

of  the  system  is  27r  ( 

11.  In  a  circular  tube  of  uniform  bore  containing  air, 
slide  two  circular  discs  exactly  fitting  the  tube.      The  two 

E.  D.  21 
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discs  are  placed  initially  so  that  the  line  joining  their  centres 
passes  through  the  centre  of  the  tube,  and  the  air  in  the  tube 
is  initially  of  its  natural  density.  One  disc  is  projected  so 
that  the  initial  Telocity  of  its  centre  is  a  small  quantity  w.  If 
the  inertia  of  the  air  be  neglected,  prove  that  the  point  on  the 
axis  of  the  tube  equidistant  from  the  centre  of  the  discs  moYes 
uniformly  and  that  the  time  of  an  oscillation  of  each  disc  is 

27r  \/  -7-p>  ■'^lie^'e  ^^  is  the  mass  of  each  disc,  a  the  radius  of 

the  axis  of  tube,  F  the  pressure  of  air  on  the  disc  in  its 
natural  state. 

12.  A  uniform  beam  of  mass  M  and  length  2a  can  turn 
round  a  fixed  horizontal  axis  at  one  end ;  to  the  other  end  of 
the  beam  a  string  of  length  I  is  attached  and  at  the  other  end 
of  the  string  a  particle  of  mass  m.  If,  during  a  small  oscilla- 
tion of  the  system,  the  inclination  of  the  string  to  the  vertical 
is  always  twice  that  of  the  beam,  then 

Mk''={M-2m)a{a  +  l). 

13.  A  conical  surface  of  semivertical  angle  a  is  fixed  with 
its  axis  inclined  at  an  angle  0  to  the  vertical,  and  a  smooth 
cone  of  semivertical  angle  /3  is  placed  within  it  so  that  the 
vertices  coincide.     Show  that  the  time  of  a  small  oscillation 

=  2^  a/ ^^ — 7i — -,  where  a  is  the  distance  of  the  centre  of 

\       g  smd 

gravity  of  the  cone  from  the  vertex. 

14.  A  number  of  bodies,  the  particles  of  which  attract 
each  other  with  forces  varying  as  the  distance,  are  capable  of 
motion  on  certain  curves  and  surfaces.  Prove  that  if  A,  B,  0  be 
the  moments,  of  inertia  of  the  system  about  three  axes  mu- 
tually at  right  angles  through  its  centre  of  gravity,  the  posi- 
tions of  stable  equilibrium  will  be  found  by  making  A+B+  C 
a  minimum. 

15.  A  rigid  body  is  suspended  by  two  equal  and  parallel 
threads  attached  to  it  at  two  points  symmetrically  situated 
with  respect  to  a  principal  axis  through  the  centre  of  gravity 
which  is  vertical,  and  being  turned  round  that  axis  through  a 
small  angle  is  left  to  perform  small  finite  oscillations.  In- 
vestigate the  reduction  to  infinitely  small  oscillations. 


CHAPTE^l  IX. 


MOTION   OP  A  BODY   UNDER  THE  ACTION   OP  NO   FOECES. 


204.     To  determine  the  motion  of  a  body  about  a  fixed 
point,  in  the  case  in  which  there  are  no  impressed  forces. 

The  equations  of  motion  are  by  Art.  107, 

multiplying  these  respectively  by  a^,  w^,  w^ ;  adding  and  inte- 
grating, we  get 

A<o^  +  Bci,,'+G<oi  =  T. (1), 

where  T  is  an  arbitrary  constant. 

Again,  multiplying  the  equations  respectively  by  Am^, 
Ba^,  Ccog  we  get,  similarly, 

^V  +  -BV+  <^V=  ^' (2), 

where  G  is  an  arbitrary  constant. 

To  find  a  third  integral,  let 

«,=  +«/+<  =  «= , ,....(3); 


o?a>,  da>,  .       dm,         da 


21—2 
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to. 


then  multiplying  the  original  equations  respebtively  by  -j 
-=* ,   tI  ,  and  adding,  we  get 

fB-C     C-A     A-B 


(O  — ,-  = 


+  -^^  +  — r^    «i«2«8 W- 


dt~\    A     ^     B     ^      G 

(B-C)  {0-A)  (A-B) 
=  -- ABC     ^  '"'"^'"»- 

But  solving  the  equations  (1),  (2),  (3),  we  get 


{A-C){A-B) 


"^°  =  {B-A){B-G)  •  (-  ^^  +  ""'^ 
AB 


(5), 


'      {G-B){C-A) 

,        -       T{B+G)-G'      ..'..,  .        .    , 

where  a^  =  — ^ ^-^^ — ,  with  similar  expressions  tor  X^ 

and  X.3.     Substituting  in  equation  (4),  we  have 

«§  =  V(\-o,0(\-'"-1^-«^) (6). 

The  integration  of  equation  (6)  can  be  reduced  without 
difficulty  to  depend  on  an  elliptical  integral.  The  integration 
can  be  effected  in  finite  terms  in  two  cases ;  when  A=B, 
and  when  (?"=  TB,  where  B  is  neither  the  greatest  nor  the 
least  of  the  three  quantities  A,  B,  G.  Both  these  cases  will 
be  discussed  further  on. 

205.  The  integrals  (1)  and  (2)  of  the  last  article  are 
the  fundamental  equations  from  which  much  of  what  follows 
may  be  deduced.  It  is  therefore  worth  while  to  show  that  they 
may  also  be  deduced  from  the  principles  of  Conservation  of 
Areas  and  Vis  Viva.  Suppose  the  body  to  be  set  in  motion 
by  an  impulsive  couple  whose  magnitude  is  O.  Then  we 
know  by  Art.  40  that  throughout  the  whole  of  the  subse- 
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quent  motion,  the  moment  of  the  momentum  about  every 
straight  line  is  constant  and  equal  to  the  moment  of  the 
couple  G  about  that  line.  Now  by  Art.  118  the  moments  of 
the  momentum  about  the  principal  axes  at  any  instant  are 
respectively  Aeo^,  Bw^,  Ow,.  Let  {a,  ^,  y)  be  the  direction 
angles  of  the  normal  to  the  plane  of  the  couple  G  referred 
to  the  principal  axes  as  co-ordinate  axes.     Then  we  have 

-4o)j  =  (?  cos  a  ] 

£a>^==Gcosd (I), 

Ca)j  =  G'  cos  7 ) 

and  by  adding  the  squares  of  these  three  equations, 

JLV+^V+  CV=  (^' (2). 

Throughout  the  whole  of  the  subsequent  motion,  the 
whole  momentum  of  the  body  is  equivalent  to  the  couple  G. 
It  is  therefore  clear  that  if  at  any  instant  the  body  were 
acted  on  by  an  impulsive  couple  equal  and  opposite  to  the 
couple  G,  it  would  be  reduced  to  rest. 

206.  It  follows  also  from  Art.  138  that  the  plane  of  this 
couple  is  the  Invariable  plane,  and  the  normal  to  it  is  the  In- 
variable line.  This  line  is  absolutely  fixed  in  space*,  and 
the  equations  (1)  give  the  direction  cosines  of  a  line  fixed  in 
space  with  reference  to  axes  moving  with  the  body. 

»  That  the  line  whose  direction  cosines,  referred  to  the  moving  principal 

axes,  are  -^,    -^,    -^ ,  is  absolutely  fixed  in  space  may  be  also  proved 

thus.  Let  (a,  y,  z)  be  the  co-ordinates  of  any  point  in  it  distant  r  from  the 
origin,  then  its  actual  velocity  in  space  resolved  parallel  to  the  instantaneous 
position  of  the  axis  of  x 


dx 


0 


+  '•-77- Wj, 


=  0. 
Similarly  the  velocities  parallel  to  the  other  axes  are  zero. 
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It  appears  from  these  equations  that  if  the  direction 
cosines  of  the  initial  axis  of  rotation  be  {I,  m,  n)  when  re- 
ferred to  the  principal  axes  of  the  body,  then  the  direction 
cosines  of  the  invariable  plane  are  proportional  to  Al,  Bm,  On. 
If  the  axes  of  reference  be  not  the  principal  axes  of  the  body 
at  the  fixed  point,  the  equations  corresponding  to  (1)  and  (2) 
may  be  deduced  from  Arts.  138  and  118. 

207.  Since  the  body  moves  under  the  action  of  no  im- 
pressed forces,  we  know  that  the  Vis  Viva  will  be  constant 
throughout  the  motion.     Hence  by  Art.  158,  we  have 

Aw,^+Ba>^+  Cm^^T. (3), 

where  T*  is  a  constant  to  be  determined  from  the  initial 
values  of  e*,,  to^  (o^. 

The  equations  (1),  (2),  (3)  will  suffice  to  determine  the 
path  in  space  described  by  every  particle  of  the  body,  but 
not  the  position  at  any  given  time. 

208.  It  will  generally  be  supposed  that  A,  B,  G  are  in 
order  of  magnitude,  so  that  A  is  greater  than  B,  and  B  than 
G.  The  axis  of  B  will  be  called  the  axis  of  mean  moment. 
If  we  eliminate  w^  from  the  equations  (2)  and  (3),  we  have 

AT-  G'=B{A-B)  <+  C(^-  C^<, 

which  is  essentially  positive.     In  the  same  way  we  can  show 

that  CT  —  G^  is  negative.     Thus  the  quantity  -~  may  have 

any  value  lying  between  the  greatest  and  least  moments  of 
inertia. 

The  three  quantities  \,  \,  \  in  Art.  204  are  all  positive 
quantities ;  for  since  B+  G  —  A  is  positive,  and  -jp  <A,  it 
follows  that  \  is  positive.  The  others  may  be  proved  to  be 
positive  in  the  same  way.     Also  \  —  \  =  —  {A  —  B) 

with  similar  expressions  for  Jk^a  — \  and  Xj  — X,.     It  easily 

*  It  should  be  observed  that  in  this  Chapter  T  represents  the  whole  vis 
viva  of  the  body.  In  treating  of  Lagrange's  equations  in  Chapter  VII.  it  was 
convenient  to  let  T  represent  halfiha  vis  viva  of  the  system. 
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follows  tliat  \j  is  the  greatest  of  the  three,  and  \,  or  \  is  the 
least  according  as  -„-  is  >  or  <  B. 

209.  To  explain  Poinsot's  representation  of  the  motion  hy 
means  of  the  momental  ellipsoid. 

Let  the  momental  ellipsoid  at  the  fixed  point  be  con- 
structed, and  let  its  equation  be 

Aa?  +  Bf+Cz^=6\ 

Let  r  be  the  radius  vector  of  this  ellipsoid  coinciding  with 
the  instantaneous  axis,  and  p  the  perpendicular  from  the 
centre  on  the  tangent  plane  at  the  extremity  of  r.  Also  let 
o)  be  the  angular  velocity  about  the  instantaneous  axis. 

The  equations  to  the  instantaneous  axis  are 
a;  _  y  _  3 

and  if  {x,  y,  z)  be  the  co-ordinates  of  the  extremity  of  the 

'  r 

length  r,  each  of  these  fractions  is  equal  to  — . 

Substituting  in  the  equation  to  the  ellipsoid,  we  have 

JT 
:.<i>=-^.r. 

Again  the  expression  for  the  perpendicular  on  the  tangent 
plane  at  {x,  y,  s)  is  known  to  be 

1      A^x'  +  BY+Cb" 
p'~  e' 

hence  substituting  as  before  we  get 

1      A'a,,'  +  B'a>;+C\'   7^ 


328  MOTION   OP  A  BODY 

The  equation  to  the  tangent  plane  at  the  point  {x,  y,  z)  is 

suhstituting  for  (x,  y,  z)  we  see  that  the  equations  to  the 
perpendicular  from  the  origin  are 

Aw^      Ba>^      G'tBj ' 

but  these  are  the  equations  to  the  invariahle  line.     Hence 
this  perpendicular  is  fixed  in  space. 

From  these  equations  we  infer 

(1)  The  angular  velocity  about  the  radius  vector  round 
which  the  body  is  turning  varies  as  that  radius  vector. 

(2)  The  resolved  part  of  the  angular  velocity  about  the 
perpendicular  on  the  tangent  plane  at  the  extremity  of  the 
instantaneous  axis  is  constant. 

For  the  cosine  of  the  angle  between  the  perpendicular 

and  the  radius  vector  is  =- .     Hence  the  resolved  angular 

r 

p      T 

velocity  is  =  «  -  =  -^ ,  which  is  constant 

(3)  The  perpendicular  on  the  tangent  plane  at  the  ex- 
tremity of  the  instantaneous  axis  is  fixed  in  direction,  viz. 
normal  to  the  invariable  plane  and  constant  in  length. 

The  motion  of  the  momental  ellipsoid  is  therefore  such 
that  its  centre  being  fixed,  it  always  touches  a  fixed  plane, 
and  the  point  of  contact  being  in  the  instantaneous  axis  has 
no  velocity.  Hence  the  motion  may  be  represented  hy  sup- 
posing the  momental  ellipsoid  to  roll  on  the  fixed  plane  with  its 
centre  fkced. 

210.  To  assist  our  conception  of  the  motion  of  the  body, 
let  us  suppose  it  so  placed,  that  the  plane  of  the  couple  G, 
which  would  set  it  in  motion,  is  horizontal.     Let  a  tangent 
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plane  to  the  momental  ellipsoid  be  drawn  parallel  to  the 
plane  of  the  couple  G,  and  let  this  plane  be  fixed  in  space. 
Let  the  ellipsoid  roll  on  this  fixed  plane,  its  centre  remaining 
fixed,  with  an  angular  velocity  which  varies  as  the  radius 
vector,  to  the  point  of  contact,  and  let  it  carry  the  given  body 
with  it.  We  shall  then  have  constructed  the  motion  which 
the  body  would  have  assumed  if  it  had  been  left  to  itself 
after  the  initial  action  of  the  impulsive  couple  G.* 

The  point  of  contact  of  the  ellipsoid  with  the  plane  on 
which  it  rolls  traces  out  two  curves,  one  on  the  surface 
of  the  ellipsoid,  and  one  on  the  plane.  The  first  of  these  is 
fixed  in  the  body  and  is  called  the  polhode,  the  second  is 
fixed  in  space  and  is  called  the  herpolhode.  The  equations  to 
any  polhode  referred  to  the  principal  axes  of  the  body  may 
be  found  from  the  consideration  that  the  length  of  the  per- 
pendicular on  the  tangent  plane  to  the  ellipsoid  at  any  point 
of  the  polhode  is  constant.     Hence  its  equations  are 

Eliminating  y,  we  have 

A  {A  -£)x'  +  GiO-B)  s''  =  f^,-B^  e\ 

Hence  if  B  be  the  axis  of  greatest  or  least  moment  of 
inertia,  the  signs  of  the  coeflScients  of  a?  and  a"  will  be  the 
same,  and  the  projection  of  the  polhode  will  be  an  ellipse. 
But  if  B  be  the  axis  of  mean  moment  of  inertia,  the  projec- 
tion is  an  hyperbola. 

A  polhode  is  therefore  a  closed  curve  drawn  round  the 
axis  of  greatest  or  least  moinent,  and  the  concavity  is  turned 

•  Prof.  Sylvester  has  pointed  out  a  dynamical  relation  between  the  free 
rotating  body  and  the  ellipsoidal  top,  as  he  calls  Foiusot's  central  ellipsoid.  If 
a  material  ellipsoidal  top  be  constracted  of  uniferm  density^  similar  to  Foinsot's 
central  ellipsoid,  and  if  with  its  centre  fixed  it  be  set  rolling  on  a  perfectly 
rough  horizontal  plane,  it  will  represent  the  motion  of  the  free  rotating  body 
not  in  space  only,  but  also  in  time :  the  body  and  the  top  may  be  conceived 
as  continually  moving  round  the  same  axis  and  at  the  same  rate  at  each  moment 
of  time.  The  reader  is  referred  to  the  memoir  in  the  Philosophical  Trans- 
actions for  1886. 
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towards  the  axis  of  greatest  or  least  moment  according  as  -~, 

is  greater  or  less  than  the  mean  moment  of  inertia.  The 
boundary  line  which  separates  the  two  sets  of  polhodes  is 
that  polhode  whose  projection  on  the  plane  perpendicular 
to  the  axis  of  mean  moment  is  an  hyperbola  whose  concavity 
is  turned  neither  to  the  axis  of  greatest,  nor  to  the  axis  of  least 

moment.     In  this  case  -~=B,  and  the  projection  consists  of 

two  straight  lines  whose  equations  are 

A  [A- B)x'-  G {B-  C)  ^"  =  0. 

This  polhode  consists  of  two  ellipses  passing  through  the 
axis  of  mean  moment,  and  corresponds  to  the  case  in  which 
the  perpendicular  on  the  tangent  plane  is  equal  to  the  mean 
axis  of  the  ellipsoid.  This  polhode  is  called  the  separating 
polhode. 

Since  the  projection  of  the  polhode  on  one  of  the  prin- 
cipal planes  is  always  an  ellipse,  the  polhode  must  be  a  re- 
entering curve- 
By  considering  the  herpolhode  to  be  traced  out  by  the 
rolling  of  an  ellipsoid  on  the  plane  of  the  paper,  it  is  cle&r 
that  the  herpolhode  always  lies  between  two  circles,  which 
it  alternately  touches.  The  herpolhode  is  therefore  not  in 
general  re-entering ;  but  if  the  angular  distance  of  the  two 
points  in  which  it  successively  touches  the  same  circle  be 
commensurable  with  2-jr,  it  will  be  a  re-entering  curve. 

211.  The  motion  of  the  body  may  also  be  represented 
geometrically  by  means  of  the  ellipsoid  of  gyration.  This 
ellipsoid  is  the  reciprocal  of  the  momental  ellipsoid,  and  the 
motion  of  the  one  ellipsoid  may  be  deduced  from  that  of  the 
other  by  reciprocating  the  properties  proved  in  the  preceding 
Articles.     We  find, 

(1)  The  equation  to  the  ellipsoid  referred  to  its  principal 
axes  is 

a?     f     ^     , 
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(2)  This  ellipsoid  moves  so  that  its  superficies  always 
passes  through  a  point  fixed  in  space.     This  point  lies  in 

the  invariable  line  at  a  distance  -r=,  from  the  fixed  point. 

By  Art.  208  we  know  that  this  distance  is  less  than  the 
greatest,  and  greater  than  the  least  semi-diameter  of  the 
ellipsoid. 

_  (3)  The  perpendicular  on  the  tangent  plane  at  the  fixed 
point  i^  the  instantaneous  axis  of  rotation,  and  the  angular 
velocity  of  the  body  varies  inversely  as  the  length  of  this 
perpendicular.     If  »  be  the  length  of  this  perpendicular,  then 

w  =  —  . 
P 

(4)     The  angular  velocity  about  the  invariable  line  is 

T 

constant  and  =  -7^  ■. 
Cr 

The  corresponding  curve  to  a  polhode  is  the  path  de- 
scribed on  the  moving  surface  of  the  ellipsoid  by  the  point 
fixed  in  space.  This  curve  is  clearly  a  spnero-conic.  The 
equations  to  the  sphero-conic  described  under  any  given  in- 
itial conditions  are  easily  seen  to  be 

/-fa 
2   I      2    ■      s 

as  +  y  +  3'  =  -^ 

k  —  -I-    -  =  1 

These  sphero-conics  may  be  shown  to  be  closed  curves 
round  the  axes  of  greatest  and  least  moment.     But  in  one 

case,  viz.  when  -„■  =  B,  where  B  is  neither  the  greatest  nor 

least  moment  of  inertia,  the  sphero-conic  becomes  the  two 
central  circular  sections  of  the  ellipsoid  of  gyration. 

The  motion  of  the  body  may  thus  be  constructed  by 
means  of  either  of  these  ellipsoids.  The  momental  ellipsoid 
resembles  the  general  shape  of  the  body  more  nearly  than  the 
ellipsoid  of  gyration.    It  is  protuberant  where  the  body  is  pro- 
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tnberant,  and  compressed  where  the  body  is  compressed.   The 
exact  reverse  of  this  is  the  case  in  the  ellipsoid  of  gyration. 

212.  If  a  body  be  set  in  rotation  about  any  principal 
axis  at  a  fixed  point,  it  will  continue  to  rotate  about  that  axis 
as  a  permanent  axis.  But  the  three  principal  axes  at  the 
fixed  point  do  not  possess  equal  degrees  of  stability.  If  any 
small  disturbing  cause  act  on  the  body,  the  axis  of  rotation 
will  be  moved  into  a  neighbouring  polhode.  If  this  polhode 
be  a  small  nearly  circular  curve  enclosing  the  original  axis  of 
rotation,  the  instantaneous  axis  will  never  deviate  far  in  the 
body  from  the  principal  axis  which  was  its  original  position. 
The  herpolhode  also  will  be  a  curve  of  small  dimensions,  so 
that  the  principal  axis  will  never  deviate  far  from  a  straight 
line  fixed  in  space.  In  this  case  the  rotation  is  said  to  be 
staih.  But  if  the  neighbouring  polhode  be  not  nearly  circu- 
lar, the  instantaneous  axis  will  deviate  far  from  its  original 
position  in  the  body.  In  this  case  a  very  small  disturbance 
may  produce  a  very  great  change  in  the  subsequent  motion, 
the  rotation  is  said  to  be  unstable. 

If  the  initial  axis  of  rotation  be  the  axis  OB  of  mean 
moment,  the  neighbouring  polhodes  all  have  their  convexities 
turned  towards  JB.  Unless,  therefore,  the  cause  of  disturbance 
be  such  that  the  axis  of  rotation  is  displaced  along  the  sepa- 
rating polhode,  the  rotation  must  be  unstable.  If  the  dis- 
placement be  along  the  separating  polhode,  the  axis  may 
have  a  tendency  to  return  to  its  original  position.  This  case 
will  be  considered  in  Art.  228,  and  for  this  particular  dis- 
placement the  rotation  may  be  said  to  be  stable. 

If  the  initial  axis  of  rotation  be  the  axis  of  greatest  or 
least  moment,  the  neighbouring  polhodes  are  ellipses  of 
greater  or  less  eccentricity.  If  they  be  nearly  circular,  the 
rotation  w;ill  certainly  be  stable ;  if  very  elliptical,  the  axis 
will  recede  far  from  its  initial  position,  and  the  rotation 
inay  be  called  unstable.  If  0(7  be  the  axis  of  initial  rota- 
tion, the  ratio  of  the  squares  of  the  axes  of  the  neighbouring 

polhode  is  ultimately  ^\j^Zc)  "     ^^  ^®  therefore  necessary' 

for  the   stability  of  the  rotation  that  this  ratio  should  not 
difier  much  from  unity. 
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It  is  well  known  that  the  steadiness  or  stability  of  a 
moving  body  is  much  increased  by  a  rapid  rotation  about 
a  principal  axis.  The  reason  of  this  is  evident  from  what 
precedes.  If  the  body  be. set  rotating  about  an  axis  Very 
near  the  principal  axis  of  greatest  or  least  moment,  both  the 
polhode  and  herpolhode  will  generally  be  very  small  curvesj 
and  the  direction  of  that  principal  axis  of  the  body  will 
be  very  nearly  fixed  in  space.  If  now  a  small  impulse 
/  act  on  the  body,  the  effect  will  be  to  alter  slightly  the 
position  of  the  instantaneous  axis.  It  will  be  moved  from 
one  polhode  to  another  very  near  the  former,  and  thus  the 
angular  position  of  the  axis  in  space  will  not  be  much 
affected.  Let  il  be  the  angular  velocity  of  the  body,  w  that 
generated  by  the  impulse,  then  by  the  parallelogram  of 
angular  velocities,  the  change  in  the  position  of  the  instan- 
taneous axis  cannot  be  greater  than  sin  ~^  ^ .     If  therefore  H 

be  great,  a  must  also  be  great,  to  produce  any  considerable 
change  in  the  axis  of  rotation.  But  if  the  body  has  no 
initial  rotation  D,,  the  impulse  may  generate  an  .  angular 
velocity  co  about  an  axis  not  nearly  coincident  with  a  prin- 
cipal axis.  Both  the  polhode  and  the  herpolhode  may  then 
be  large  curves,  and  the  instantaneous  axis  of  rotation  will 
move  about  both  in  the  body  and  in  space.  The  motion  will 
then  appear  very  unsteady.  In  this  manner,  for  exaniple,  we 
may  explain  why  in  the  game  of  cup  and  ball,  spinning  the 
ball  about  a  vertical  axis  makes  it  more  easy  to  catch  on 
the  spike.  Any  motion  caused  by  a  wrong  pull  of  the  string 
or  by  gravity,  will  not  produce  so  great  a  change  of  motion 
as  it  would  have  done  if  the'  ball  had  been  initially  at  rest. 
The  fixed  direction  of  the  earth's  axis  in  space  is  also  due 
to  its  rotation  about  its  axis  of  figure.  In  rifles,  a  rapid 
rotation  is  communicated  to  the  bullet  about  an  axis  in  the 
direction  in  which  the  bullet  is  moving.  It  follows,  from 
what  precedes,  that  the  axis  of  rotation  will  be  nearly  un- 
changed throughout  the  motion.  One  consequence  is  that  the 
resistance  of  the  air  acts  in  a  known  manner  on  the  bullet,  the 
amount  of  which  may  therefore  be  calculated  and  allowed  for. 

213.  There  are  four  cones  which  have  impj/tant  rela- 
tions to  the  motion  of  the  body. 
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The  First  Cone. 

As  the  body  moves  about  tbe  fixed  point  the  inyariable 
line  describes  a  cone  in  the  bodyi  The  equations  to  this  line 
at  any  moment  referred  to  the  principal  axes  of  the  body  as 
co-ordinate  axes  are 


A(o,     Bca„      Cm,  ' 


and  by  Art.  204  we  have 
therefore  the  equation  to  the  cone  is 

This  cone  is  of  the  second  order,  its  axes  coinciding  with 
the  principal  diameters  of  the  momental  ellipsoid.  The  form 
of  the  equation  shows  that  it  cuts  the  ellipsoid  of  gyration  in 
a  sphero-conic,  and  that  its  circular  sections  are  parallel  to 
those  of  the  ellipsoid  of  gyration,  and  perpendicular  to  the 
asymptotes  of  the  focal  conic  of  the  momental  ellipsoid. 
It  becomes  two  planes  when  the  initial  conditions  are  such 

that  -sf  =  -B. 

As  this  cone  is  generated  by  the  invariable  line,  it  may 
be  called  the  Invariable  Cone. 

214.  To  find' the  rate  at  which  the  invariable  line  describes 
its  cone  in  the  body. 

Let  01  be  the  radius  vector  of  the  momental  ellipsoid 
coinciding  with  the  instantaneous  axis,  0  Q  the  perpendicular 
on  the  tangent  plane  at  I.  Let  a  radius  vector,  which  at  the 
time  t  coincided  with  the  invariable  line,  make  an  angle  d^jr  at 

the  time  t  +  dt  with  the  invariable  line.     Then  ---  is  the  rate 

dt 

at  which  the  invariable  line  describes  its  cone. 
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Since  the  body  is  turning  about  01  with  an  angular 
velocity  a,  we  have 

0(?^  =  velocity  of  ^ 

=  a.0GsmO0L 

Also  by  Art.  209  we  have 

T 

-p  =  (o  cos  001. 

Eliminating  the  angle  GOI,  we  obtain 


Eliminating  w,  we  obtain 


^  =  5tan  GOL. 
at      G 


.{%). 


Also  «"  =  (o^  +  ft)/  +  0), 


^„  i^^^d^a     cos*/8     cos"  7 

t^     -^-^TF    +  —755-  + 


fcos  a 


Hence  the  formula 

(d-^\^  jcos^a     cos^/3_^cos"7l      T" 

gives  the  velocity  of  OG  in  the  terms  of  its  direction  cosines. 

Any  one  of  these  three  expressions  will  give  the  velocity 
with  which  the  point  fixed  in  space  travels  along  the  sphero- 
conic  on  the  surface  of  the  ellipsoid  of  gyration.  Other  .for- 
mulae to  find  the  motion  will  be  given  in  a  another  article. 


The  Second  and'  Third  Cones. 

215.  The  Second  Gone.  If  a  body  having  one  point 
fixed  be  set  in  rotation  about  any  axis,  it  will  not  continue  to 
rotate  about  that  axis,  but  the  instantaneous  axis  will  describe 


2  > 
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a  cone  in  the  body.     The  equations  to  the  instantaneous  axis 
at  any  moment  referred  to  the  principal  axes  of  the  body  are 


and  by  Art.  204  we  have 

Aco^'  +  5«/  +  (7<  =  {A'<o^'  +  5  V  +  <^ V)  -^ 
therefore  the  equation  to  the  cone  is 

Ax'  +  Bf  +  Cz-'  =  (^  V  +  fff  +  CV)  -|i . 

This  cone  is  of  the  second  order,  its  axes  coinciding  with 
tlie  principal  diameters  of  the  momental  ellipsoid.  It  cuts  the 
momental  ellipsoid  in  a  polhode  and  it  becomes-  two  planes 

wliep  the  initial  conditions  are  such  that  -^=  B. 


216.  The  Tliird  Cone.  The  instantaneous  axis  also  de- 
scribes a  cone  in  space.  The  equations  of  this  cone  cannot 
generally  be  found,  but  when  they  can  be  determined  we  have 
another  geometrical  representation  of  the  motion.  For  sup- 
pose the  two  cones  described  by  the  instantaneous  axis  in  the 
body  and  in  space  to  be  constructed.  Since  each  of  these 
cones  contains  two  consecutive  positions  of  their  common  gene- 
rator, they  will  touch  each  other  along  the  instantaneous  axis. 
Then  the  points  of  contact  having  no  velocity  the  motion 
will  be  represented  by  making  the  cone  fixed  in  the  body  roll 
on  the  cone  fixed  in  space.  As  those  cones  cut  the  momental 
ellipsoid  in  a  polhode  and  a  herpolhode  they  may  be  called 
respectively  the  cone  of  the  polhode  and  the  cone  of  the 
herpolhode, 

217.  To  find  the  velocity  with  which  the  instantaneous  axis 
describes  either  of  the  two  cones  generated  ly  it. 

First.     When  the  cones  are  given. 

Let  the  radii  of  curvature  of  the  two  cones  at  any  point  / 
of  their  line  of  contact  01  be  R,  B!  and  let  01 =r.  These 
cones  may  be  supposed  to  be  made  up  of  triangular  planes, 
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which  become  successively  in  contact  at  intervals  of  time  dt. 
Let  de,  de  be  the  angles  between  two  successive  planes  in 
each  cone.  Then  the  body  in  turning  round  the  instantaneous 
axis  describes  the  angle  de  —  de.     But  it  also  describes  adt ; 

.•.    <odt  =  de  —  de'. 

Let  dylr  be  the  angle  between  the  two  positions  of  the 
instantaneous  axis  at  the  times  t  and  t  +  dt.    Then 

,       rd^lr  -, ,     rd'^lr 

dylr   n       1\ 

If  the  point  /  be  takei^  on  the  momental  ellipsoid,  we 

have  a>  =  —s-r; 
e 

•  •  dt'^-^'KB    e)  • 

Here  B,  B'  are  the  radii  of  curvature  of  the  two  cones  at 
the  points  where  their  line  of  contact  cuts  the  momental 
ellipsoid. 

218.  Secondly.  To  find  the  motion  of  the  instantaneous 
axis  along  the  cone  which  it  describes  in  the  hody. 

If  {x,  y,  s)  be  the  co-ordinates  of  any  point  on  the  polhode 
referred  to  the  principal  axes  of  the  body  at  the  fixed  point  as 
co-ordinate  axes,  and  r  the  radius  vector,  we  have 

W,  _  <il)j  _  ft>3  _  w  _  nT 

X      y      z      f      ^  ' 

Hence  in  any  of  the  equations  of  Art.  204,  we  may 
replace  angular  velocities  by  the  corresponding  co-ordinates  of 
the  extremity  of  the  instantaneous  axis.     We  thus  obtain 

B.  D.  22 
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y= 


[A-0){A-B) 

CA 
[B-A){B-G) 

AB 


z  = 


{G-B){G-A) 


{-K  +  ^ 
(-K  +  ^ 
(-^'.  +  »0J 


and 


dr     4T 


r-|  =  ^V(X',-»^)(N;-0('^'.-0 


where  V^=  ^^^"t^     ^-^^  '^^  similar  expressions  for 
\',  and  X'j.    Also  we  have  the  equations 


dx__>lT  B-G 
dt~  i   •     A 

dy _'{T_   G-A 
tr  i  •    B 


yz 


zx 


dz    Vr  A-B 


From  these  equations  we  may  find  -y-  in  terms  of  r. 


219.  Thirdly.  To  find  the  motion  of  the  instantaneous 
axis  along  the  cone  which  it  describes  in  space. 

Let,  as  tefore,  (x,  y,  z)  be  the  co-ordinates,  referred  to 
the  principal  axes  of  the  body,  of  the  point  I  in  which  the 
instantaneous  axis  cuts  the  polhode.  During  the  motion  of 
the  body  the  polhode  rolls  on  the  herpolhode,  it  is  therefore 
clear  that  the  velocity  of  the  extremity  /  of  the  instantaneous 
axis  along  the  herpolhode  is  the  same  as  that  along  the 
polhode.     Hence  the  resolved  parts  of  the  velocity  of  /  in 

space  parallel  to  the  axes  are  -5-,  •-^,   — ,     The  moment 
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of  these  about  the  axis  of  s  is  x^—y^--    Hence  the 

at    "  at 

moment  of  these  about  the  invariable  line  OG'  is 

Substituting  for  -^,   -4-  &c.,  ai,  &c.,  their  values  in 

terms  of  x,  y,  z  from  the  last  article,  the  expression  for  the 
moment  becomes 

T  Cz"  (C-A,     B-G  ,\^ 

~6*"  {A-B)a     "^ 


Substituting  again  for  a",  &c.  their  values  in  terms  of  r", 
the  expression  fiw  the  moment  becomes 

Now  (\--k;)ABG={TC-GP)  {A-B);  therefore  sub- 

T 
stituting,  the  coefficient  of  r*  is  easily  seen  to  be  ^,  and  the 

constant  part  is 

(TA-  <?')  jTB-CDiTG-Q')  £_T^  £, 

abgTW  t   G'-r 

Let  p  be  the  distance  of  the  extremity  I  of  the  instan- 
taneous axis  from  the  invariable  line  OG,  and  <f>  the  angle 
the  plane  containing  the  invariable  line  and  the  instanta- 
neous axis  makes  with  any  fixed  plane  passing  through  the 
invariable  line.    Then  the  moment  of  the  velocity  of  J  about 

22—2 
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OG  is  p'-^,  and  r'  =  p''+^.     Hence  equating  these  two 

expressions  for  the  moment,  we  have  * 

.d^_T  ^     {TA  -  a")  {TB  -  GT)  (TG-  G')   e* 
f  dt~  a^  ^'  ABG.G'  '  T' 

If  it  be  required  to  find  tZi/r  the  angle  between  the  two 
positions  of  the  instantaneous  axis  at  the  times  t  and  t  +  dt, 

™We^hee,ua.ion(Sy+^(f)--(|)Vp-(fy.    ^e 
value  of  -f  is  given  in  Art.  218,  and  substituting  for  p  and  ~ 

Cut  Ctt 

their  values  just  found  in  terms  of  r,  this  equation  gives  -^ . 

220.  As  the  extremity  /  of  the  instantaneous  axis  de- 
scribes the  herpolhode  on  the  invariable  tangent  plane,  it 
alternately  approaches  to  and  recedes  from  G,  the  foot  of  the 
perpendicular.     The  least  and  greatest  distances  of  /from  G 

are  found  by  making  ^  =  0.     Since  r*  —  p^  =  constant  this 
gives  --T  =  0.     Hence  by  Art.  218  r  =  JJT^  or  ^/7J[  or  JtJ^. 


*  This  is  the  result  obtained  by  Poinsot  in  his  Theorie  de  la  Rotation  des 
Corps,  A  simplification  of  the  demonstration  has  been  given  by  Mr  Ferrers  in 
-the  Qua/rterly  Journal  of  Mathemaiici,  1864.  i 
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The  three  resulting  values  of  /a"  are 

-K'-S)(-S. 

Te* 
where  K=  -^  the  length  of  the  perpendicular  from  the  fixed 

pbint  on  the  invariable  tangent  plane.     Since  -^  must  lie 

between  A  and  G,  it  will  be  seen  that  the  last  expression  is 

the  greatest  of  the  three  and  is  always  positive.    Of  the  other 

G^ 
two  the  first  or  second  is  positive  according  as  -^  is  greater  or 

less  than  B.  With  these  two  real  values  of  p  as  radii,  describe 
circles  about  Q  the  foot  of  the  perpendicular  on  the  invariable 
tangent  plane.  Then  the  herpolhode  lies  between,  these  two 
circles.  Put  the  greater  radius  GK=h,  and  let  ^  be  the 
angle  any  radius  vector  01  makes  with  G'^,  then 

dt~  G        BG     ■\p)' 
and  the  angular  velocity,  about  01  is  givenby 

221i     To  find  th&  differential  equation  to  the  cone  described 
in  space  lif  the  instantaneous  axis. 

Since  the  perpendicular  on  the  tangent  plane  to  the  mo- 
mental  ellipsoid  at  the  extremity  of  the  instantaneous  axis  is 

tJT 
constant,  and  =  -yr  ^»  '^^  have  rdr  =  pdp.    Hence  the  polar 

equation  to  the  herpolhode  is  found  by  dividing  the  expresr 
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sions  for  r  -w-  and  f?  ^  given  in  Arts.  218  and  219,  we 
thus  get 

0^  ''"  ABG.C^"  'J-' 

Let  6  be  the  angle  01  makes  with  OG,  then  the  polar 
equation  to  the  cone  may  be  found  hj  putting  P^^q  e*-tan  6. 

This  equation  cannot  in  general  be  integrated.  If,  how- 
ever, the  initial  circumstances  be  such  that  G'  =  TB,  the  inte- 
gration can  be  effected. 

The  Fourth  Cone, 

222,  Let  0  be  the  feed  point,  01  the  instantaneous 
axis.     Let  the  angular  velocity  o  about  01  be  resolved 

into  two,  viz.  a  uniform  angular  velocity  p^  about  the  invari- 
able line  OG,  and  an  angular  velocity  to  sin  10 G  about  a 
line  OH  lying  in  a  plane  fixed  in  space  perpendicular  to 
the  invariable  line,  and  passing  through  the  fixed  point  0. 
Let  this  fixed  plane  be  called  the  invariable  plane  at  0.  As 
the  body  moves,  OH  will  describe  a  cone  in  the  body  which 
will  always  touch  this  fixed  plane.  The  velocity  of  any 
point  of  the  body  lying  for  a  moment  in  OH  is  unaffected  by 
the  rotation  about  OH,  and  the  point  has  therefore  only  the 
motion  due  to  the  uniform  angular  velocity  about  OG.  We 
have  thus  a  new  representation  of  the  motion  of  the  body. 
Let  the  cone  described  by  OH  in  the  body  be  constructed, 
and  let  it  roll  on  the  invariable  plane  at  0  with  the  proper 
angular  velocity,  while  at  the  same  time  this  plane  turns 
lound  the  invariable  line  with  a  uniform  angular  velocity 

T  .  •        . 

-p .    The  cone  described  by  OH  in  the  body  is  the  fourth 

cone.  It  has  been  called  by  Poinsot  the  Boiling  and  Sliding 
Cone. 
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223.  To  find  a  construction  for  the  fmrth,  cone.  Its 
generator  OH  is  at  right  angles  to  OG,  and  lies  in  the  plane 
lOQ.  Now  QG  is  fixed  in  space;  let  OG'  be  the  line  in 
the  body  which,  after  an  interval  of  time  dt,  will  come  into 
the  position  OG,  Since  the  body  is  turning  about  01,  the 
plane  GOG'  is  perpendicular  to  the  plane  GOI,  and  hence 
OH  is  perpendicular  to  both  OG  and  OG',  That  is,  OH 
is  perpendicular  to  the  tangent  plane  to  the  cone  described 
by  OG'  in  the  body.  The  cone  described  by  OH  in  the 
body  is  therefore  the  Teciprocal  cone  of  that  described  by 
OG. 

The  equation  to  the  cone  described  by  OG  has  been 
shown  to  be 

AT-G'   ,    BT-G^  ,     OT-G*  ,     „ 
-^— ^  +— B— ^  +  — ^— «'  =  0. 

Hence  the  equation  to  the  cone  described  by  OS"  is 

A      ^  B        ,  O       ,_ 

AT-G^'^'^BT-G'^  '^OT-G'^  ~"' 

The  focal  lines  of  the  cone  described  by  OH  are  perpen- 
dicular to  the  circular  sections  of  the  reciprocal  cone,  that  is 
the  cone  described  by  OG.  And  these  circular  sections  are 
the  same  as  the  circular  sections  of  the  ellipsoid  of  gyration. 
The  equations  to  the  focal  Jines  of  the  cone  described  by 
OH  are  therefore 


y  =  o 

Thus  the  focal  lines  lie  in  the  plane  containing  the  axes  of 
greatest  and  least  moment,  and  are  independent  of  the  initial 
conditions. 

This  cone  becomes  a  straight  line  in  the  case  in  which 
the  cone  described  hj  OG  becomes  a  plane,  viz.  when  the 
initial  conditions  are  such  that  G^  =  BT, 
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224.  To  find  the  motion  of  OH  along  the  cone  which  it 
describes  in  the  body. 

Since  OQ,  OH,  01  are  always  in  the  same  plane,  the 
angular  motion  of  0^  in  space  round  the  fixed  line  OG  is 
the  same  as  that  of  01,  and  is  given  by  the  expression  for 

-r  in  Art.  219.  But  the  cone  rolls  on  a  plane  which  turns 
at  ^ 

T 
round  0 G  with  an  angular  velocity  -~ .     Hence  the  angujar 

motion  of  OH  relatively  to  this  plane  is  -^  —  yy .  But  if 
dx  te  the  angle  between  two  consecutive  positions  of  OH  in 
the  body,  this  angular  motion  is  expressed  by  -r  >    Hence 

dx_{TA- (7°) {TB-G'){TC-0')  ^ 
dt  ABGTG'  >"" 

Here  p  is  the  distance  from  OG  o{  the  point  /  in  which 
the  instantaneous  axis  cuts  the  momental  ellipsoid.  If  01=  r, 

we  have  p  =  r  sin  GOI=  -jrp-  w  sin  GOI;  and  hence  we  have 

^"  =  -=^1  o)^—  r^j  i  The  expression  for  the  angular  motion  of 
OH  is  therefore 

dx     ( TA  -  (F)  ( TB  -  g°)  ( TG  -  G") 


dt~  ABCG'  •    ,      T'- 

Motion  of  the  Principal  Axes. 

225.     To  find  the  angular  motions  in  space  of  the  princi- 
pal axes  of  the  body. 

It  will  be  most  convenient  to  refer  the  motion  to  the  in-^ 
.variable  line  OG  as,  axis  of  z.'    Let  (a,  ^,  y)  be  the  angles 
the  principal  axes  OA,  OB,  00  of  the  body  make  with  the 
invariable  line.     Then  we  have 

cosa=-^,    cos^=-^,     cos7  =  -^» (1). 
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Let  (\,/i,  v)  be  the  angles  the  planes  GO  A,  GOB,  and 
GOG  make  with  any  fixed  plane  in  space  passing  through 

OG.    Then  to.  find  the  motion  of  OA,  we  require  ^  and  $" . 

'^        dt  at 

By  Euler's  Equations,  A^- {B- O)  (o^(d^  =  0. 
Substituting  for  w„  co^,  m,  from  equations  (1)  we  get  therefore 

^""  J=  (i- 1])  ^  """^^  ^"^'y (2)- 

But  cos  a,  cosjS,  cos  7  are  connected  by  the  equations 

cos'a     cos'/3     cos*7 _  Tl 

A    ^~B~'^~C~~G''V (3). 

cos*  a  +  cos'/S  +  cosV  =  1    J 
Hence 


Yii  cos'' a 


^^_^)cos=7=|;-i-(^-^)cos=aJ 


.(4). 


Substituting  we  find  sin  a-j- 

(5).     ' 

Again,  let  01  be  the  instantaneous  axis,  then  the  motion 
of  A  resolved  perpendicular  to  GA  is 

sin  a  -7-  =  6)  sin  Al.  cos  (xAl 
at 

cos  (?/— cosa.cos  J./ 
=  (0. : . 

sma 

But  6)  cos  GI  is  the  resolved  part  of  the  angular  velocity 

T 
about  OG  which  is  equal  to  -^ ,  and  m  cos  AI  is  the -resolve 
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j^art  of  the  angular  velocity  about  OA  which  is  «,.     There- 
lore 

.  „    d\     T 

sm  a  3-  =  -77~**i  '^os'" 

at       tr 


T     a  cos'a 
Q         A     • 


.(6) 
,.(7). 


.     .di 

sm«  j- 

at 


226.  In  a  similar  manner  we  may  find  the  motion  of  any 
other  line  OL  fixed  in  the  body  and  passing  through  the 
fixed  point.  Let  (Z,  m,  n)  be  the  direction-cosines  of  OL  refer- 
red to  the  principal  axes  at  the  fixed  point.  Let  i  be  the 
angle  OL  makes  with  the  invariable  line,  j  the  angle  the 
plane  LOG  makes  with  any  plane  fixed  in  space  and  passing 
through  00.    Then 

cos«  =  i!cosa  +  «icoS)S  +  «cos7   (8). 

DifiFerentiating  and  proceeding  as  before,  we  have 

=  (?-lf^— -^)?cosy9cos7 

+  [yy — jj»wcos7Cosa  +  (-7  —  ■»)  w  cos  a  cos /3  ■, 

where  cos  a,  cos  /S,  cos  7  are  to  be  eliminated  by  means  of  the 
three  equations  (3)  and  (8). 

Also  if  a  be  the  resolved  part  of  the  angular  velocity 
about  OL,  we  have  by  the  same  reasoning 

.  „  .dj     T        , 
am  i-T.=-7T—<o  cos t. 
at      G 

This  may  also  be  written  in  the  form 

■  ^  .dj     T     ll  cos  a     ?ra  cos  j8     to  cos  7N  „ 

Let  Oil  be  a  perpendicular  on  the  tangent  plane  at  the 
point  in  which  the  fine  OL  cuts  the  ellipsoid  of  gyration. 

Then  the  direction-cosines  of  OL'  &J:&  pr  -j ,  pr -j^,  pr -p^ ; 
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where  p  is  the  length  of  the  perpendicular  along  OL'  and  r 
the  length  of  the  radius  vector  along  OL,  Let  «"  be  the 
angle  OL'  makes  with  OQ.    Then 

.  ^.dj     T     G       .       ., 

Sm  1  T7  =  -Py -cosicos*. 

at      O-    2>r 

_  227.  The  equations  (5)  and  (6)  in  Art.  225  for  the  deter- 
mination of  a  and  X  in  terms  of  t  cannot  be  complete^ 
integrated.  They  evidently  depetid  on  elliptic  integrals.  We 
may  however  observe  that 

(1)  Since  the  left  side  of  the  equation  (5)  h  necessarily 
real,  we  must  have 

l^_r  1 T 

.       G     G'      ,       B     G' 
cos*a  < —  and  >  , 

C~A  B~d 

if  the  latter  be  positive.    Thus  the  spiral  described  by  any 

one  A  of  the  principal  axes  on  the  surface  of  a  sphere  whose 

centre  is  the  fixed  point  lies  between  two  concentric  circles, 

1       T 
which  it  alternately  touches.     If  ^  —  -^2  be  negative,  the  pol- 

hode  described  by  the  instantaneous  axis  has  its  concavity 
turned  towards  the  axis  of  C,  and  cos  a  has  no  inferior  limit. 
In  this  case  the  spiral  always  lies  between  two  small  circles 
on  the  sphere,  one  of  which  is  exactly  opposite  the  other. 

d\  AT 

(2)  In  order  that  -7-  may  vanish,  we  must  have  cos°a=-p^  > 

but  this  by  substitution  is  found  to  make  -j-  imaginary. 

fl\.  __ 

Thus  -T-  always  keeps  one  sign.   We  may  put  the  expression 

into  the  form 

AT. 
AdK  G* 

a  dt     ^■'■l-cos'a" 
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If  then  tlie  initial  conditions  are  such  that  -fp  is  less  than 

the  moment  of  inertia  abont  the  axis  which  describes  the' 
spiral  we  are  considering,  the  angular  velocity  will  be  greatest 
when  the  axis  is  .nearest  the  invariable  line  and  least  when 
the  axis  is  furthest. 


Motion  when  G"  =  BT. 

228.  The  peculiarities  of  this  case  have  been  already 
alluded  to  several  times.  When  the  initial  conditions  are 
such  that  this  relation  holds  between  the  Vis  Viva  and  the 
Momentum  of  the  body  the  whole  discussion  of  the  motion 
becomes  more  simple* 


The  fundameiital  equations  of  motion  are 


Hence  when  O^  =  BT,  we  have 

A{A-F)m^=C{B~C), 


(!)• 


ana  w,  = 


B-0   Cr-B'oi' 


'      A-C       AB 
A-B  G'-B". 


"''~A-C-       BG~ 


(2). 


'-.J'- 


<?<    _     /{A-B){B-  G)    G^-B" 


••   rf^~"^V  .4(7  ■        B'        ' 

When  the  initial  values  of  Wj  and  eo^  have  like  signs, 
(O  —  A)  ffljWj  is  negative  and  therefore  -^  must  be  negative, 
hence  in  this  expression-the  upper  or  lower  sign  is  to  be  used 
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according  as  the  initial  values  of  Wj,  Wg  have  like  or  unlike 
signs. 


B         dm^ 

'•  a'-ff(o^  dt 


_     Jl,  /{A^B){B-G) 
~^By  AQ 


=  +-B  suppose ; 

where  Ei&  some  undetermined  constant, 
.  B(o^_E.&^B«f-\ 

/-ir 

As  t  increases  indefinitely  «^  approaches  +  ^    as  its  limit 
and  therefore  hy  (2)  «,  and  0)^  approach  zero. 

The  conclusion  is  that  the  instantaneous  axis  ultimately 
approaches  to  coincidence  with  the  mean  axis  of  principal  mo- 
ment, but  never  actually  coincides  with  it.  It  approaches  the 
positive  or  negative  end  of  the  mean  axis  according  as  the 
mitial  values  of  a>i,  etfg  have  unlike  or  like  signs. 

229.  To  find  the  motion  of  the  tody  in  space.  The  cone 
which  the  invariable  line  0  G  describes  in  the  body  becomes 
one  of  the  two  planes  , 


/J^^  ^     /B- 


O 
—  s. 


Since  -  =  -r— '  the  upper  or  lower  sign  is  to  be  taken 

according  as  the  initial  values  of  w^,  o,  have  like  or  unlike 
signs.  Both  these  planes  pass  through  the  mean  axis,  and 
are  independent  of  the  initial  conditions  except  so  far  that 
CP  =  BT.  These  planes  are  the  circular  sections  of  the  ellip- 
soid of  gyration.  Also  since  they  are  respectively  perpen- 
dicular to  the  axes  of  the  two  right  circular  cylinders  which 
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envelope  the  momental  ellipsoid,  they  are  perpendicular  to 
the  asymptotes  of  the  focal  conic  of  the  momental  ellipsoid 
which  lies  in  the  plane  of  the  greatest  and  least  moments. 

The  motion  is  therefore  such  that  a  plane  fixed  in  the 

body,  viz.   one  of  the  circular  sections  of  the  ellipsoid  of 

gyration,  contains  a  line  fixed  in  space,  viz.  the  perpendicular 

to  the  plane  of  the  impulsive  couple.     Since  the  body  is 

brought  from  any  position  into   the  next  by  an   angular 

T 
velocity  acoaIOG=  p?- about  OG,  and  an  angular  velocity 

ft>  sin  70 (3^  about  a  perpendicular  to  OG,  it  follows  that  the 
plane  fixed  in  the  body  turns  round  the  line  fixed  in  space 

T      G 

with  a  uniform  angular  velocity  equal  \a  -^ox  ^.    At  the 

same  time  the  plane  moves  so  that  the  line  fixed  in  space 
appears  to  describe  the  plane  with  a  variable*  velocity.  If 
/8  be  the  angle  OG  males  with  the  axis  of  mean  moment 

this  velocity  will  be  -^ .    We  have 


co3/3-:^% 


therefore  by  Art.  228 


1  —  cos  p  ' 

Jt 

and  from  this  we  easily  find 

d&        G        .    . 
^  =  +  -gM.8m/3, 

which  gives  the  required  velocity. 

•  This  Tariable  Telocity  is  clearly  usia  OOI=~iaaeOl.     But  by  thfe 

right-angled  spherical  triangle  BIO  in  the   figure   of    Art,   233,   we  have 

«in  ^=  cot  B  tan  01  and  therefore  -^  =  7:  tsa  ED  sin  iS. 

at      O  "^ 
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230.  Let  the  axis.  OB  trace  out  an  arc  BB"  on  any 
sphere  fixed  in  space  whose  centre  is  0,  in  the  time  dti  Then 
since  BOG  ia  the  plane  fixed  in  the  body  which  turns  about 

0 G  with  an  angular  velocity  -^  we  have  BGB'  =  ^dt.    Let 

B'm  be  an  arc  drawn  perpendicular  to  GB.  Then  if  S  be  the 
angle  GBB',  we  have 

^''*^  =  S^=sin^.j5(?^  =  ±''' 

which  is  constant.  Hence  the  path  traced  out  by  the  axis  of 
mean  moment  on  a  sphere  whose  centre  is  0,  is  a  rhumb  line 
which  cuts  all  the  great  circles  through  G  at  an  angle  whose 
cotangent  is  +  n.  It  will  be  seen  that  n  is  the  tangent  of  the 
angle  the  separating  polhode  makes  with  the  plane  GOB 
fixed  in  the  body. 

Suppose  ea^,  a>^  to  have  initially  like  signs,  then  cot  S  =  w 
and  the  positive  side  of  the  axis  of  mean  moment  will  recede 
from  the  invariable  Une,  and  ultimately  its  negative  side  tends 
to  coincidence  with  the  invariable  line.  If  to,,  «»,  have 
initially  unlike  signs,  then  cot  S  =  —  «  and  the  positive  side 
of  the  axis  of  mean  moment  ultimately  approaches  the  invari- 
able line. 

231.  The  cone  described  by  OH  in  the  body  is  the 
reciprocal  cone  of  that  described  by  OG,  and  from  it  we  may 
deduce  reciprocal  theorems.  When  G^  =  BT  this  cone  be- 
comes one  of  two  straight  lines  whose  equations  are 


y  =  0  i 


These  are  perpendicular  to  the  circular  sections  of  the 

ellipsoid  of  gyration,  and  are  the  asymptotes  of  the  focal  conic 

of  the  momental  ellipsoid.    The  motion  is  therefore  such  that  a 

straight  line  fixed  in  the  body  describes  a  plane  fixed  in  space, 

viz.  the  invariable  plane.    The  straight  line  moves  along  this 

T        G 
plane  with  a  uniform  angular  velocity   equal  to  -??  or  -p. 
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And  by  the  same  reasoning  as  before  (Art.  229)  the  angular 
velocity  of  the  body  about  this  line  is  ±-jj  n  sin/3,  where  ^  is 

the  angle  the  plane  containing  ,the  axes  of  greatest  and  least 
moment  of  inertia  makes  with  the  invariable  plane. 

232.     The  cone  which  the  instantaneous  axis  describes  in 
the  body  als9  becomes  one  of  the  two  planes 


jA{A-B)x=±^G{B-G)z, 


X 


where,  since  —  =  —  ,  the  upper  or  lower  sign  is  to  be  taken 

according  as  the  initial  values  of  m^,  Wj  have  or  have  not  the 
same  sign.  These  planes  are  fixed  in  the  body,  being  inde- 
pendent of  initial  conditions,  except  that  CP  =  BT.  They 
are  perpendicular  'to  the  umbilical  diameters  of  the  ellipsoid 
of  gyration,  and  are  the  diametral  planes  of  the  asymptotes  of 
the  focal  conic  in  the  momental  ellipsoid, 

233.  The  relations  to  each  other  of  the  several  planes 
fixed  in  the  body  may  be  illustrated  by  the  following  figure. 
Let  A,  B,  0  be  the  points  in  which  the  principal  axes  of  the 
body  cut  a  sphere  whose  centre  is  0.  Draw  the  planes  BJE, 
BD  which  are  respectively  described,  by  the  instantaneous 
axis  01  and  the  invariable  line  0-<? ;  then  by  what  precedes, 

tanGP  =  A/^-^    ^, 


and  therefore 


/A  B- 
~V  0-A-. 

y  A-A-. 


tanCE^^/^.^^~^ 


Let  OH  he  the  fixed  line  in  .the  body  perpendicular  to  the 
plane  OBB,  so  that  H  is  the  pole  of  the  great  circle  BD. 
Then  I  is  the  intersection  of  HG  and  BJE  by  Art.  222. 
Then,  knowing  by  the  previous  investigation  the  value  of 
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BG  =  /3,  the  other  angles  may  be  found  by  Spherical  Tri- 
gonometry. 


A     . 


■Thus  from  the  right-angled  triangle  BGI,  we'  have 

cos  B  =  tan  BG  .cot  BI; 

.:  tan  BI=  tan /3 .  Jl  +  ri'; 

which  determines  the  angular  motion  of  the  instantaneous 
axis  along  the  separating  polhode. 

234.  The  instantaneous  axis  also  describes  a  cone  in 
space,  whose  ec[uation  may  be  found  in  the  following  man- 
ner:— 

Let  ^  be  the  angle  the  plane  10  G  makes  at  the  time  t  with 
some  plane  fixed  in  space  passing  through  OG.  Then,  if  in 
the  time  dt  I  has  advanced  to  /',  ^^  =  IGF.  Since  the 
body  is  turning  about  01  with  an  angular  velocity  a>,  H 
which  is  fixed  in  the  body  has  advanced  to  H'  in  the  same 
time,  where  HE'  =  sin  Mladt.  But  H',  I',  G  are  always  in 
an  arc  of  a  great  circle ; 

C 
,\  d<j>  =  sin  HI,  (odt  =  -yr  dt; 


<t>  =  §t+F, 


R  D. 


23 
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where  F  is  some  constant.  Therefore  the  plane  containing 
the  instantaneous  axis  and  the  invariable  line  moves  with 
uniform  angular  velocity  round  the  invariable  line. 

Let  6  be  the  angle  the  instantaneous  axis  makes  with  the 
invariable  line.  From  the  right-angled  spherical  triangle 
BGI, 

sin/3  =  tan^.cot^Z). 

But  cot^  =  V-2;.e^l"'; 

2n  2  ./3-    .      /3 

—  —  cot  ^  +  tan  - 


*  ■  tan  0     sin  /S  2  2 

Let  us  choose  the  initial  plane  from  which  ^  is  measured 
so  that  slE.e^'^^=  1,  then  the  equation  to  the  cone  traced  out 
in  space  by  the  instantaneous  axis  is 

— -  =  e»*  +  e-n« 
tanp 

wheh  <^  =  0,  we  have  tan  Q  =  n  or  Q  =  BE.  Therefore  the 
plane  fixed  in  space  from  which  ^  is  measured  is  the  plane 
containing  the  axes  of  greatest  and  least  moment  at  the  time 
when  that  plane  contains  the  invariable  line. 


when  A  =  B. 

235.  To  determine  the  motion  of  the  hody  when  two  of  the 
principal  moments  at  the  fixed  point  are  equal. 

Let  the  body  be  set  rotating  with  an  angular  velocity  a 
about  an  instantaneous  axis  01,  making  an  angle  a  with 
0  G  the  axis  of  figure.  Let  0  (r  be  the  perpendicular  on  the 
invariable  plane. 

The  momental  ellipsoid  becomes  in  this  case  a  spheroid, 
the  axis  of  which  is  the  axis  of  unequal  moment  of  the 
body.     From  the  symmetry  of  the  figure  it  is  evident  that 
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as  the  spheroid  rolls  on  the  invariable  plane,  the  angles 
GOG,  GOI  are  constant,  and  that  the  three  axes  01,  OQ, 
OG  are  always  in  one  plane. 

By  Art.  206  the  direction-cosines  of  0  G  are  proportional 
to  Am  J,  Bco^,  Cwj.  Hence  if  ^  be  the  angle  OG  makes  with 
OG,  we  have 

COS  /3  = 


But  a^  +  m^  =  a?  sin^  a  and  m^  =  m^  cos' a,  hence 
COS  /3  =  - 


(7  COS  a 


Vj.sin^a+  Ocos^a 

The  angular  velocity  of  the  body  about  01  varies  as  the 
radius  vector  01  of  the  spheroid,  and  is  therefore  constant. 
Hence  01  describes  a  right  cone  in  the  body  round  OC  with 
a  uniform  angular  velocity,  and  a  right  cone  in  space  round 
0  G  with  a  uniform  angular  velocity. 

The  angular  velocity  v  of  01  round  OG  in  the  body  may 
be  found  most  readily  by  referring  to  the  original  ec[uations  of 
motion  in  Art.  107.     We  have  in  this  case 

day,        A~G 
__„___  ,^=0 

dm...        A-G 

Solving  these  in  the  usual  way  we  have 
Wj  =     i^cos  ( 


,  =  -^sin( 


A 
A-G 


nt+f 


nt 


where  F  and  /  are  arbitrary  constants.  Let  x  te  the  angle 
the  projection  of  the  instantaneous  axis  on  the  plane  perpen- 
dicular to  OG  makes  with  the  fixed,  straight  line  which  has 
been  taken  for  the  axis  OA,  then 

dt  ' 

23—2 


tanx  = 


and  V 
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G-A     ,^   . 

C-A 

where  n  =  m  cos  a.  is  the  angular  velocity  about  the  axis  of 
figure. 

The  angular  velocity  v  of  01  round  Off  in  space  may 
be  found  from  the  consideration  that  00,  01,  OG  are 
always  in  one  plane.  Describe  a  sphere  round  0  as  centre 
cutting  00,  OL  in  Candid.  The  displacement  00'  oi  0 
in  the  time  dt  due  to  the  angular  velocity  a  round  /  is 

o)  sin  adt.    Hence  w  —. — ^  dt  is  the  angle  made  by  the  two 
sm/S 

arcs  CG,   0' G  on  the  sphere.     But,  since  00,  01,  OG  are 

always  in  one  plane,  this  is  the  angular  velocity  of  01  about 

OG.     Hence 

,         sin  a 

V  =  eo- — ^ 

sin/3 


V^''sin''a+  C'cos'a 
=  0) -. . 


On  correlated  and  Contrarelated  Bodies, 

236.  To  compare  the  motions  of  different  bodies  acted  on 
hy  the  same  initial  couple. 

Let  (a,  /3,  7)  be  the  angles  the  principal  axes  OA,  OB, 
.  OC  of  a  body  at  the  fixed  point  make  with  the  invariable 
line  OG.  We  have  seen  in  Art.  225  that  Euler's  equations 
may  be  put  into  the  form 


C?C0S( 


dt 
and  two  similar  equations, 


fff;g--^,j  COS/8  cos7  =  0 (1), 
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Let  (\,  II,  v)  be  the  angles  the  planes  QOA,  GOB,  GOO 
make  with  any  plane  fixed  in  space  and  passing  through 
OG.    Then  r        a  a 

.  ,    d\      T     Q  cos^a 

sin  a  j7  =  -TV A —  - 

dt      G         A 

But  as  the  vis  viva  of  a  body  will  be  diiferent  from  that 
of  another  body  set  in  motion  by  the  same  couple,,  it  will  be 
convenient  to'substitute  for  Z'its,  value 

T^  _  cos'g     cos'/g     cos'^ 
G'~    A    ^    B    '^~G~' 

whence  we  have 

cos°;5     cos°7 

dx_    -^  +  -0 

dt  cos"/3+cos'7 ^  '' 

and  two  similar  equations. 

If  accented  letters  denote  similar  quantities  for  some  other 
body,  the  equations  of  motion  will  be 


d  cos  a' 
dt 


&c.  =  ol 


^=a' 


cos'/S'     cosV  1 
B'    ■*■    C     I 


.(4). 


dt  cos^/S'  +  cos' 7' 

&c.  =  &c. 

If  then  the  bodies  be  such  that 

l_JL-A_J_=l_i  =  i 
A     A'~B     B'      0     G"     A' 

and  be  set  in  motion  by  equal  impulsive  couples  G'  =  G,  the 
equations  (1)  to  find  (a,  y8,  7)  are  the  same  as  those  (3)  to 
find  («',  0,  y).  Therefore  if  these  two  bodies  be  initially 
placed  with  their  principal  axes  parallel,  and  be  set  in  motion 
by  impulsive  couples  equal  in  magnitude  and  parallel  in  posi- 
tion, then  after  the  lapse  of  any  time  t  the  principal  axes  of 
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the  two  bodies  will  be  still  equally  inclined  to  the  axis  of  the 
couple.     Also  from  equations  (2)  and  (4),  we  have 


dX 

di: 

_  dfi 

dfi! 

_dv 

dv' 

a 

dt  ' 

dt 

~  di' 

dt  ' 

dt' 

dt 

A 

so  that  the  parallelism  of  the  principal  axes  may  be  restored 
by  turning  the  body,  whose  principal  moments  A! ,  B',  C  are 
the  greater  of  the  two;  about  the  axis  of  the  couple  through 

an  angle  —  *  in  the  direction  in  which  the  impulsive  couple 

A* 

acted. 

The  momental  ellipsoids  of  these  two  bodies  are  clearly 
confocal,  and  the  bodies  themselves  are  said  to  be  correlated. 

Again,  if  the  two  bodies  be  such  that 

1     J_-ij.JL-l4.-l_l 

and  be  set  in  motion  by  equal  and  opposite  impulsive  couples 
G'  =  —G,'thG  equations  (1)  and  (3)  are  again  identical,  afid 
by  the  same  reasoning  as  before 

^_^'_„     _G 
dt      dt~^'^-~A- 

Therefore  if  these  two  bodies  be  initially  placed  with 
their  principal  axes  parallel  and  be  set  in  motion  by  equal 
and  opposite  impulsive  couples,  then  at  the  end  of  any  time 
the  principal  axes  will  still  be  equally  inclined  to  the  axis  of 
the  couple,  and  the  parallelism  may  be  restored  by  turning 

either  body  through  an  angle  -T-t,ia.a  direction  opposite  to 

that  of  the  couple  which  acted  on  that  body. 

The  momental  ellipsoids  of  these  bodies  are  contrafocal, 
i.e.  have  the  sum  of  the  squares  of  any  two  principal  diameters 
the  same  in  each  ellipsoid.  The  bodies  themselves  are  said 
to  be  contrarelated*. 

•  In  order  that  the  angles  which  the  principal  axes  make  with  the  axis  of 
the  couple  may  be  the  same  in  each  body,  it  is  necessary  that  the  cones  de- 
scribed by  the  axis  OG  in  the  body  should  be  the  same.  Hence  by  Art.  213, 
the  two  elUpsoids  of  gyration  must  have  the  same  circular  sections,  or  which 
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237.     To  compare  the  angvlar  velocities  at  any  instant  of 
two  correlated  or  contrarelated  bodies. 

Let  w  be  the  angular  velocity  of  one  body  at  any  instant, 
then  following  the  usual  notation  we  have 


S  2     I  2    I 

O)    =  ti>l    +  »2    +  6), 


_     J  fcos'g     cos°j8     cos'y] 

If  the  same  letters  accented  denote  similar  quantities  for 
the  other  body,  we  have 


i_Qi  [cos'o 


cos"^     cosV 

+        D,2      + 


_g,2      -T-       Q„ 


,-.  0,-  -a>''=0^  jcos^a  (^  - 1)  +  cos'/3  (J;,  -  ^) 


+  cos '7 


is  the  same  tbing,  the  two  momental  ellipsoids  must  have  the  same  asymptotes 
to  their  hyperboUc  foeal  conies.  Also  iu  order  that  the  cones  may  be  the  same 
we  must  hay@ 

1      T       1      T       1_3; 

A'O"      £'&>      C     CP 

A'~  Q"^     B~  Qi^     0'     <?'" 

If  we  put  each  of  these  equal  to  some  quantity  r,  we  easily  find 

1  _  1        1  _1        1  _1^ 
A      BB     a       O     A 

1      iTh^iri,     i.    *"' 
A'~  B'     B'     C     C'~A' 

If  in  the  two  bodies  the  angles  between  the  principal  axes  and  the  axis  of 
the  couple  are  to  be  equal  each  to  each  at  the  sarm  time,  the  equations  of 

Art.  236  show  that  we  must  have  in  addition  ■j=r='''     1°  *1"^  "ase  we  have 

dt      dt  ~  dt   ,  dt      dt      dt      G     0" 
which  is  constant.    The  two  cases  considered  in  the  text  correspond  to  r=±l. 
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If  the  bodies  be  correlated,  this  becomes 

-"  -«'=-?  {«°«'« (z' + z) + '°''^  ii'^i) 

+  cosV(^  +  ^)} 

where  T  is  the  initial  vis  viva  of  one  body  and  T'  that  of 
the  other. 

If  the  Ijodies  be  contrarelated,  we  may  show  in  the  same 
way  that 

In  both  cases  the  difference  of  the  squares  of  the  angular 
velocities  at  any  instant  is  always  the  same. 

We  may  also  show  that  T'  +  T=  -^ ,  the  upper  or  lower 

sign  being  taken  according  as  the  bodies  are  correlated  or 
contrarelated. 

238.  When  a  body  turns  about  a  fixed  point  its  motion 
in  space  is  represented  by  making  its  momental  ellipsoid  roll 
on  a  fixed  plane.  This  gives  no  representation  of  the  time 
occupied  by  the  body  in  passing  from  any  position  to  any 
other.  The  preceding  articles  will  enable  us  to  supply  this 
defect. 

To  give  distinctness  to  our  ideas  let  us  suppose  the 
momental  ellipsoid  to  be  rolling  on  a  horizontal  plane  under- 
neath the  fixed  point  0,  and  that  the  instantaneous  axis  01 
is  describing  a  polhode  about  the  axis  of  A.  Let  us  now 
remove  that  half  of  the  ellipsoid  which  is  bounded  by  the 
plane  of  £G,  and  which  does  not  touch  the  fixed  plane. 
Let  us  replace  this  half  by  the  half  of  another  smaller  ellip- 
soid which  is  confocal  with  the  first.  Let  a  plane  be  drawn 
parallel  to  the  invariable  plane  to  touch  this  ellipsoid  in  /' 
and  suppose  this  plane  also  to  be  fixed  in  space.  These  two 
semi-ellipsoids  may  be  considered  as  the  momental  ellipsoids 
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of  two  correlated  bodies.  If  they  were  not  attached  to  each 
other  and  were  free  to  move  without  interference,  each  would 
roll,  the  one  on  the  fixed  plane  which  touches  at  I,  and  the 
other  on  that  which  touches  at  T.  By  what  has  been  shown 
the  upper  ellipsoid  (being  the  smallest)  may  be  brought  into 

parallelism  with  the  lower  by  a  rotation  -r-i  about  the  in- 
variable line.  If  then  the  upper  plane  on  which  the  upper 
ellipsoid  rolls  be  made  to  turn  round  the  invariable  line  as  a 

fixed  axis  with  an  angular  velocity  -r- ,  the  two  ellipsoids  will 

always  be  in,  a  state  of  parallelism,  and  may  be  supposed  to 
be  rigidly  attached  to  each  other. 

Suppose  then  the  upper  tangent  plane  to  be  perfectly 
rough  and  capable  of  turning  in  a  horizontal  plane  about  a 
vertical  axis  which  passes  through  the  fixed  point.  As  the 
nucleus  is  made  to  roll  with  the  under  part  of  its  surface  on 
the  fixed  plane  below,  the  friction  between  the  upper  surface 
and  the  plane  will  cause  the  latter*  to  rotate  about  its  axis. 
Then  the  time  elapsed  will  be  in  a  constant  ratio  to  this 
motion  of  rotation,  which  may  be  measured  off  on  -  an  abso- 
lutely fixed  dial  face  immediately  over  the  rotating  plane. 

The  preceding  theory  is  taken  from  a  memoir  by  Prof. 
Sylvester  in  the  Philosophical  Transactions  ion:  1866.  He  pro- 
ceeds to  investigate  in  what  cases  the  upper  ellipsoid  may  be 
reduced  to  a  disc.  It  appears  that  there  are  always  two  such 
discs  and  no  more,  except  in  the  case  of  two  of  the  principal 
moments  being  equal,  when  the  solution  becomes  unique. 
Of  these  two  discs  one  is  correlated  and  the  other  contra- 
related  to  the  given  body,  and  they  will  be  respectively 
perpendicular  to  the  axes  of  greatest  and  least  moments  of 
inertia. 

Poinsot  has  shown  that  the  motion   of  the  body  may 


4u 


*  As-'Ihe  ellipsoid  rolls  on  the  lower  plane,  a  certain  geometrical  condition 
must  be  satisfied  that  the  nucleus  may  riot  quit  the  upper  plane  or  tend  to 
force  it  upwards.  This  condition  is  that  the  plane  containing  01,  01',  must 
contain  the  invariable  line,  for  then  and  then  only  the  rotation  about  01  can 
be  resolved  into  a  component  about  01'  and  a  component  about  the  invariable 
iline.  That  this  condition  must  be  satisfied  is  clear  from  the  reasoning  in  the 
text.    But  it  is  also  clear  from  the  known  properties  of  confocal  ellipsoids. 
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be  constructed  by  a  cone  fixed  in  the  body  rolling  on  a  plane 
which  turns  uniformly  round  the  invariable  line.  If,  as  in 
the  preceding  theory,  we  suppose  the  plane  rough,  and  to  be 
turned  by  the  cone  as  it  rolls  on  the  plane,  the  angle  turned 
through  by  the  plane  will  measure  the  time  elapsed. 


EXAMPLES. 

1.  A  point  P  moves  along  a  polhode  traced  on  an  ellip- 
soid, show  that  the  length  of  the  normal  between  P  and  any 
one  of  the  principal  planes  at  the  centre  is  constant.  Show 
also  that  the  normal  traces  out  on  a  principal  plane  a  conic 
similar  to  the  focal  conic  in  that  plane.  Also  the  measure  of 
curvature  of  an  ellipsoid  along  any  polhode  is  constant. 

2.  In  the  herpoljiode  =  e™*  +  e"™*,  where 

(a'-&')(5--c') 

if  the  locus  of  the  extremity  of  the  polar  subtangent  of  this 
curve  be  found  and  another  curve  be  similarly  generated  from 
this  locus,  the  curve  thus  obtained  will  be  similar  to  the  her- 
polhode. 

3.  If  a  right  circular  cone  whose ,  altitude  a  is  double 
the  radius  of  its  base  turn  about  its  centre  of  gravity  as  a 
fixed  point,  and  be  originally  set  in  motion  about  an  axis 
inclined  at  an  angle  a  to  the  axis  of  figure,  the  vertex  of 

3 

the  cone  will  describe  a  circle  whose  radius  is  t  *  sin  a. 

4 

4.  A  circular  plate  revolves  about  its  centre  of  gravity 

as  a  fixed  point.     If  an  angular  velocity  as  were  originally 

impressed  on  it  about  an  axis  making  an  angle  a  with  its 

plane,  a  normal  to  the  plane  of  the  disc  will  make  a  revolution 

.    ^.  2'n- 

in  space  in  time 


.Vl-l-3 


sin  a 
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5.  If  a  solid  of  revolution  be  moving  about  its  centre 

of  gravity  fixed,  show  that  the  plane  containing  the  axis  of 

figure  and  the  instantaneous  axis  revolves  uniformly  about  a 

line  in  itself  and  that  these  axes  cannot  be  equally  inclined  to 

this   line  unless   0  >  2 A,   and  in  that  case  the  inclination 

I      _      A 
equals  -  cos  ^  r^ — ^  >  (^  being  the  moment  of  inertia  about 

the  axis  of  figure,  and  A  that  about  a  line  perpendicular  to  it, 

6.  A  right  cone  the  base  of  which  is  an  ellipse  is  sup- 
ported at  G  the  centre  of  gravity,  and  has  a  motion  com- 
municated to  it  about  an  axis  through  G  perpendicular  to 
the  line  joining  G,  and  the  extremity  B  of  the  axis  minor  of 
the  base,  and  in  the  plane  through  J3  and  the  axis  of  the 
cone.     Determine  the  position  of  the  invariable  plane. 

Result.  The  normal  to  the  invariable  plane  lies  in  the 
plane  passing  through  the  axis  of  the  cone  and  the  axis  of 

instantaneous  rotation,  and  makes  an.  angle  tan    — -y .  — = — yt  • 
'  °  16A   a'  +  b 

7.  A  spheroid  has  a  particle  of  mass  m  fastened  at  each 
extremity  of  the  axis  of  revolution,  and  the  centre  of  gravity 
is  fixed.  If  the  body  be  set  rotating  about  any  axis,  show 
that  the  spheroid  will  roll  on  a  fixed  plane  during  the  motion 

provided  irf=T^{^ 2)  where  Jf  is  the  mass  of  the  sphe- 
roid, d  and  e  are  the  axes  of  the  generating  ellipse,  c  being 
the  axis  of  figure. 

8.  A  lamina  of  any  form  rotating  with  an  angular  velo- 
city a.  about  an  axis  through  its  centre  of  gravity  perpen- 

dicular  to  its  plane  has  an  angular  velocity  a /^  „_  ^  im- 
pressed upon  it  about  its  principal  axis  of  least  moment, 
A,  B,  G  being  arranged  in  descending  order  of  magnitude, 
show  that  at  any  time  t  the  angular  velocities  about  the  prin^ 
.    ,  2a  [BVC    e"' - e-"* 

cipal  axes  are  respectively  ^^^.^ ,    - /\J  -^zTq ^^^  +  e-^ 
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and  a/  p_  p-^ z^,  and  that  it  will  ultimately  revolve 

about  the  axis  of  mean  moment. 

9.  A  rigid  body  not  acted  on  by  any  force  is  in  motion 
about  its  centre  of  gravity :  prove  that  if  the  instantaneous 
axis  be  at  any  moment  situated  in  the  plane  of  contact  of 
either  of  the  right  circular  cylinders  described  about  the 
central  ellipsoid,  it  will  be  so  throughout  the  motion. 

If  a,  h,  c  be  the  semi-axes  of  the  central  ellipsoid,  arranged 
in  descending  order  of  magnitude,  e,,  e^,  e,  the  eccentricities  of 
its  principal  sections,  Cl^,  il^,  D,^  the  initial  component  angular 
velocities  of  the  body  about  its  principal  axes,  prove  that  the 
condition  that  the  instantaneous  axis  should  be  situated  in 

the  plane  above  described  is  -— '  =  -»  — ^ . 

10.  A  rigid  lamina  not  acted  on  by  any  forces  has 
one  point  fixed  about  which  it,  can  turn  freely.  It  is 
started  about  a  line  in  the  plane  of  the  lamina  the  moment 
of  inertia  about  which  is  Q.  Show  that  the  ratio  of  the 
greatest  to  the  least  angular  velocity  is  J  A  +  Q  :  JB+  Q 
where  A,  B  are  the  principal  moments  of  inertia  about  axes 
in  the  plane  of  the  lamina. 

11.  If  the  earth  were  a  rigid  body  acted  on  by  no  force 
rotating  about  a  diameter  which  is  not  a  principal  axis,  show 
that  the  latitudes  of  places  would  vary  and  that  the  values 

would  recur  whenever  J  A  —  B  J  A—  G  I  co^dt  is  a  multiple 

to  2irjB0.  If  a  man  were  to  lie  down  when  his  latitude 
is  a  minimum  and  to  rise  when  it  becomes  a  maximum,  show 
that  he  would  increase  the  vis  viva  and  so  cause  a  pole 
of  the  earth  to  travel  from  the  axis  of  greatest  moment 
of  inertia  towards  that  of  least  moment  of  inertia, 

12.  If  a  plane  be  drawn  through  the  fixed  point  parallel 
to  the  invariable  plane,  prove  that  the  area  of  the  section 
of  the  momental  ellipsoid  cut  off  by  this  plane  is  constant 
throughout  the  motion. 
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13.  If  we  draw  three  straight  lines  OA,  OB,  OC  along 
the.  principal  axes  at  the  fixed  point  0  of  equal  lengths, 
the  sum  of  the  areas  conserved  by  these  lines  on  the  invari- 
able plane  is  proportional  to  the  time. 

14.  If  the  lengths  OA,  OB,  00  he  proportional  to  the 
radii  of  gyration  about  the  axes  respectively,  the  sum  of  the 
areas  conserved  by  these  lines  on  the  invariable  plane  will 
also  be  proportional  to  the  time. 

15.  The  sum  of  the  squares  of  the  distances  of.  the  ex- 
tremities of  the  principal  diameters  of  the  momental  ellipsoid , 
from  the  invariable  line  is  constant  throughout  the  motion. 

16.  If  right  lines  are  measured  along  the  three  principal 
axes  of  the  body  from  the  fixed  point,  and  inversely  propor- 
tional to  the  radii  of  gyration  round  those  axes,  the  sum  of 
the  squares  of  the  velocities  of  their  extremities  is  constant 
throughout  the  motion. 

17.  A  body  moves  about  a  fixed  point  0  under  the 
action  of  no  forces.  Show  that  if  the  surface  Ax^  +  By'  +  Cz" 
=  (a3°  +  2/"  +  s'T  ^^  traced  in  the  body,  the  principal  axes  at  0 
being  the  axes  of  co-ordinates,  this  surface  throughout  the 
motion  will  roll  on  a  fixed  sphere. 

18.  If  dd  be  the  angle  between  two  consecutive  positions 
of  the  instantaneous  axis,  prove  that 

19.  The  length  of  the  spiral  between  two  of  its  succes- 
sive apsides,  described  in  absolute  space,  on  the  surface  of  a 
fixed  concentric  sphere,  by  the  instantaneous  axis  of  rotation, 
is  equal  to  a  quadrant  of  the  spherical  ellipse^  described  by 
the  same  axis  on  an  equal  sphere  moving  with  the  body. 
This  is  Booth's  Theorem. 

20.  A  body  is  set  rotating  with  an  initial  angular  velo- 
city n  about  an  axis  which  very  nearly  coincides  with  a  prin- 
cipal axis  OC  at  a  fixed  point  0.  The  motion  of  the  instan- 
taneous axis  in  the  body  may  be  foUnd  by  the  following 
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formulffi.  Let  a  sphere  be  described  whose  centre  is  0,  and 
let  /  be  the  extremity  of  the  radius  vector  which  is  the  in- 
stantaneous axis  at  the  time  t.  If  {x,  y)  be  the  co-ordinates 
of  the  projection  of  /  on  the  plane  A  OB  referred  to  the  prin- 
cipal axes  OA,  OB,  then 

X  =  ^B{B-C)  L  sin  {pnt  +  M) , 


y  =  'JA{A-G)L cos  {pnt  +  M), 

where  p'  = ATi~ —  »  ^'^^  ^'  ^  ^^^   *^°   arbitrary 

constants  depending  on  the  initial  values  of  x,  y. 

21.  If  in  the  last  question  G  be  the  point  in  which  the 
sphere  cuts  the  invariable  line,  and  if  {p,  6)  be  the  spherical 
polar  co-ordinates  of  0  with  regard  to  G  as  origin,  then 

AB 

p' =  f^,  L"  {2AB  -  0  {A  +  B)  +  {A -B)0  cos  2  {pnt +  M)}, 


G       OT-  G'  rdt^ 
0*'^     CG     J  p' 


e=^t  + 


22.  A  body  which  can  turn  freely  about  a  fixed  point  at 
which  two  of  the  principal  moments  are  equal  and  less  than 
the  third,  is  set  in  rotation  about  any  axis.  Owing  to  the 
resistance  of  the  air  and  other  causes,  it  is  continually  acted 
on  by  a  retarding  couple  whose  axis  is  the  instantaneous  axis 
of  rotation  and  whose  magnitude  is  proportional  to  the  an- 
gular velocity.  Show  that  the  axis  of  rotation  will  con- 
tinually tend  to  become  coincident  with  the  axis  of  unequal 
moment.  In  the  case  of  the  earth  therefore,  a  near  coin- 
cidence of  the  axis  of  rotation  and  axis  of  figure  is  not  a 
proof  that  such  coincidence  has  always  held.  Astronomical 
Notices,  March  8,  1867. 

23.  If  two  bodies  be  so  related  that  their  ellipsoids  of 
gyration  are  confocal,  and  be  so  initially  placed  that  the 
angles  (a,  /8,  7)  (a',  /3',  7')  their  principal  axes  make  with 
the  invariable  line  of  each  are  connected  by  the  equations 

cos  a  _  cos  a      cos  /8  _  cos  ff     cos  7  _  cos  7' 

VJ~VZ'  'VS~~^'  ~Jd~~7W' 
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and  if  these  bodies  be  set  in  motion  by  two  impulsive  couples 
a,  G'  so  that  GjABG=G'  JA'EG';  then  the  above 
relations   will  always   hold  between  the  angles   (a,   /3,   7) 

(a',  )8',  7').  Also  -™-  — j:jr  jx'will  ^s  constant  through- 
out the  motion,  where  \,  \'  &c.,  are  the  angles  the  planes 
GO  A,  G'O'A  make  at  the  time  t  with  their  positions  at  the 
time  <  =  0. 

24.  An  ellipsoid,  whose  centre  0  is  fixed,  contracts  by 
cooling  and  being  set  in  motion  in  any  manner  is  under'  the 
action  of  no  forces.    Find  the  motion. 

The  principal  diameters  are  principal  axes  at  0  throughout  the  motion.  Let 
us  take  them  as  axes  of  reference.  The  expressions  for  the  angular  momenta 
about  the  axes  are  by  Art.  WS\'=Aw^,  h^=.Bu2,  hs'—Oua.  The  equations 
of  Art.  120  then  become 

|^(4t,),)-(5-(7)l<)2W3  =  0 

Multiplying  these  equations  by  ^  Ui ,  Ba^,  C11I3,  adding  and  integrating  we 
get  A''ia,^  +  B^a2^  +  C^u^^  equal  to  a  constant  throughout  the  motion.  To 
obtain  another  integral,  let  A=Aof{t),  B  =  BJ(,t),  G='Cof{t)  where /(«)  ex- 
presses the  law  of  cooling  which  has  been  supposed  such  that  the  body  changes 
its  form  very  slowly.      Let    o>,/(i)=f2,,    Uef{t)=as,    U3f{i)  =  Qi,   and   put 

—  — ,  then  the  equations  become 

dt     f(t) 

4o5'-(-B„-(ro)  0,03=0, 

and  two  similar  equations.     These  may  be  treated  as  in  Art.  204. 


CHAPTEE  X 

EXAMPLES  OF  THE  MOTION   OF  A  BODY  IN  THREE 
DIMENSIONS. 


239.  In  this  Chapter  it  is  proposed  to  discuss  some  cases 
of  the  motion  of  a  rigid  body  in  three  dimensions  as  examples 
of  the  processes  explained  in  Chapter  V.  The  reader  will  find 
it  an  instructive  exercise  to  attempt  their  solution  by  other 
methods ;  for  example,  the  equations  of  Lagrange  might  be 
applied  with  advantage  in  some  cases. 


Motion  of  a  Top. 

240,  A  hody  two  of  whose  principal  moments  at  the  centre 
of  gravity  are  equal  moves  about  some  fxed  point  O  in  the  axis 
of  unequal  moment  under  the  action  of  gravity.  Determine  the 
motion.     See  Art.  167. 

To  give  distinctness  to  our  ideas  we  shall  consider  the 
body  to  be  a  top  spinning  on  a  perfectly  rough  horizontal 
plane. 

Let  the  axis  OZ  be  vertical.  Let  the  axis  of  unequal 
moment  at  the  centre  of  gravity  be  the  axis  OG  and  let  this 
be  called  the  axis  of  the  body.  Let  h  be  the  distance  of  the 
centre  of  gravity  of  the  body  from  the  fixed  point  0  and  let 
the  mass  of  the  body  be  taken  as  unity.  Let  OA,  OB  be 
any  other  two  principal  axes  fixed  in  the  body  at  right  angles 
to  OC  and  to  each  other. 
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If  we  take  moments  about  the  axis  OG,  we  get  by  Euler's 
equations,  (Art  107), 

G^^-{A-B)c.,^=N. (1). 

But  in  our  case  A=:B,  and  since  the  centre  of  gravity  is 
in  the  axis  OG,  we  have  ^=0,  Hence  m^  is  constant  and 
equal  to  its  initial  value.     Let  this  be  called  n. 

It  is  Tslear  that  the  moment  of  the  momentum  about  OZ 
will  be  constant  throughout  the  motion.    This  principle  gives 

Am^  cos  ZA  +  Bm^  cos  ZB  +  Gw^  cos  ZG  =  E, 

where  E  is  some  constant.     Referring  to  the  figure  of  Art. 
109,  we  see  that  this  is  the  same  as 

—  A(o^  sin  0  cos  ^  +  Ba>^  sin  ^  sin  ^  +  Ga>^  cos  6  =  E. 

Substituting  for  coj,  ca^  their  values  in  terms  of  6  and  (f> 
from  Art.  109,  it  will  be  found  that  when  B  =  A,  the  angle 
<})  disappears  from  the  equation,  and  we  have 

Asin'e^+Gco.cose^^E (2). 

Again  the  equation  of  Vis  Viva  gives 

^0)/  +  5m/  +  Gco^^  =  F-  Igl  cos  B, 

where  i^is  some  constant.     Substituting  as  before  for  Wj,  a^ 
we  get,  when  B=A, 

A  {^  +  A^xxy^ 6 f ^y  +  Gml  =  F-2ghco&e   (3), 

where  <^  has  again  disappeared. 

These  two  equations  are  sufficient  to  determine  0  and  ■^. 

Eliminating  -^  between  (2)  and  (3)  we  have 

dd\^     (E  -  Gn  cos  e^      F-Gr?-  ^gh  cos  Q 


/ddS^     fE -Gn  cos  0V  ^  F-Vn'- 


an  equation  to  determine  the  changes  of  inclination  of  the 
E.  D.  24 
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axis  to  the  vertical.  From  this  equation  we  see  that  6 
can  never  vanish  unless  E=  On,  for  in  any  other  case  the 
left-hand  side  of  this  equation  Would  become  infinite.  Hence 
the  axis  of  the  body  cannot  in  general  become  vertical. 
Suppose  the  body  to  be  set  in  motion  in  any  way  with  its 
axis  at  an  inclination  *  to  the  vertical.  The  axis  will  begin 
to  approach  or  to  fall  away  from  the  vertical  according  as  the 

initial  value  of  -j-  is  negative  or  positive.     This  motion  will 

continue  until  -^  vanishes :  it  is  evident  from  the  equation 

that  the  axis  will  then  begin  to  return,  and  will  oscillate 
between  two  limiting  angles.  To  find  these  limits  we  have 
the  equation 

{E -  On  cos  ey-  A{1-  cos'' 6) (F-  W- 2gh  cos  (9)  =  0. . . (4). 

This  is  a  cubic  equation  to  determine  cos  6.  It  will  be 
necessary  to  examine  its  roots.  When  cos  ^  =  —  1,  the  left- 
hand  side  is  positive ;   when  cos  6  =  cos  i,  since  the  initial 

value  of  [  -T- )  is  essentially  positive,  the  left-hand  side  is  either 

zero  or  negative:  hence  the  equation  has  one  real  root  between 
cos  ^  =  —  1  and  cos  6  =  cos  i.  Again,  the  left-hand  side  is  posi- 
tive when  cos  0  =  + 1,  and  is  negative  when  cos  6  =,od  .  Hence 
there  is  another  real  root  between  cos  6  =  cos  *  and  cos  ^  =  1, 
and  a  third  root  greater  than  unity.  This  last  root  is  inad- 
missible,- 

If  the  initial  values  of  m^,  o)^  are  zero,  we  have  E  =  Cn  cos  i, 
F—  •Cn'  =  2gh  cos  i.     Hence  the  equation  becomes 

(cos  t  —  cos  0)^  = -^5-2" .  (1  — cos'^)  (cosi  — cos^). 

(7V 
Putting  ^ — — -  =  2p,  the  roots  of  this  equation  are 


cos  6  =  cos  i  1 

cos  6  =p  —  Ji-  —  2p'cos  i  +  p"  J 


(5). 


The  value  cosd=p  +  yl  —  2pcosi+p^  is  always  greater 
than  unity,  for  it  is  clearly  decreased  by  putting  unity  for  cos  i, 


MOTION  OF  A  TOP.  371 

and  its  yalue  is  then p+l—p  =  l.    The  body  will  therefore 
oscillate  between  the  values  of  0  given  by  the  equations  (5). 

If  a  top  be  set  spinning  on  a  perfectly  smooth  horizontal 
■plane,  its  motion  may  be  determined  in  the  same  way. 

241.  A  hody,  twoof  whose  principal  moments  at  the  cen- 
tre of  gravity  G  are  equal,  turns  about  a  fixed  point  O  in  the 
axis  of  unequal  moment  under  the  action  of  gravity.  The 
axis  OG  being  inclined  to  the  vertical  at  an  angle  a,  and  re- 
volving about  it  with  a  uniform  angular  velocity,  find  the  con- 
dition that  the  motion  may  be  steady,  and  the  time  of  a  small 


The  equations  (2)  and  (3)  of  Art.  240  contain  the  solution 
of  this  problem.  But  if  we  use  the  equation  of  Vis  Viva  in 
the  form  (3)  we  shall  have;  to  take  into  account  the  squares 
of  small  quantities.  It  will  be  found  more  convenient  to 
replace  it  by  one  of  the  equations  of  the  second  order  from 
which  it  has  been  derived.  The  simplest  method  of  obtain- 
ing this  equation  is  to  use  Lagrange's  Kule  as  in  Art.  167. 
We  thus  obtain 


A-^-Acoa6  s'mfff-^j  +  Onsm9-j^=gh  sin^...  (6). 


This  equation  might  also  have  been  obtained  by  differen- 

d'yjr 
tiating  both  (2)  and  (3),  and  eliminating  -^-3- . 

When  the  motion  is  steady,  both  6  and  -^  are  constants. 

Let  0  =  a,  -^  =  fi,  then  the  equation  (2)  only  determines  the 
constant  E,  and  (6)  becomes 

—  ^  cosa  sinaytt''+  On  sin  aij,=gh  sin  a (7). 

Kejecting  the  factor  sin  a  =  0,  because  a  is  not  small,  we 
have 

A  COB  a  fi^'  +  gh 

""^—q. (^^• 

24—2 
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This  is  the  relation  which  must  hold  between  the  angular 
velocity  of  the  body  about  its  axis,  and  the  angular  velocity 
of  that  axis  about  the  vertical  when  the  motion  is  steady. 
But  this  relation  is  not  necessary  if  the  axis  of  the  body  be 
vertical. 

Solving  this  equation  we  get 

Cn  ±  J  CV  -  AqhA  COB  a.  ,„> 

/i= — -j ^ (9), 

'^  2A  cos  a  ^  " 

hence,  in  order  that  the  motion  may  be  steady,  we  must  have 

2      ^  i'      J.1,      ^qhA  cos  a 
n  not  less  than  — — ™ 

When  a  and  n  are  given,  we  can  make  the  body  move 
with  either  of  these  values  of  /i  by  giving  the  proper  initial 
angular  velocities  to  the  body.-  By  Art.  109,  we  see  that 
these  are 

«Bj=— /isina  cos^j 

0)^=     jji  sin  a  sin  ^J  ' 

To  find  the  small  oscillation.  Let  6  =  a.  +  6',  and 
-^  =  fi+  -^  ,  where  ff  and  —  are  small  quantities  whose 
squares  are  to  be  neglected.  Let  a  and  /i  be  such  that  they 
contain  the  whole  of  the  constant  parts  of  9  and  -r- ,  so  that 

ff  and  -^  contain  only  trigonometrical  terms.     Then  when 

we  substitute  these  values  in  equations  (2)  and  (6),  the  con- 
stant parts  must  vanish  of  themselves.  The  equations  thus 
obtained  determine  E  and  fi,  and  show  that  their  values  are 
the  same  as  those  determined  when  the  motion  is  steady. 
The  variable  parts  of  the  two  equations  become,  after  writing 
for  Cn  its  value  obtained  from  (8), 

d^lr' 
An  sin  a  -^ —  {g^—  -^1^  cos  a)  ^  =  0  ] 

Afi  -r^  +  sin  aigh  —  Ay^  cos  a)  -^  +  yi^A  sin"  ix&  =  oj 
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To  solve  these,  put 

ff  =  i^sin  (pi!  +/),  and  ■<^' =  Q  cos  {pt  +/). 
Substituting,  we  have 

-^/isina.p(r=(^^  — ^yw,'cosa)i^  ) 

{AiJ,f  -  y^A  sin" a)  F=-{gh-  Afi^  cos  a)  sin  a. .  Gp)  ' 

Multiplying  these  equations  together,  we  have 

^ V  -  igJiA  cos  g  At'  +  g'F 
AY 
2ir* 
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P 


and  the  required  time  is  —    .     It  is  evident  that  p'  is  always 

positive,  and  therefore  both  the  values  of  /j,  given  by  (9)  cor- 
respond to  stable  motions. 

It  is  to  be  observed  that  this  investigation  does  not  apply 
if  a.  be  very  small,  for  in  that  case  some  of  the  terms  rejected 
are  of  the  same  order  of  magnitude  as  those  retained.  A 
different  mode  of  investigation  is  therefore  required,  this  case 
will  be  considered  in  Art.  243. 

242.  We  may  also  determine  the  steady  motion  very 
simply  by  another  process.    Let  OG  be  the  axis  of  the  body, 


*  This  expression  was  given  by  the  Bev.  N.  M.  Ferrers  of  Gonville  and 
CaiuB  College,  as  the  result  of  a  problem  proposed  by  him  for  solution  in  the 
Mathematical  Tripos,  1859. 
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0/ the  instantaneous  axis  of  rotation,  OZ  the  vertical.    Then 

when  the  motion  is  steady,  these  three  must  be  in  one  vertical 

plane  which    revolves    about    OZ  with    a   uniform    angular 

velocity  /*.     Let  O  be  the  angular  velocity  about  01,  then 

fl  cos  JC=w.     Let  OB  be  the  horizontal  axis  about  which 

gravity  tends  to  turn  the  body,  then  OB  is  perpendicular  to 

the  plane  ZOC. 

„.  .  ,  ,     .      oA  sina  ,    . 

bince  gravity  generates  an  angular  velocity  - — ^ —  at  m 

the  time  dt  about  OB,  therefore  by  the  parallelogram  of  an- 
gular velocities,  the  instantaneous  axis  01  has  moved  in  the 

time  dt  through  an  angle  •"       —  dt  in  a  plane  perpendicular 

to  the  plane  ZOI.     Hence  the  angular  velocity  of  /  round  Z 

due  to  the  action  of  the  forces  is  ^7-*-  ='"    .^ — .  -; — =75.. 

dt  AD.      sin  IZ. 

Also,  since  the  angular  velocity  of  the  body  about  OB 
is  zero,  the  moments  of  the  centrifugal  forces*  about  the 
axes  of  OA,  OG  are  zero.  Tlie  moment  about  OB  is 
{A—  G)  nil  sin  IGdt,  and  this  generates  an  angular  velocity 

— -J— nD,  sin  IGdt  about  OB.     Hence  the  angular  velocity 
of  /round  .^due  to  the  centrifugal  forces  of  the  body  is 
dyjr^  _A-G     sin  7(7 
dt  A      '^sinlZ' 

*  It  appears  from  Euler's  Equations  that  the  whole  changes  of  u,,  Wj,  Wj 
are  not  due  merely  to  the  direct  action  of  the  forces,  but  in  part  are  due  to  the 
centrifugal  force  of  the  particles  tending  to  carry  them  away  from  the  axis 
about  which  they  are  revolving.     I'or  consider  the  equation 

du3     N     A-B 

Of  the  increase  da^  in  the,  time  dt,  the  part  -p^  dt  is  due  to  the  direct  action 

A  ~  S 
of  the  forces  whose  moment  is  N,  and  the  part  u^a^  dt  is  due  to  the 

.  ^ 

centrifugal  force.     This  may  be  proved  as  follows. 

If  a  body  he  rotating  abend  an  axis  01  with  an  angular  velocity  a,  then 
the  moment  of  the  centrifvgal  forces  of  the  whole  body  about  the  axis  Oz  is 
{A  —  B)  Wi«2. 

Let  P  be  the  position  of  any  particle  m  and  let  a^  j^,  s  be  its  co-ordinates. 
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and  the  whole  angular  velocity  is  the  sum  of  these  two,  i.  e. 

/oA  sin  a     ^  ^-^     A  —  G   \  sin  IG 

/*=  -^—j cot/C+ — 1— w    -^-^r7 

\    An  A       J  am  IZ 

_gh.sma. cot IG+{A-  G)n^ 
An  (sin  a .  cot  IG  —  cos  a.) 

Let  PL  be  a  perpendicular  on  01,  let  OL=u,  and  PL=r.    Then  the  centri- 
fugal force  of  die  particle  m  is  uVm  tending  from  01. 


The  force  u'nu  ia  evidently  equivalent  to  the  four  forcea  d/'icm,  (o^m,  o^sm, 
and  -  w^Mm  acting  at  P  parallel  to  x,  y,  z,  and  u  respectively. 

The  moment  of  u^xm  round  Oz=-  w%^m] 

.; ufiym =  (i)'a^»i. 

w^zm =  0 


']■■ 


these  three  therefore  produce  no  effect. 

The  force  -  ii^um  parallel  to  01  is  equivalent  to  the  three,  -  aw,  um, 
—  uUi  um,  —  u(i>3  um,  acting  at  P  parallel  to  the  axes,  and  their  moment  round 
Oz  ia  evidently  uum  (laiy- a^).     Now  since  the  direction-cosinea  of  01  are 

o) '    la  '    w 

«^i 

11,  =  —  x  + 


',  therefore  by  projectiiig  the  broken  line  x,  y,  z  on  01,  we  get 


'y+  —s;  therefore  substituting  for  «,  the  moment  of  centrifugal 


forcea  about  Oz  ia 

=  (ui3/  -  u^)  (wia!  +o}0  +  a^z)  m, 

=  a^xy + WiWiy^  +  ta^wayz  -  a^ai^^  -  w/a^  -  WjWj  xz .  m. 

Writing  S  ibefore  every  term,  and  supposing  the  axes  of  x,  y,  z,  to  be 
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But  when  the  motion  is  steady  OZ,  07 and  OC  are  all  in/ 
one  plane.     Now  the  angular  velocity  of  G  round  /  is  II,  andj 

therefore  its  angular  velocity  round  ^  is  /^  =  fl  — — -^^  •     But 

ftcos/(7  =  «,    hence,    tan  7C  =  ^^^-^^ .      Substituting    this 

n 

value  of  tan  10  in  the  first  value  of  /i,  we  get 

S^=  Cn  —  Afi  cos  a, 
the  same  expression  as  before. 


243.  A  hody  whose  principal  moments  of  inertia  at  the 
centre  of  gravity  G  are  not  necessarily  equal  has  a  point  0  in 
one  of  the  principal  axes  at  Q  fixed  in  space  and  inoves  about 
0  under  the  action  of  gravity.     Supposing  the  tody  to  he  per- 


principal  axes,  tben  the  moment  of  the  centrifugal  forces  about  the  principal 
axis  Os=ai<>>i  2m  (^"-0?)  =  m,(i)2  {A  -  £).  ' 

Let  the  moments  of  the  centrifugal  forces  about  the  principal  axes  of  the 
body  be  represented  by  L,  M,  N  so  that 

i={B-(7)(<>2U3,     M={0-A)waai,    N=(A-B)aia2, 

and  let  0  be  their  resultant  couple.     The  couple  0  is  usually  called  the  centri- 
fugal couple. 

Since  Lu,  +  M<iis+No>3  =  0,  it  follows  that  the  axis  of  the  centrifugal  couple 
is  at  right  angles  to  the  instantaneous  axis. 

Describe  the  momental  eUipsoid  at  the  fixed  point  0  and  let  the  instantane- 
ous axis  cut  its  surface  in  /.  Let  ON  be  a  perpendicular  from  0  on  the  tangent 
plane  at  /.  The  direction-cosines  <5f  Olf  are  proportional  to  Aia^,  Sus,  Cug. 
Since  AaiL  +  JSui^M+CagN=0,  it  follows  that  the  axis  of  the  centrifugal 
couple  is  at  right  angles  to  the  perpendicular  ON. 

The  plane  of  the  centrifugal  couple  is  therefore  the  plane  ION, 

If  Mk^  be  the  moment  of  inertia  of  the  body  about  the  instantaneous  axis 

of  rotation  we  ha,Y6  Mi?=-pry^,  and  T=MJc^or'  is  the  Vis  Viva  of  the  body. 

We  may  then  easily  show  that  the  magnitude  G  of  the  centrifugal  couple  is 
G=T  tun  ip,  where  0  is  the  angle  ION. 

This  couple  will  generate  an  angular  velocity  of  known  magnitude  about 
the  diametral  line  of  its  plane.  By  compounding  this  with  the  existing  angular 
velocity,  the  change  in  the  position  of  the  instantaneous  axis  might  be  found. 
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forming  small  oscillations  about  the  position  in  which  OG  is 
vertical,  find  the  motion. 

Let  OA,  OB,  00,  the  principal  axes  at  0  be  taken  as  the 
axes  of  reference,  and  let  0<7  be  that  axis  in  which  G  lies. 
Let  OG=l,  and  let  G  be  alow  0.  Let  OF  be  a  vertical 
line  and  let  ( »,  q,  r)  be  the  direction-cosines  oi  OV  referred 
to  OA,  OB,  00.     Then  we  have  by  Ealer's  Equations, 

A^^-{B-O)<o,<o,=  lffq 
B^-{G-A)co,^=-lgp 

O^-^^-{A-B)w,<o,  =  0 

Also  »,  q,  r  may  be  considered  as  the  co-ordinates  of  a  point 
in  0  F  distant  unity  from  0.  Now  this  is  a  point  fixed  in 
space.  Hence  its  velocities  as  given  by  Art.  Ill,  are  zero. 
We  have  therefore 


,(1). 


—  w^r  +  ftjjp  =  0, 


dq 
dt 


(2). 


Now  since  0  G  remains  always  nearly  vertical  a>^  and  ca^ 
are  small  quantities,  we  may  therefore  reject  the  product  <b,6)j 
in  the  last  of  equations  (1).  This  gives  o),  constant.  Let  this 
constant  value  be  called  n.  For  the  same  reason  r  =  1  nearly 
and  p,  q  are  both  small  quantities.  Substituting  we  get  the 
following  linear  equations, 


A^-^-{B-0)nm,=  lgq 
B^'-iC-A)nm,=-lgp 


(3), 
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dp 

dq 

To  solve  these,  assume 

co^  =  F&Ya.{U+f)\ 
0)^=  G  cos  {\t  +f)  i  ' 

substituting,  we  get 

AXF-{B-0)nG=fflQ^ 

B\a-{A-G)nF=glp\ 

\P=Qn-  G 


(4). 


p  =  Fsm{\t+f)l 
q=Q  cos.(\«  +/)  J  '' 


XQ 


=  Qn-G\ 
=  Fn-F) 


(5), 
(6). 


Eliminating  the  ratios  F:  G  :  F  :  Q  we  have 
W{A+B-Oy=  {gl  +^X'+  (5-  C)n^}  {gl+B\^+{A-  C)n\ 

If  the  values  of  \  thus  found  should  he  real,  the  body 
will  make  small  oscillations  about  the  position  in  which  06- 
is  vertical.  If  G  be  the  greatest  moment,  and  r?  sufficiently 
great  to  make  both  gl—  {G—A)n^  and  gl  —  {G  —  B)  n"  nega- 
tive, then  all  the  values  of  X  are  real  and  the  body  will  con- 
tinue to  spin  with  OG  vertical.  If  G  be  beneath  0,  I  is 
negative  and  it  will  be  sufficient  that  0  G  should  be  the  axis 
of  greatest  moment. 

In  order  that  the  values  of  V  may  be  real,  we  must  have 

{gl {A+B)+n\AG+BO- 2AB-  G')Y 

>i{{B-G)n'+gl}{{A-  G) n^+gl] AB, 

and  in  order  that  the  two  values  of  \^  may  have  the  same  sign 
we  must  have  the  last  term  of  the  quadratic  positive ; 

.-.  {{B-G)n'  +  gl}.{{A-G)n'+gl]  =  a.  positive  quantity, 

and  in  order  that  the  values  of  V  may  be  both  positive,  we 
must  have  the  coefficient  of  A,**  in  the  quadratic  negative ; 

.-.  gl  {A+B)<  n^  {B  -G){A-  G). 
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In  the  particular  case  in  which  A=B,  both  sides  of  the 
quadratic  become  a  perfect  square  and  we  have 

AX"  ±  {2A  -  C)  nK+  {A-C)n'  +  gl  =  0; 

,      _2A-C        ^/CV-4:Agl 
2A         -         2A 

With  the  reservations  mentioned  in  Art.  199,  the  necessary 

2  '^Aol 
and  sufficient  condition  of  stability  is  in  this  case  n  >  — t-, —  . 

By  referring  to  equations  (5)  and  (6)  it  will  be  seen  that 
when  ^  =  ^  we  have  F=  G  and  P=  Q.  If  \,  \  be  the  two 
values  of  \  found  above,  we  have 

p  =  P,  sin  (\/  +/J  +  P,  sin  {Xj,  +/,)  I 
q  =  P,  cos  (\<  +/J  +  P,  cos  [\t  +/J  i  ■ 

Let  6  be  the  angle    00  makes  with  the  vertical,  then 
r"  =  cos' ^  =  1  -  6\  and  hence* 


*  In  order  to  understand  the  relation  wHoh  exists  between  these  results 
and  those  of  Art.  241,  it  will  be  necessary  to  determine  the  oscillations  by 
some  process  which  holds  both  when  o  is  large  and  very  small.  This  may  be 
done  as  follows.     We  have  by  Vis  Viva  the  equation  (see  Art.  240) 

(E-Cncoaey    F'-ighoosd 
A 


where  F'  has  been  put  for  P-  Cn^.    If  we  put  z=cos  8,  this  takes  the  form 

A^  (^')'+  (fi-  Cmf=A  [P'-ighz]  (1  -z"). 

Let  us  assume  as  the  solution  of  this  equation 
z = cos  o  +  P  cos  (M  +/), 

where  P  is  so  small  that  on  substituting  in  the  above  equation  we  may  neglect 
P^.  Substituting  and  equating  to  zero  the  coefficients  of  the  several  powers  of 
cos(\S+/)  we  get 

4 V3\a  +  (E-CnoosaY=A  {F' - igh cos o)  (1  - oos« a) ^ 
-  (E-  Cncosa)  On=-  ghA—  AP'  co&a  +  ^ghA  oos'a      >. 
-A^\^  +  a'n^=-AP' +  GghA  coaa  J 

Now  let  us  change  the  constant  E  into  another  ij.  by  putting 
E-Cnooaa  _„ 

A  sin^  a 
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6'  =  p'  +  i' 
=  P;  +  P/  +  2P,P,  cos  [{\  -  XJ  t  +/,  -/,]. 

Also  if,  as  in  Art.  109,  we  let  <^  be  the  angle  the  plane 
containing  OA,  OG  makes  with  the  plane  containing  OG 
and  the  vertical  OV,  we  have 

p  —  —  sin  0  cos  ^  1 
2'  =     sin  ^  sin  ^  > 

and  hence 

P,  cos  [\t  +/)  +  P,  cos  {\t  +/,) 
tan  ,p  -  j,^  ^.^  ^^^^  ^^^^  ^  p^  ^.^  ^^^^  ^j:^^  . 

Also  since  0  is  very  small  we  have 

■\lr  =  nt  +  a.  —  <p, 

where  a  is  some  constant,  depending  on  the  position  of  the 
arbitrary  plane  from  which  y^r  is  measured. 

244.  A  hody  whose  principal  moments  of  inertia  are  not 
necessarily  equal  has  a  point  0  fixed  in  space  and  moves  about 

where  7  is  to  be  so  chosen  as  to  remove  the  term  A^PV  in  our  first  equation. 
Since 

d^  _E- On  cos  9 

di~    A  sin"  d     ' 
we  see  that,  when  6  is  not  small,  /u.  diflfers  from  the  constant  part  of  jt  only 

by  quantities  depending  on  the  squares  of  the  small  oscillation,  and  which  are 
neglected  in  the  text.  Substituting  for  E  and  eliminating  F'  between  the  first 
and  second  equations  we  get 

A  COB  a/i^+gh 

"= ci. • 

Eliminating  P'  between  the  first  and  third  and  substituting  for  n  we  get 
,  ,    IJ,*A^-  2ghA  cos  a/i^ + g^ft" 
''  "  A-'/i? 

This  process  gives  tie  period  of  the  small  oscillation  in  cos  S.  When  0  is 
finite  this  is  the  same  as  the  oscillation  in  8,  since  cos  $  =  cos  a -sin  ad'.   When 

8  is  very  small,  cos  9=1  —  —  and  the  time  of  oscillation  in  cos  8  is  the  same  as 

that  in  9*.  With  this  understanding  it  will  be  seen  that  there  is  a  perfect 
agreement  between  the  results  of  Arts.  243  and  241,  when  o.  is  put  equal  to 
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O  under  the  action  of  gravity.  It  is  required  to  find  what 
cases  of  steady,  motion  are  possible  in  which  one  principal  axis 
OG  at  0  describes  a  right  cone  round  the  vertical  while  the 
angular  velocity  of  the  body  round  OG  is  constant;  and  to  find 
the  small  oscillations. 

Let  OA,  OB,  00  the  principal  axes  at  0  be,  as  before, 
taken  as  the  axes  of  reference.  Let  {h,  k,  I)  be  the  co-ordi- 
nates of  the  centre  of  gravity,  and  let  the  mass  of  the  body  be 
taken  as  unity.  Let  the  rest  of  the  notation  be  the  same  as 
before. 


Then,  by  Euler's  equations,  we  have 

■iS-0)<o,co, g{kr-lg,) 


dt 


B^-iG-A).,,co,- 


:-g{lp-hr) 
■■-*g{hq-Jep) 


and  since  p,  q,  r  are  the  co-ordinates  of  a  point  vertically  over 
0  and  therefore  fixed  in  space,  we  have 


dp  _ 


dt 


=  0},q  -  co^r 


da 

-^  =  m.r  - 

dt         ' 

dr 
'dt=''^P- 


«sP 


■®i2' 


II. 


Now,  by  the  question,  when  the  motion  is  steady,  r  and  cOg 
are  both  constants.  In  this  case  the  first  two  equations  of 
(I)  and  (II)  form  a  set  of  linear  equations  to  find  the  four 
quantities  p,  q,  ft>i,  (o^.  The  solution  of  these  equations  is 
therefore  of  the  form 


w, 


F„  +  F,8m{\t+f)] 
0,,=  G,+  0,  cos  {\t+f)r 
p  =  P^  +  P,sm{\t+f)l 
q=  Q,+ Q, cos {\t+f))  ' 
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But  these  must  also  satisfy  the  last  of  equations  (I).  _  Sub- 
stituting we  see  that  there  will  be  a  term  on  the  left  side  of 
the  form 

-^{A-B)F,G,sm2iXt+f). 

But  there  will  be,  no  such  term  on  the  right  side.  Hence 
we  must  have  either  A  =  B,  F^  =  0  or ,  G^,  =  0.  The  motion 
in  the  case  in  which  A  =  B  has  already  been  considered  in 
Art.  241.  Again,  substituting  in  the  last  of  equations  (II)  and 
equating  to  zero  the  coefficient  of  sin  2  (X^  +/)  we  find 

Substituting  in  the  first  two  of  equations  (I)  and  equating 
to  zero  the  coefficients  of  cos  (Xi+/)  and  sin  (X«  +/))  we  find 

A-KF^-[B-G)nG^==glQ, 

-B\G,-{C-A)  nF^=-glP^; 

from  these  equations  we  ihave  F^,  G^,  P^,  Q^  all  equal  to 
zero  and  therefore  to, ,  cOj,  p,  g  are  all  constant  as  well  as  the 
given  constants  m^  and  r. 

In  this  case  the  equations  (II)  give 


SO  that  the  axis  of  revolution  must  be  vertical.  Let  fl  be  the 
angular  velocity  about  the  vertical.  Then  to^  =p^,  Wj  =  gP; 
&)g  =  rH.     Substituting  in  equations  (I)  we  get 

P       9    ~  9.       9        •<•       9 

Unless,  therefore,  two  of  the  principal  moments  are  equal, 
it  is  necessary  for  steady  motion  that  the  axis  of  rotation 
should  be  vertical  and  the  centre  of  gravity  QikV)  must  lie  in 
the  vertical  straight  line  whose  equations  arfe  (III). 

This  straight  line  may  be  constructed  geometrically  in  the 
following  manner.     Measure  along  the  vertical  a  length  OY 

=  ^  and  draw  a  plane  through  V  perpendicular,  to  0  F"  to 
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touch  an  ellipsoid  confocal  with  an  ellipsoid  of  gyration.  The 
centre  of  gravity  must  lie  in  the  normal  at  the  point  of  contact. 

To  find  the  small  oscillations  about  the  steady  motion,  i.e. 
to  determine  whether  this  motion  be  stable  or  not,  we  must 
put 

p  =  cos  a  +  P„  sin  Xt  +  F^  cos  \^, 

with  similar  expressions  for  q,  r,  «,,  o>j,  Wj.  Substituting  we 
shall  get  twelve  linear  equations  to  determine  eleven  ratios. 
Eliminating  these  we  have  an  equation  to  find  \.  It  is  suf- 
ficient for  stability  that  all  the  roots  of  this  equation  should 
be  real. 

Motion  of  a  Sphere. 

245.  To  determine  the  motion  of  a  sphere  on  any  perfectly 
rough  surface  under  the  action  'of  any  forces  whose  resultant 
passes  through  the  centre  of  the  sphere. 

Let  G  be  the  centre  of  gravity  of  the  body  and  let  the 
moving  axes  GG,  GA,  GB  be  respectively  a  normal  to  the 
surface  and  some  two  lines  at  right  angles  to  be  afterwards 
chosen  at  our  convenience.  Let  the  motions  of  these  axes  be 
determined  by  the  angular  velocities  6^,  6^,  6^  about  their 
instantaneous  positions  in  the  manner  explained  in  Art.  110. 
Let  u,  V,  w  be  the  velocities  of  G  resolved  parallel  to  the 
axes  so  that  w  =  0,  and  Wj,  lo^,  Wg  the  angular  velocities  of 
the  body  about  these  axes.  Let  F,  F'  be  the  resolved  parts 
of  the  friction  of  the  perfectly  rough  surface  on  the  sphere 
parallel  to  the  axes  GA,  GB,  and  let  R  be  the  normal  reac- 
tion. Let  X,  Y,  Z  be  the  resolved  parts  of  the  impressed 
forces  on  the  centre  of  gravity.  Let  h  be  the  radius  of  gyifa- 
tion  of  the  sphere  about  a  diameter,  a  its  radius.  The  equa- 
tions of  motion  of  the  sphere  are  by  Arts.  122  and  112, 

da^      n       ,  ^  F'a' 


dco,     n  n  Fa 


(1), 
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dv 


+  eM 


=  Y+F' 


-e,u+e,v    =z+R 


(2), 


and  since  the  point  of  contact  of  the  sphere  and  surface  is  at 
rest,  we  have 

^-»<».=  ^\  (3). 

V  +  ao)i  =  0  J 

Eliminating  F,  F',  co^,  lo^  from  these  equations,  we  get 


du  _n    _     g" 
~dt~  '''~  a^  +  Te" 
dv     „  a^ 


X  + 


a^  +  K 


e^aco. 


dt 


a'  +  M 


^+^^=''"n 


(4). 


246.  The  meaning  of  these  equations  may  be  found  as 
follows.  They  are  the  two  equations  of  motion  of  the  centre 
of  gravity  of  the  sphere,  which  we  should  have  obtained 
if  the  given  surface  had  been  smooth  and  the   centre   of 

1^      . 


gTavity  had  been  acted  on  by  accelerating  forces 


l? 


a^  +  A" 


iB^aw^  along  the  axes  GA,  GB,  and  by  the  same 


and     ,  , 

2 

impressed  forces  as  "before  reduced  in  the  ratio  —^ — p  ,     The 

motion  therefore  of  the  centre  of  gravity  in  these  two  cases 
with  the  same  initial  conditions  will  be  the  same.  More  con- 
venient expressions  for  these  two  additional  forces  may  be 
found  thus.  The  centre  of  gravity  moves  along  a  surface 
formed  by  producing  all  the  normals  to  the  given  surface  a 
constant  length  equal  to  the  radius  of  the  sphere.  Let  us  take 
the  axes  GA,  GB  to  be  tangents  to  the  lines  of  curvature  of 
this  surface  and  let  p^,  p^  be  the  radii  of  curvature  of  the 
normal  sections  through  these  tangents  respectively.     Then 


P2 


e„= 


(5). 
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If  G  be  the  position  of  the  centre  of  gravity  at  the  time 
t,  the  quantity  d^dt  is  the  angle  between  the  projections  of 
two  successive  positions  of  QA  on  the  tangent  plane  at  G. 
Let  "x^,  ')l  be  the  angles  the  radii  of  curvature  of  the  lines  of 
curvature  at  G  make  with  the  normal,  then  by  geometrical 
considerations  we  shall  have 

^.  =  -tanY  +  ^tanv' (6). 

We  have  also  an  expression  for  Wj  given  by  equations  (1). 
Substituting  for  <»„  a^  from  the  geometrical  equations  (3)  we 
get 

dt~  a  \p,     pj ^'^* 

The  solution  of  the  equations  may  be  conducted  as  fol- 
lows. Let  (a;,  y,  s)  be  the  co-ordinates  of  the  centre  of  the 
sphere.     Then  u,  v  may  be  found  from  the  equation  to  the 

surface  in  terms  of  -j-  ,   -M-,  ;^  by  resolving  parallel  to  the 

axes  of  reference.  If  we  eliminate  u,  v,  0,,  6^,  6^  by  means 
of  (4),  (5),  and  (6),  we  shall  get  three  equations  containing 
X,  y,  2,  Wg,  and  their  differential  coeflScients  with  respect  to  t. 
These  together,  with  the  equation  to  the  surface  will  be  suffi- 
cient to  determine  the  motion  at  any  time.  One  integral  can 
always  be  found  by  the  principle  of  Vis  Viva.  Since  the 
sphere  is  turning  about  the  point  of  contact  as  an  instanta- 
neously fixed  point  we  have 

(«» -1-  ¥)  («/  -1-  O  -I-  A; V  =  2^, 

where  ^  is  the  force  function  of  the  impressed  forces.  This 
ia  the  same  as 

-'^^'^^<  =  ^-^^ W' 

and  the  right-hand  side  of  this  equation  is  twice  the  force 
function  of  the  altered  impressed  forces. 

247.  If  the  given  surface  on  which  the  sphere  rolls  be  a 
plane,  we  have  p,  and  p^  both  infinite,  hence  d„  0^  are  both 

E.  D.  23 
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zero.  If  therefore  a  homogeneous  sphere  roll  on  a  perfectly 
rough  plane  under  the  action  of  any  forces  whatever  of 
which  the  resultant  passes  through  the  centre  of  the  sphere, 
the  motion  of  the  centre  of  gravity  is  the  same  as  if  the 
plane  were  smooth,  and  all  the  forces  were  reduced  in  ratio 

-■  to  1.    And  it  is  also  clear  that  the  plane  is  the  only  surface 

which  possesses  this  property. 

248.  If  the  given  surface  on  which  the  sphere  rolls  be 
another  sphere  of  radius  h—  a,  we  have  p^  =  p^  =  h.  Hence 
0J3  is  constant;  let  this  constant  value  be  called  n,  and  let 
V  be  the  velocity  of  the  centre  of  gravity.  Since  every  nor- 
mal section  is  a  principal  section,  we  may  take  OA  a  tangent 
to  the  path.  Hence  the  motion  of  the  centre  of  gravity  is 
tlie  same  as  if  the  whole  mass  collected  at  that  point  were 

acted  on  by  an  accelerating  force  -= — 7-,  — ^ —  in  a  direction 

•'  °  a  +  k      b 

perpendicular  to  the  path,  and  all  the  impressed  forces  were 

reduced  in  the  ratio     3      j^ :  1.     Since  this  additional  force 

acts  perpendicular  to  the  path,  it  will  not  appear  in  the  equa- 
tion of  Vis  Viva.  Hence  the  velocity  of  the  centre  of  gravity 
in  any  position  is  the  same  as  if  it  had  arrived  there  simply  - 
under  the  action  of  the  reduced  forces.  Let  0  be  the  centre 
of  the  fixed  sphere,  6  the  angle  OG  makes  with  the  vertical 
OZ,  and  yjr  the  angle  the  plane  ZOG  makes  with  any  fixed 
plane  passing  through  OG.     Then  by  Vis  Viva  we  have 

where  JE  is  some  constant -to  be  determined  from  the  initial 
conditions.     This  also  follows  from  equation  (8). 

Also  taking  moments  about  OZ,  we  have 

b     d  /  .  ,„  df\  ¥         de 
-r.    sin^^  —fr    =    ,  .    ,„ an  ■ 


sine  dt  {  dtj     a'  +  ki'      dt' 

an  equation  which  will  be  found  to  be  a  transformation  of  the 
second  of  equations  (4). 
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Integrating  this  equation  we  have 

srn^e  -^=E'  — J— ^.  -=-  cos  d, 
at  a  +  k    0 

where  H'  is  some  constant. 

These  two  equations  will  suffice  to  determine  -r-  and  -~- 
^  at  at 

under  any  given  initial  conditions. 

249.  Let  the  given  roiighr  surface  be  any  surface  of  revo- 
lution placed  with  its  axis  of  figure  vertical  and  vertex  up- 
wards, and  let  gravity  be  the  only  impressed  force.  In  this 
case  the  meridians  and  parallels  are  the  lines  of  curvature. 
Let  the  axis  of  figure  be  the  axis  of  Z.  Let  0  be  the  angl^ 
the  axis  GO  makes  with  the  axis  of  ^,  -i/r  the  angle  the  plane 
containing  Z&ni  GO  makes  with  any  fixed  vertical  plane. 

Then       d,  =  -sm0^,     0,  =  § ,     0^  =  cos0^ . 
'  at        "     at  '      ^  at 

Hence  the  equations  (4)  become 
--cos0^v  =  -^^^,gs.ne^j^,a<o,.m0^....iS), 
dv  „d^lr  k^  d0  .... 

^+cos0^w=_^r:jrp««s^ H 

and  equation  (8)  becomes 


u''  +  v'  + 


a^  +  ¥ 


a'    r 


where  E  is  some  constant,  arid  p  is  the  radius  of  curvature  of 
the  meridian.     Also  we  have  by  (7)  , 

dm,         uv  /I      sin  0\  ,.  , 

-tt=-^Kp--r) (^")'  ' 

where  r  is  the  distance  of  the  centre  of  the  sphere  from  the 
axis  of  z.     The  geometrical  equations  (5)  become 

d0  d'yjr 

""^Pdi'    '"^'"dt   W- 

25—2 
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To  solve  these,  we  may  put  (ii)  into  the  form 
^  +  cose^«=^-^««3. 

which  by  (v)  becomes 

dv     p  cos  6  y 

differentiating  this,  we  have  by  (iv), 

Now  p  and  r  may  be  found  from  the  equation  to  the  meri- 
dian curve  as  functions  of  6.  Hence  P  is  a  known  function 
of  d.  Solving  this  linear  equation  we  have  v  found  as  a  func- 
tion of  0.    Then  by  (iv)  we  have 

p  sin  6\ 


da)g_     V  f        p  sna.6\ 


and  thence  having  found  Wj  we  have  u  by  equation  (iii). 
Knowing  u  and  v ;  6  and  i/r  may  be  found  by  equations  (v). 

,  250.  A  heavy  sphere  is  placed  in  equilibriv/m  on  the 
highest  point  of  a  surface  of  any  form  and  being  slightly  dis- 
turbed makes  small  oscillations,  find  the  motion. 

Let  0  be  the  highest  point  of  the  surface  on  which  the 
centre  of  gravity  G  always  lies.  Let  the  tangents  to  the 
lines  of  curvature  at  0  be  taken  as  the  axes  of  x  and  y,  and 
let  {x,  y,  z)  be  the  co-ordinates  of  G.  We  shall  assume  that 
O  is  not  a  singular  point  ou  the  surface.  In  order  to  simplify 
the  general  equations  of  motions  (4)  we  shall  take  as  the 
axes  GA  and  GB  the  tangents  to  the  lines  of  curvature  at  Q. 
But  since  G  always  remains  very  near  0,  the  tangents  to  the 
lines  of  curvature  at  0  will  be  nearly  parallel  to  those  at  0. 
So  that  to  the  first  order  of  small  quantities  we  have 
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e 1^ 

dx 


rt  _  1  ^ 


u  = 


v  = 


dv 


and  0g  will  be  a  small  quantity  of  at  least  the  first  order. 
Also  since  the  sphere  is  supposed  not  to  deviate  far  from  the 
highest  point  of  the  surface,  we  have  m^  constant,  let  this 
constant  be  called  n. 

The  equation  to  the  surface  on  which  G  moves,  in  the 
neighbourhood  of  the  highest  point,  is 


■  -.IC^'  +  I] 


The  equation  to  the  normal  at  x,  y,  z  is 
%  —  x     i)  —  y_  %—  z 

Pi  Pi 

Hence  the  resolved  parts  parallel  to  the  axes  of  the  nor- 
mal  pressure  R  on  the  sphere  are  R  — ,  R^  and  R. 

Pi  P2 


d^y a^ 

=  R-g 


The  equations  of  motion  (4)  therefore  become 
d'^x  _     c^      Tf'"^         T^     dy  an 

df 


But  z  is  a  small  quantity  of  the  second  order,  hence  the 
last  equation  gives  R  =g. 

To  solve  these  equations,  we  put 

X  =  Fcos  {Xt  +f)  ] 
y=G8m{\t+f)  )' 
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These  give 

V        a'  +  A;'  pj         a'  +  ¥  p^ 

\        a'  +  k'pj  a' +  16'    Pj 

The  equation  to  find  \  is  therefore    ' 

\     '^a'  +  k'  pJ  \         «"  +  k'  pJ      (a^  +  Jcy    p,p,  ■ 

This  is  a  quadratic  equation  to  determine  X^;  In  order  that 
the  motion  may  be  oscillatory  it  is  necessary  and  sufficient  that 
the  roots  should  he  both  positive,  If  Pi,  p^  be  both  negative, 
so  that  the  sphere  is  placed  like  a  ball  inside  a  cup,  the  roots 
of  the  quadratic  are  positive  for  all  values  of  n.  If  p^,  p^ 
have  opposite  signs  the  roots  cannot  be  both  positive.  If 
Pi,  Pj,  be  both  positive  the  two  conditions  of  stability  will 
be  found  to  reduce  to 

If  Pi  be  infinite,  it  is  necessary  that  p^  should  be  negative, 

'  c^     o 

and  in  that  case  the  two  values  of  X"  are 7. — ^5  —  and  zero, 

■a'-tle'p, 

which  are  both  independent  of  n.     If  pi  =  p^,  we  have  F=  O. 

In  this  case  if  d  be  the  inclination  of  the  normal  to  the  verti" 

cal,  we  have  €P  = ^  and,  as  in  Art.  243,  we  find 

,     P 

^  =  F^^  +  f:  +  IF^F,  cos  {(V-  \,)  t  +f.  -/J, 
where  \,  \  are  the  roots  of  the  quadratic 

a^  +  k^  p  a'  +  k'  p 

251.  A  perfectly  rough  surface  of  revolution  is  placed 
with  its  axis  vertical. .  Determine  the  circumstances  of  motion 
that  a  heavy  sphere  Ttmy  roll  on  it  so  that  its  centre  describes  a 
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horizontal  circle.  And  this  state  of  steady  motion  heing  dis- 
turbed, find  the  small  oscillations. 

In  this  case  we  must  recur  to  the  equations  of  Art.  249, 

and  let  us  adopt  the  notation  of  that  article,  except  that  to 

2 
'  shorten  the  expressions  we  shall  put  for  ¥  its  value  -  c^. 

o 

To  find  the  steady  motion.     We  must  put  u,  v,  w^,  6,  —f- 

(Xt 

all  constant.  Let  a,  /*  and  n  be  the  constant  values  of  6, 
-^  and  Wj.  Then  we  have  m  =  0,  v  =  hfji,,  where  h  is  the  con- 
stant value  of  r. 

The  equation  (i)  becomes 

5      .  2        . 

—  b  cos  a  fi^  =  - g  sina  —  -  an  sin  a/i  . 

'The    other    dynamical    equations   are    satisfied  without 
giving  any  relation  between  the  constants. 

If  the  motion  be  steady,  we  have  therefore 

5   q      7  b 
n  =  -  -^-~  +  -  -  u  cot  a ; 
2  afi,      2  a'^  ' 

thus  for  the  same  value  of  n  we  have  two  values  of  /*,  which 
correspond  to  different  initial  values  of  v. 

We  have  the  geometrical  relation  a)^  = ,  so  that  to^ 

and  n  have  opposite  signs.  Hence  the  axis  of  rotation  which 
necessarily  passes  throilgh  the  point  of  contact  of  the  sphere 
and  the  rough  surface  makes  an  angle  with  the  vertical  less 
than  that  made  by  the  normal  at  the  point  of  contact. 

By  inspecting  the  expression  for  n,  it  will  be  seen  that  it  is 

a  minimum  when 

5  a      7  5/4, 
-  -^  =  -  -i-  cot  a, 
2  afi      2  a 

and  therefore       w*  =  35  -f  cot  a ,  /*"  =  zr  t  tan  a. 

a  lb 


392  MOTION  OP  A  BODY  IN  THREE  DIMENSIONS. 

When  a  =  0,  we  have  &  =  0  also,  but  if  c  be  the  radius  of 
curvature  at  the  vertex  of  the  surface  on  which  G  always 
lies,  we  have  &  =  c  sin  a,  and  the  expressions  become 

a"    '^     7  c 

If  the  vertex  of  the'  surface  of  revolution  be  downwards, 
so  that  the  sphere  rolls  on  the  inside,  we  have  only  to  change 
the  signs  of  a  and  g. 

To  find  ike  small  osciUation. 

Put^  =  a+^,  ";^  =  A'  +  "^>  where  a  and  /*  are  sup- 
posed to  contain  all  the  constant  parts  of  d  and  -j- ,  so  that 

d-flr' 
ff  and  -^  only  contain  trigonometrical  terms.     Let  c  —  a  be 

the  radius  of  curvature  of  the  surface  of  revolution  at  the 
point  of  contact  of  the  sphere  in  steady  motion,  so  that  p 
differs  from  c  only  by  small  quantities,  and  may  be  put  equal 
to  c  in  the  small  terms.    'Also  we  have  r  =  b  +  c  cos  a .  ff. 

Now  by  equations  (iv)  and  (v)  of  Art.  249  we  have 

dm^  _  dd  dyfr  paind  —  r 


dt 

dt  dt 

a 

dff     c  sin  a  - 
~  dt  ^         a 

-h 

> 

•••    Os 

csina 

-h 

ff  +  n, 

a 

where  n  is  the  whole  of  the  constant  part  of  cOg. 
Again,  from  equation  (ii),  we  have 

I   d  f  dylr\     p  dd       .d^  ^      F         dd      ^ 

.       /*    _      dff     h  d^^'     c  cos  a  u,  dff     2     dff 
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integrating  we  have 

/2        2fic  cos  0L\^_h  di^^ 

the  constant  being  put  zero  because  ff  and  ■^'  only  contain 
trigonometrical  terms. 

Thirdly,  from  equation  (i),  we  have 

1   d  (  dd\     r  (d-fV  2        .    .df     5g   .    ^ 

a  dt\  dtJ     a\dtj  7    =  dt      1  a 

.    c  d'ff     5  +  c  cos  aO'  .  •      fl^  /  2  ,  „     d^'\ 

+  ?  (sin«.+  cosae')  (^  +  ^)  («+/-^H^  ^) 

5  ff 

=  -  -  (sin  a  +  cos  a^')- 
7  a  ^  ' 

This  expression  must  be  expanded  and  expressed  in  the 
form 

in  this  case,  since  d'  contains  only  trigonometrical  expres- 
sions, we  must  have  B  =  (i.  Hence  putting  ^  =  0  in  the  above 
expression,  we  find 

w  =  -  -^  +  -^  cot  a 
2  afi,       a 

as  in  steady  motion. 

After  expanding  the  preceding  equation  we  find 

A  =  u?i—  cos'a  +  -  sin^a )  +  u?  — ; —  (2  cos^a  +  -  sin'  a ) 
\  7  /      '^  c  sm  a  A  7  / 

.  25 /sin a     Id  a   .  ,  IQ  q 

■^-JK  —ti -^  1  sm*  cosa  +  — --cosa. 

49    iJ?bo        lb  7c 
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In  order  that  the  motion  may  be  steady,  it  is  sufficient 

and  necessary  that  this  value  of  A  should  be  positive.     And 

2'7r 
the  time  of  oscillation  is  then  — r  ■ 

A 

It  is  to  be  observed  that  this  investigation  does  not  apply 
if  a  and  therefore  b  be  small,  for  some  terms  which  have  been 
rejected  have  b  in  their  denominators,  and  may  become  im- 
portant. 


Motion  of  a  Bolid  Body  on  a  plane. 

-262.  A  solid  of  revolution  rolls  on  a  perfectly  rough 
horizontal  plane  under  the  action  of  gravity.  To  find  the 
steady  motion  and  the  small  oscillations. 

Let  G  be  the  centre  of  gravity  of  the  body,  GG  the  axis 
of  figure,  P  the  point  of  contact.    Let  GA  be  that  principal 


axis   which   lies   in  the  plane  FGO  and   GB  the  axis  at 
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right  angles  to  GA,  GG.  Let.  (rilf  te  a  perpendicular  from 
G  on  the  horizontal  plane,  and  PN  a  perpendicular  from  P 
on  GQ.  Let  Q  be  the  angle  (?C  makes  with  the  vertical,  and 
■^  the  angle  MP  makes  with  any  fixed  line  in  the  horizontal 
plane.  Let  iJ  be  the  normal  reaction  at  P;  F,  F'  the  re- 
solved parts  of  the  frictions  respectively  in  and  perpendicular 
to  the  plane  PGG.  » 

Let  us  take  moments  about  the  moving  axes  GA,  GB, 
G^O  according  to  Art.  121.  Then  5,  =0,  9^  =  {),  and  6^  is 
the  angular  velocity  of  the  plane  PGG  about  GO.    We  have 

A{^-e,^)-[A-C)<o^a>,  =  -F.GN .-(1), 

A  {^  +  e,m)+{A-C)co,a>,  =  -F.  GM-R .  MP....{2), 

C'^^F'.PN (3). 

at 

The  geometrical  equations  are 

I-". '*)•'' 

'■»«t-" • ■■•(=>■ 

-e.+^cM«=». (6). 

Let  u  and  v  be  the  velocities  of  the  centre  of  gravity 
respectively  along  and  perpendicular  to  MP,  both  being 
parallel  to  the  horizontal  plane.  The  accelerations  of  the 
centre  of  gravity  along  these  moving  axes  will  be 

|-'f=^ '<')■ 

S-^4-^ (''■ 
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And  if  a  be  the  altitude  of  G  above  the  horizontal  plane, 
we  have 

S=-^+^ (^)- 

Also  since  the  point  P  is  at  rest,  we  have 

M-G^Jf«,  =  o: (10), 

v  +  FNco^-GNco,  =  0 (11), 

z=-ON'cose  +  PNaine (12). 

When  the  motion  is  steady,  we  have  the  surface  of  revo- 
lution rolling  on  the  plane  so  that  its  axis  makes  a  constant 
angle  with  the  vertical.     In  this  state  of  motion,  let  d  =  a, 

^  =  fi,  m^  =  n,  GM=p,  MP=q,  GN=^,  NP=r,,  and  let 

p  be  the  radius  of  curvature  of  the  rolling  body  at  P.  Then 
the  relations  between  these  quantities  may  be  found  by  sub- 
stitution in  the  above  equations. 

Suppose  it  were  required  to  find  the  conditions  that  the 
surface  may  roll  with  a  given  angular  velocity  n  with  its  axis 
of  figure  making  a  given  angle  with  the  vertical.  Here  n 
and  a  are  given,  and^,  ff,  f,  t),  p  maybe  found  from  the  equa- 
tions to  the  surface.  We  have  to  find  /j,,  (o^,  a^,  u,  v  and  the 
radius  of  the  circle  described  by  G  in  space.  Then  elimi- 
nating F,  F',  R,  we  get 

fi" sina  (A  cos  a  —p^  ~nfi{G sin  a  +2>r])  — 5'?  =  0, 

cBj  =  —  /*  sin  a, 

<».  =  0, 

M  =  0, 

v  =  —  nri—^fi  sin  a. 

Let  r  be  the  radius  of  the  circle  described  by  G  as  the 
surface  rolls  on  the  plane.  Since  G  describes  its  circle  with 
angular  velocity  fi,  we  have  rfj,  =  v,  and  hence 

7)n     J,  . 
r  =  —  - —  t  sm  a. 
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For  every  value  of  n  and  a  there  are  two  values  of  fi, 
which  however  correspond  to  different  initial  conditions.  In 
order  that  a  steady  motion  may  be  possible,  it  is  necessary 
that  the  roots  of  this  quadratic  should  be  real.     This  gives 

( (7  sin  a  +^7/)'  n'  +  A^gq  sin  a.  {A  cos  a  —  p^) 
=  a  positive  quantity. 

To    find    the    small    oscillation,    we    put     6  =  a-'r  6', 

-^  =fi+  -^ ,  Wg  =  w  +  &)',.    Then  we  have  by  geometry, 

z=  GM=^p  +  qff, 

PM=q  +  {p-p)ff, 

GN=^+pff  sma, 

PN=v  +  pd' COS  a, 

and  substituting  in  (5),  (10),  (11),  (7),  (8)  respectively,  we 
find 

dt 
dff 

v.  =  —  /tt  sin  a^  —  nrj  —  iji  cos  af  +  /ip  sin'a  +  np  cos  a)  ff 

F= p -j^  +  fi^  sm  a^ +niMri  + 2  am  afi^-^  + tin -^ 

+  fi{fi  cos  af  +  ;it/3  sin''  a  +  np  cos  a)  0'  +  ij/ieo',, 
F'==-{iJt,  cos  oi^—p/i  +  fJ-p  sin"  a  +  wp  cos  a)  -^ 

Substituting  these  in  equation  (3)  and  integrating,  we 
have 

d^lr' 
{C-hf)<o'3={piJ.-fi^cosa—/ip  sin^a-rnp  cosa) riff-rjaxna^-^  (A), 


(»j  =  —  /*  sin  a  —  /*  cos  a^  —  sin  a  -^ , 
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the  constant  being  omitted  because  n,  a  and  fi  are  supposed 

to  contain  all  the  constant  parts  of  Wj,  6,  and  -^ . 

Again  substituting  in  (1)  and  integrating,  we  have 
{ Cn  —  2Afj,  cos  a  +  f  {p/i  —  /icoa  a^  —  fi  sin" mp  —  np  cos  a)}  0" 

-(^  +  r)sina^=f^»; (B). 

Also  substituting  in  (2),  we  have  , 
(A+p'+  f)  -Ts  +  ff  {^H^  (sin'  a  -  cos'  a)  +  Cn^i  cos  a  +  (jO  -p)  g 
+ 1^  sin  a^gH-  nfj/r)q+  p?  cos  a|p  +  M/ti|op  cos  a.+p?  sin''  ap^} 
+  -^  {—  2Ap,  sin  a  cos  a  +  On  sin  a  +  2^/t  sin  a  +  w/)!?} 

etc 

+  a' ^{Cfi  sin  a  +  ppv} 

+  {-  A  sin  a  cos  ap,^  4-  Cn/t  sin  a  H-^'g'  +  sin  a/i'^f  +  «/*?"?} . 

=  0 (C). 

The  last  term  of  this  equation  must  vanish  since  0', 
-^ ,  o)\  only  contain  periodic  terms.    It  is  the  equation  thus 

formed  which  determines  the  steady  motion  and  gives  us  the 
value  of /A. 

To  solve  these  equations  we  may  put 
0' =  L  sin  {Xt  + /)- 

■^  =  Msin{\t  +  f) 

(o'^  =  N  sin  (Xt+f). 

If  we  substitute  these  in  (A),  (B),  (C)  we  shall  get  three 
equations  to  eliminate  the  ratios  L  :  M  :  N.  Before  substi- 
tution it  will  be  found  convenient  to  simplify  the  equations 
first  by  multiplying  (A)  by  ^  and  (B)  by  17  and  subtracting 
the  latter  result  from  the  former,  and  secondly  by  multiplying 
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(A)  by  ^  and  adding  the  result  to  (C).     We  then  obtain 
the  following  determinant, 


+  fj,^  {p^- A  cos  2a -qr)    . 
+  nfiC  cos  a 

Afj,  sin  a  cos  a 

+  m 

G/i  {rj  sin  a  —p) 

Cn  —  2A1J,  cos  a 

A  sin  a 

0^ 

(p  —  ^  cos  a  —  jO  sin*  a)  fi 
—  pn  cos  a 

f  sina 

-iC  +  v')' 

=  0. 


253.  Example.  To  find,  ike  least  angular  velocity  which 
will  make  a  hoop  roll  in  a  straight  line. 

In  this  case  r  is  infinite  and  therefore  fi  must  be  zero.  It 
follows  from  the  equation  of  steady  motion  that  g-  =  0  or  the 
hoop  must  be  upright.  We  have  p  =  a,  q  =  0,  f  =  0,  r)=a, 
/i  =  0,  and  C  =  2 A-     The  determinant  becomes 

^2     2n^2A  +  a')-aq 
^=         AT^' — '-' 

so  that  the  least  angular  velocity  which  will  make  X  a  real 

quantity  is  given  by, n  =  ^(0+^' 

Let  the  hoop  be  an  arc,  we  have  0=  a",  and  if  V  be  the 
least  velocity  of  the  centre  of  gravity,  this  equation  gives 

V>-  'Jag.    Let  the  hoop  be  a  disc,'  then  G=  —  ,    and  we 
2  ^ 


have  V> 


^/' 


ag 
3  ■ 


254.  A  surface  of  any  form  rolls  on  a  perfectly  rough 
horizontal  plane  under  the  action  of  gravity.  To  firm  the 
equations  of  motion. 
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Let  GA,  OB,  GO,  the  principal  axes  at  the  centre  of 
gravity,  be  the  axes  of  reference.  Let  (/>  {x,  y,«)=^  be  the 
equation  to  the  bounding  surface  {x,  y,  z)  the  co-ordinates  of 
the  point  of  contact.  Let  {p,  q,  r)  be  the  direction-cosines 
of  the  normal  to  the  surface  at  the  point  x,  y,  z,  then 

» q  _   r 

d(f)     d(f>     d(j) ' 
dx      dy      dz 

Let  X,  Y,  Z  be  the  resolved  parts  along  the  axes  of  the 
normal  reaction  and  the  two  frictions  at  the  point  x,  y,  z,  and 
let  the  mass  of  the  body  be  unity. 

By  Euler's  equations  we  have 


•{1). 


A'^-{B-C)w,co,=yZ-zY 
B^'-{0-A)co^co^  =  zX-xZ 

0^-^-{A-B)ro,a>,  =  xY-yX 

Also  the  equations  of  motion  of  the  centre  of  gravity  are 
by  Art.  112, 

du  _., 

j^ — va)^  +  wa)^=-gp+X 


dw  _ 


.(2). 


Also  since  the  line  (p,  q,  r)  remains  always  vertical, 
dp 


da 
dr 


.(3). 
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And  since  the  point  {x,  y,  z)  is  at  rest, 

V  —gco,  +xa\=  0  ■ W- 

w  —  xco^  +  yw^  =  0 1 

When  the  form  of  the  surface  is  given  we  may  be  able 
in  certain  cases  to  solve  these  equations  and  to  determine 
what  states  of  steady  motion  are  possible.  Whatever  the 
shape  of  the  body  may  be  we  may  suppose  it  to  be  set  in 
rotation  about  the  normal  at  the  point  of  contact  with  an 
angular  velocity  n.  If  this  angular  velocity  be  not  zero,  the 
normal  must  be  a  principal  axis  at  the  point  of  contact,  and 
yet  it  must  pass  through  the  centre  of  gravity.  This  cannot 
be  unless  the  normal  be  a  principal  axis  at  the  centre  of  gra- 
vity. If  however  w  =  0,  this  condition  is  not  necessary. 
There  are  therefore  two  cases  to  be  considered. 

Case  1.  A  body  of  any  form  is  placed  in  equilibrium 
resting  with  the  point  -0  on  a  rough  horizontal  plane,  with  a 
principal  axis  at  the  centre  of  gravity  vertical,  and  is  then 
set  in  rotation  with  an  angular  velocity  n  about  GO.  A  small 
disturbance  being  given  tc  the  body,  it  is  required  to  find  the 
motion. 

Case  2.  A  body  of  any  form  Is  placed  in  equilibrium 
on  a  rough  horizontal  plane  with  the  centre  of  gravity  oyer 
the  point  of  contact.  A  small  disturbance  being  given  to  the 
body,  to  find  the  motion. 

255.  Case  1.  Supposing  the  body  not  to  depart  far  from 
its  initial  position,  we  have  p,  q,  u,  v,  w,  ta^,  co^  all  small 
quantities  and  r  =  1  nearly.  Hence  by  (2),  when  we  neglect 
the  squares  of  small  quantities,  we  see  that  X,  Y  are  also 
small  and  Z=q  nearly.  It  follows  by  (1)  that  m^  Is  constant 
and  .■.  =n.  Also  x  and  y  are  small  and  s  =  — A  nearly, 
where  h  is  the  altitude  of  the  centre  of  gravity  above  the  hori- 
zontal plane  before  the  motion  was  disturbed.  The  equation  to 
the  surface  may,  by  Taylor's  theorem,  be  written  in  the  form 


=  -»-l(^?^-S- 


E.  D. 


26 
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where  [a,  6,  c)  are  some  constants  depending  on  the  curva- 
tures of  the  principal  sections  of  the  body  at  the  point  C. 

The  squares  of  all  small  quantities  being  neglected,  the 
preceding  equations  become 

B^  -  [G  -  A)  no>,  =  -hX  -  gx 


—  nv=  —gp  +  X 


du 

dt 

dv  ,    i^ 

-+nu  =  -gq+Y 


dp 
di 
da 
-dt  =  ''^- 


=  nq-eo^ 


np 


u  —  ny  —  ho)^  =  0 
V  4-  Aa'i  +  nx,=  0 


)• 


_£_  = 

a     h      b      c 


=  -1. 


get 


Eliminating  X,  Y,  u,  v,  Wj ,  co^  from  these  equations,  we 


(A  +  je)  ^j  +  {A+B+2h''-  C)n^^-{{B-  G)n'+hg+K'n'] 


=  {g+  hn")  y  —  hn 


dx 
'dt 


-{B  +  h')^  +  {A+B+2li'-C)nf^+{iA-C)n'+hg+Pri']p 


=  —  iff  +  ^n^)  x—Tin 


dy 
'di 
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It  will  be  found  convenient  to  express  x,  y  in  terms  of 
p,  q.  The  .right-hand  sides  of  each  of  these  equations  will 
then  take  the  form 


Lp  +  Mq  +  L'^+M'^-^ 


dt  dt' 

To  solve  these  equations,  we  must  then  assume  p,  q  to  be 
of  the  form 

P  =  P„  cos  Xt  +  Pj  sin  Td  \ 

q=  Qg  cos  Xt  +  Q^  sin  \t ) 

If  the  tangents  to  the  lines  of  curvature  of  the  moving  body 
at  G  be  parallel  to  the  principal  axes,  at  the  centre  of  gravity, 
these  equations  admit  of  considerable  simplification.  In  that 
case  the  fequation  to  the  surface  may  be  written  in  the  form 

,      1  fa?     «^ 
z  =  -h+-{-  +  ^], 

where  a  and  c  are  the  radii  of  curvature  of  the  lines  of  curva- 
ture. The  right-hand  sides  of  the  equations  then  become 
respectively 

—  {,g-\-  An")  cq  +  Tina  -J- , 

[g  4-  Aw')  ap  +  hnc  -y- . 

To  satisfy  the  equations,  it  will  be  sufficient  to  put 
^  =  i^cos(X«-f-/), 
q=  Gam{\t+f). 
This  simplification  Is  possible,  because  we  can  see  before- 
hand that  5=-^. 

Substituting  and  eliminating  the  ratio  jy ,  we  get  the  fol- 
lowing quadratic  to  determine  X'. 
[{A  +h')X'+{B-C+h{h-  c)}  n'+gih-  c)]  [{B  +  h')  X' 

+  {A-C+h{h-a)]n'+g{h-a)] 
=  XV {A  +  B  +  2h'' -  C-ha}  {A  +  B  +  2h!' -  C -he}. 

26—2- 


404 


MOTION   OF  A   BODY  IN  THREE   DIMENSIONS. 


If  \j,  \  be  the  roots  of  this  equation,  the  motion  is  repre- 
sented by  the  equations 

p  =  F,  cos  (V  +/J  +  F^  cos  {\t  +/,)  [ 
q=G,  sin  {\t  +/,)  +  O,  sin  {\t  +/,)  J' 

C      C 

where  -77  ,  -et  are  known  functions  of  \j,  \  respectively,  and 

F^,  F^,  /i,  /^  are  constants  to  be  determined  by  the  initial 
values  of  ^,  g,   j,   g. 

In  order  that  the  motion  may  be  stable,  it  is  necessary 
that  the  roots  of  this  quadratic  should  be  real  and  positive. 
These  conditions  may  be  easily  expressed. 

256.     Case  2.     Supposing  the  disturbance  to  be  small,  ^ 

we  have  w^,  a\,  w^,  u,  v,  w  all  small  quantities.  Hence  when 

we  neglect  the  squares  of  small  quantities  the  equations  (1) 
and  (2)  become  respectively. 


•(i), 


dt 

-yz- 

•zY'' 

4:- 

zX- 

-xZ 

df.\ 
^  dt- 

xY- 

-yX 

du 
dt~ 

-9P 

+  x 

dv 

di  ~ 

-n 

+  Y 

dw 
~di~ 

-gr 

+  z 

•(H) 


Let  x^,  y„,  a„  be  the  co-ordinates  of  the  point  of  contact 
in  the  position  of  equilibrium,  and  let 

x  =  x^  +  x',    y  =  y^-\-y\    z  =  z,  +  z'. 
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Then  in  the  small  terms  of  equation  (4)  we  may  write  x^,  y^  z„ 
for  X,  y,  z.  Hence  differentiating  these  and  eliminating 
X,  Y,  Z,  u,  V,  w  by  help  of  equations  (i)  and  (ii),  we  get 

I  A   .      s  .     s\  dw,  dco.  dm,         ,  ,        ..... 

{A  +  y^  +  z^ -^ - a;„y„ -^ - x,z, -^  =  9 {yr  -zq)  ...  (in), 

and  two  similar  equations. 

Let  jp,,  gj,  r„  be  the  values  of  f,  c[,  r  in  the  position  of 
equilibrium.     Thfen  -?  =  ^  =  J  =  p,  where  p  is  the  radius 

Po       9.0       '*o 

vector  from  G  to  the  point  of  contact.  Now  in  the  small 
terms  of  equations.  (3)  we  may  write  p^,  q^,  r^  for  p,  q,  r. 
Hence  equations  (iii)  become  by  substitution 

.  dco..  d'r  d^q  ,      ,  ,  ,.  , 

and  two  similar  equations. 

At  the  time  t  letj?=p„+y,  2"  =  20  + 2)  and  r  =  »•„  +  »■'. 
Then  since 

{Po+pr+{so+ir+(ro+rr=u 

we  have 

i'o?'  +  2'o2'  + V'  =  0- 

The  form  of  the  surface  being  known  we  can  find  p',  q,  r'  in 
terms  of  x,  ^,  z,  and  thus  express  yr  —  zq,  zp  —  xr,  xq  —  yp 
in  the  form 

g  {yr  —  zq)  =  Lp'  +  Mq. 

The  equations  (iv)  now  become 

and  two  similar  equations. 

Differentiating  equations  (3),  and  substituting  for  -^ , 

-^ ,    -^,  r  and  -^ ,  we  get  equations  of  the  form 

ut  Cbt  Cut 
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To  solve  these  we  put 

y  =  Pcos(X«+/), 

p 

substituting  and   eliminating  the  ratios  -^  ,   we    have    the 

quadratic 

FX'+E,     GX'+k 

FV  +  E',  G'X'  +  k' 

to  determine  \\ 


=  0 (vi), 


Thus  by  virtue  of  the  relation  existing  between  jo',  q,  r, 
each  of  these  may  be  represented  by  an  expression  of  the  form 

P,  cos  {\t  +/,)  +  P,  cos  {\t  +/,). 

Substituting  these  values  in  equations  (v)  we  see  that 
Q)j,  m^,  Wj  can  each  be  represented  by  an  expression 

n^  +  i:,  cos  (V+/J  +F, cos  (v+ZJ. 

where  E^,  E^  are  known  functions  of  Pj,  P, ...  and  X„  X^,  but 
flj,  Ilj,  Oj  are  small  arbitrary  quantities.  By  substituting 
in  equations  (3)  and  equating  the  coefficients  of  cos  {\^t  +j^) 
and  cos  (X^i  +f^,  we  may  find  the  values  of  E^  and  E^  with- 
out difficulty.     And  we  also  see  that  we  must  have 

so  that,  of  the  three  O,,  D,^,  fig,  only  one  is  really  arbitrary. 
We  have  therefore  but  five  arbitrary  constants,  viz.  P„  P,, 
j^,  f^,  and  Ilj.  These  are  determined  by  the  initial  values  of 
<»i>  '"a.  »8>  /  a^ncl  g'. 

To  find  the  motion  of  the  principal  axes  round  the  verti- 
cal, let  ^  be  the  angle  the  plane  containing  GC  and  the  ver- 
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tical  makes  with  the  plane  of  AC.  Then,  by  drawing  a 
figure  for  the  standard  case  in  which  p,  q,  r  are  all  positive, 
it  will  be  seen  that  if  /t  be  the  rate  at  which  GG  goes  round 
the  vertical, 

fi  Vl  —  »^=  (Bj  cos  (j)  +  a)^  sm<j) 


Vl  — »•, 


Substituting  for  w,,  a^,  tljis  takes  the  form 

/i  =  M3  +  iV,  cos  (V  +A)  +  -ZV,  cos  {\t  +/,), 
where  w„  N^,  N^  are  all  known  constants.  . 

In  order  that  the  equilibrium  may  be  stable  it  is  necessary 
that  the  roots  of  the  quadratic  (vi)  should  both  be  real  and 
positive.     These  conditions  may  easily  be  expressed. 

These  conditions  being  supposed  satisfied,  the  expressions 
for  p',  q,  r  will  only  contain  periodical  terms,  and  thus  the 
inclinations  of  the  principal  axes  to  the"  vertical  will  not  be 
sensibly  altered.  But  the  expressions  for  «»,,  Wj,  w^  may  each 
contain  a  non-periodical  term,  and  if  so  the  rate  at  which 
the  principal  axes  will  go  round  the  vertical  will  also  contain 
non-periodical  terms.  The  body  therefore  may  gradually 
turn  with  a  slow  motion  round  the  normal  at  the  point  of 
contact.  The  expressions  for  u,  v,  w  will  contain  only 
periodic  terms,  so  that  the  body  will  have  no  motion  of  trans- 
lation in  space. 

Motion  of  a  Bod. 

257.  When  the  body  whose  motion  is  to  be  determined 
is  a  rod,  it  is  often  more  convenient  to  recur  to  the  original 
equations  of  motion  supplied  by  D'Alembert's  Principle. 
The  equations  of  Lagrange  may  also  be  used  with  advantage. 
These  methods  will  be  illustrated  by  the  following  problem, 

A  uniform  heavy  rod,  suspended  from  a  fixed  point  0  hy  a 
string,  makes  small  oscillations  about  the  vertical.  Determine 
the  motion. 

Let  0  be  taken  as  origin,  and  let  the  axis  of  z  be  mea- 
sured vertically  downwards ;  let  2a  be  the  length  of  the  rod, 
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h  the  length  of  the  string.  Let  {I,  m,  n)  {p,  q,  r)  be  the  direc- 
tion-cosines o£  the  string  and  rod.  Then  I,  m,  p,  q  are  small 
quantities  whose  squares  are  to  be  neglected  and  we  may  put 
n  and  r  each  equal  to  unity.  Let  u  be  the  distance  of  any 
element  du  of  the  rod  from  that  extremity  A  of  the  rod  to 
which  the  string  is  attached.  Let  {x,  y,  z)  be  the  co-ordinates 
of  the  element  du^  then  we  have 


y  =  hm  +  uq 
z  =  h     +u 


(!)• 


Let  M  be  the  mass  of  the  rod,  MT  the  tension  of  the 
string,  the  equations  of  motion  of  the  centre  of  gravity  will  be 


dH        d% 
'de  +  ^'d^ 


Tl 


,  d^m  .      d^q 
^'df^'^'df 


=  -Tm 


(2). 


0  =  g-T  J 


By  D'Alembert's  Principle  the  equation  of  moments  round 
X  will  be 

tdu{y^,-z^)  =  Xdu{yZ-,T) 

=  Xdu{i/g). 
By  equations  (1)  this  reduces  to 

j      du-  -{h+u)  (*  ^+  «-^)|  =  ^<^Sr  {'bm+aq). 


Integrating,  we  get 


-2ah(b 


d^m 


+a 


df) 


\    di 
which  by  equations  (2)  reduces  to 

I 


„,  .d^m     80?  d^q     „      ,,  , 


df 


d^q_ 


^l^'df 


=-n- 
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Therefore  the  four  equations  of  motion  are 

dH  ,     d> 
dt^        d^ 


&-^+«^  =  -5Z 


de 


de 


(3), 


ani  two  similar  equations  for  m,  q.  These  equations  do  not 
contain  m  or  q,  and  on  the  other  hand  the  equations  to  find 
m  and  q  do  not  contain  I  or  p.  This  shows  that  the  oscilla- 
tions in  the  plane  xz  are  not  affected  by  those  in  the  perpen- 
dicular plane  yz.     See  Art.  198. 

To  solve  these  equations,  put 

l  =  Fs\n{\t-\-a),    p=  Gsm(Xt-\-  a), 
we  get 

hX^F+aX'a  =  gF    i 

hX^F+^aK^G=ga   y 

and  the  values  of  \  may  be  found  from  this  equation. 

In  order  to  make  a  comparison  of  different  methods,  let  us 
deduce  the  motion  from  Lagrange's  equations.  In  this  case 
we  must  determine  the  semi  vis  viva  T  true  to  the  squares  of 
the  small  quantities^,  q,  I,  m,  we  cannot  therefore  put  r  =  .l, 
w  =  l.     Since  »''+o'*  +  »-^=l, 


1- 


«=1- 


Z''  +  m"  +  n"  =  1,  we  have  ■ 
2 


we  must  therefore  replace  the  third  of  equations  (1)  by 
z  =  bn  +  ur 

-  j^P  +  m'        p'  +  f 
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If  accents  denote  differential  coeflScients  with  regard  to  t, 
as  in  Lagrange's  equations  we  have 

tmx'^  =  Xm  (br^  +  2hrp'u  +p"'u') 

=  M(b'r+2Mya+^p"y 

The  value  of  l,mif"  may  be  found  in  a  similar  manner. 
The  value  of  2ma'^  is  of  the  fourth  order  and  may  be  neg- 
lected.    Hence  we  have 

2T=b'  {P  +  m")+  2ah  {Vp'  +  m'g')  +  ~  {p"  +  f). 

O 

Also  we  have 

'-'  =-9\y  — 2 *"  '^      9      )  +  constant. 

The  equation 


becomes 
similarly  we  get 


di  dl!       dl       dl 
hr  +  ap"  =  —ffl; 


ol  +Y?5   =-523. 


These  are  the  same  equations  which  we  deduced  from 
D'Alembert's  Principle  and  the  solution  may  be  continued  as 
before. 


EXAMPLES. 

1.  A  body  turning  about  a  fixed  point  is  acted  on  by 
forces  which  tend  to  produce  rotation  about  an  axis  at  right 
angles  to  the  instantaneous  axis,  show  that  the  angular 
velocity  cannot  be  uniform  unless  the  momental  ellipsoid 
at  the  fixed  point  is  a  spheroid. 

The  axia  about   which  the  forces  tend  to  produce  rotation   is  that  axis 
about  which  it  would  begin  to  turn  if  the  body  were  placed  at  rest. 
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2.  If  forces  act  on  a  homogeneous  spheroid  tending 
always  to  produce  rotation  about  an  axis  (a)  in  the  plane  of 
the  equator,  the  instantaneous  axis  will  describe  a  circular 
cone  in  the  body  about  its  polar  axis ;  but  the  angular  velo- 
city about  the  instantaneous  axis  will  not  be  uniform  unless 
the  axis  a  be  always  at  riglit  angles  to  the  instantaneous 
axis. 

3.  A  top  two  of  whose  principal  moments  at  0  are  equal 
is  set  in  rotation  about  its  axis  of  figure  viz.  OC  with  an 
angular  velocity  n,  the  point  0  being  fixed.  If  00  be 
horizontal,  and  if  the  proper  initial  angular  velocity  be  com- 
municated to  the  top  about  the  vertical  through  0,  prove 
that  the  top  will  not  fall  down,  but  that  the  axis  of  figure 
will  revolve  round  the  vertical,  in  steady  motion,  with  an 

angular  velocity  fi  =  yf-,   where   h   is  the  distance  of  the 

centre  of  gravity  of  the  top  from  0,  and  0  is  the  moment 
of  inertia  about  the  axis  of  figure.  Show  also  that  if  the 
top  be  initially  placed  with  00  nearly  horizontal  and  if  a 
very  great  angular  velocity  be  communicated  to  it  about  00 
without  any  initial  angular  velocity  about  OA  or  OB,  then 
00  will  revolve  round  the  vertical  remaining  very  nearly 
in  a  horizontal  plane  with  an  angular  velocity  fi  given  by 
the  same  formula  as  before,  and  the  time  of  the  vertical 
oscillations  oi  00  about  its  mean  position  will  be 

A 
27r 


'/O'n'  +  Agh 


4.  A  uniform  rod,  moveable  about  one  extremity,  moves 
in  such  a  manner  as  to  make  always  nearly  the  same  angle  a 
with  the  vertical;  show  that  the  time  of  a  small  oscillation 
is 


/2a  _ 
V  3^-1. 


cos  a 
2ir , 


Sy'l+Scos^a' 
a  being  the  length  of  the  rod. 

5.     A  homogeneous  sphere  is  placed  upon  an  inclined 
plane  sufficiently  rough  to  prevent  sliding  and  a  velocity  in 
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any  direction  is  communicated  to  it.  Show  that  the  path 
of  its'  centre  will  be  a  parabola,  and  if  V  be  the  initial 
horizontal  velocity  of  the  centre  of  gravity,  a  the  inclination  of 

the  plane  to  the  horizon,  the  latus  rectum  will  be  -z — -^     ■ 
^  '  off  sin  a 

These  results  may  be  deduced  from  Art.  247.  We  may  also  proceed  thus. 
Taking  the  plane  as  the  plane  of  xy  and  the  axis  of  x  down  the  planfe,  the 
equations  of  Art.  107i  become 

also  the  geometrical  equations  are  v,-aij>s=0,  Vg+aui^  =  0,  where  F,  P'  are 
the  frictions  parallel  to  the  axes  of  x  and  y  respectively,  a  is  the  radius  of 
the  sphere  and  the  mass  has  been  taken  unity.  Dififerentiatlng  the  geometrical 
relations  and  substituting  from  the  dynamical  equations  we  can  find  F  and  F', 
Thence  v^  and  Vy  may  be  found. 

6.  If  a  rough  plane  inclined  at  an  angle  a  to  the 
horizon  be  made  to  revolve  with  uniform  angular  velocity 
n  about  a  normal  Oz  and  a  sphere  be  placed  at  rest  upon  it, 
show  that  the  path  in  space  of  the  centre  will  be  a  prolate, 
a  common,  or  a  curtate  cycloid  according  as  the  point  at 
which  the  sphere  is  initially  placed  is  without,  upon,  or 
within  the  circle  whose  equation  is 

„  .     ,     35  3  sin  a 

the  axis  Oy  being  horizontal. 

Take  the  same  co-ordinate  axes  as  in  the  last  question.  The  equations  may 
be  treated  in  a  similar  manner.  When  the  sphere  is  placed  at  rest  on  the 
moving  plane,  a  velocity  is  suddenly  given  to  it  by  the  impulsive  frictions. 

7.  A  circular  disc  capable  of  motion  about  a  vertical 

axis  through  its  centre  perpendicular  to  its  plane  is  set  in 

motion  with  angular  velocity  O.      A  rough  uniform  sphere 

is  gently  placed  on  any  point  of  the  disc,  not  the  centre, 

prove  that  the  sphere  will  describe  a  circle  on  the  disc,  and 

IM 
that  the  disc  will  revolve  with  angular  velocity     ^  12 

where  M  and  m  are  the  masses  of  the  disc  and  sphere. 

8.  A   sphere  is  pressed  between   two   perfectly  rough 
parallel  boards  which  are  made  to  revolve  with  the  uniform 
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angular  velocities  fl  and  fl'  about  fixed  axes  perpendicular 
to  their  planes.  Prove  that  the  centre  of  the  sphere  describes 
a  circle  about  an  axis  which  is  in  the  same  plane  as  the 
axes  of  revolution  of  the  boards  and  whose  distances  from 
these  axes  are  inversely  proportional  to  the  angular  velocities 
about  them. 

Show  that  when  the  boards  revolve  about  the  same  axis,' 
their  points  of  contact  wiU  trace  on  the  sphere  small  circles, 

the  tangents  of  whose  angular  radii  will  be  - .  ^  ~  _. , ,  a  being 

the  radius  of  the  sphere  and  c  that  of  the  circle  described  by 
its  centre. 

9.  Prove  that  a  billiard  ball,  being  considered  as  a 
sphere  partly  rolling  and  partly  sliding  on  a  horizontal  plane, 
describes  a  parabola,  except  in  the  particular  case  when  it 
moves  in  a  right  line. 

10.  A  perfectly  rough  circular  cylinder  is  fixed  with  its 
axis  horizontal.  A  sphere  being  placed  on  it  in  a  position 
of  unstable  equilibrium  is  so  projected  that  the  centre  begins 
to  move  with  a  velocity  V  parallel  to  the  axis  of  the  cylinder. 
It  is  then  slightly  disturbed  in  a  direction  perpendicular  to 
the  axis.  If  d  be  the  angle  the  radius  through  the  point  of 
contact  makes  with  the  vertical,  prove  that  the  velocity  of 


VI 


the  centre  parallel  to  the  axis  at  any  time  <  is  F cos  a/ -  9 
and  that  the  sphere  will  leave  the  cylinder  when  cos  ^  —  tz- 

11.  A  uniform  sphere  is  placed  in  contact  with  the  ex- 
terior surface  of  a  perfectly  rough  cone.  Its  centre  is  acted 
on  by  a  force  the  direction  of  which  always  meets  the  axis 
of  the. cone  at  right  angles  and  the  intensity  of  which  varies 
inversely  as  the  cube  of  the  distance  from  that  axis.  Prove 
that  if  the  sphere  be  properly  started  the  path  described  by 
its  centre  will  meet  every  generating  line  of  the  cone  on 
which  it  lies  in  the  same  angle. 

See  the  solutions  of  Cambridge  Problems  for  1860,  page  92, 
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12.  A  perfectly  rough  sphere  is  placed  on  another  per- 
fectly rough  fixed  sphere  near  the  highest  point.  The 
upper  sphere  has  an  angular  rotation  co  about  its  diameter 
through  the  point  of  contact;  prove  that  its  equilibrium  will 

be  stable  if  «"  > — ^-^^ where  b  is  the  radius  of  the  fixed 

sphere,  and  a  the  radius  of  the  moving  sphere. 

13.  Every  particle  of  a  sphere  of  radius  a,  which  is 
placed  on  a  perfectly  rough  sphere  of  radius  c,  is  attracted 
to  a  centre  of  force  on  the  surface  of  the  fixed  sphere  with 
a  force  varying  inversely  as  the  square  of  the  distance;  if  it 
be  placed  at  the  extremity  of  the  diameter  through  the  centre 
of  force  and  be  set  rotating  about  that  diameter  and  then 
slightly  displaced,  determine  its  motion ;  and  show  that  when 
it  leaves  the  fixed  sphere  the  distance  of  its  centre  from  the 
centre  of  force  is  a  root  of  the  equation 

20a;'  -  13  (2c  +  a)!is'+  7a  (2c  +  a)"  =  0. 

14.  A  perfectly  rough  plane  revolves  uniformly  about 
a  vertical  axis  in  its  own  plane  with  an  angular  velocity  n,  a 
sphere  being  placed  in  contact  with  the  plane  rolls  on  it  under 
the  action  of  gravity  find  the  motion. 

Take  the  axis  of  revolntion  as  axis  of  2,  and  let  the  axis  of  x  be  fixed  in 
the  plane.  Let  a  be  the  radius,  m  the  mass  of  the  sphere ;  F,  F'  the  frictions 
resolved  parallel  to  the  axes  of  x  and  z  and  U  the  normal  reaction.  The  equa- 
tions of  motion  are  therefore  by  Art.  94  -^„—ii,^x=  —  ,  -an^  +  in^r  —  —   and 

dp  m  dt     m 

-^^  =  —  q-\ .     The  equations  of  rotation  by  Art.  122  are  — ,— —  mu„= — r— -, 

— T^-|-mw.=0,    -r-'  =  To  •     Since  the  point  of  contact  has  the  same  motion  as 
<Lt  at        fir 

the    plane    the    geometrical    equations    by    Art.    Ill   are    -=-  -an  +  aa,  =  0, 

dz 

-T--a(i)»=0.     Solving  these  equations  vre  find  that  the  sphere  will  not  fall 

down.     If  the  sphere  start  from  relative  rest  at  a  point  in  the  axis  of  x,  we 
have  3  =  —  -J  tan"  i  { 1  -  cos  {nt  cos  J) )    where   sin  i=  x/  tj  •      The   sphere   will 

therefore  never  descend  more  than  -^  below  its  original  position. 

15.  A  sphere  of  radius  a  is  suspended  from  a  fixed  point 
0  by  a  string  of  length  h  and  is  made  to  rotate  about  a 
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vertical  axis  with  an  angular  velocity  n.  Prove  that,  if  the 
string  make  small  oscillations  about  its  mean  position,  the 
motion  of  the  centre  of  gravity  will  be  represented  by  a  series 
of  terms  of  the  form  L  cos  (\«  +  M)  where  th6  several  values 
of  \  are  the  roots  of  the  equation 


(6V-,)(V-.X-g)=f^V, 


Let  C  be  the  point  of  the  sphere  to  which  the  string  is  attached,  G  the 
centre  of  gravity.  Take  as  axes  of  reference  GC  and  two  axes  GA,  GB  fixed  in 
the  body.  Let  {p,  q,  r)  be  the  direction-cosines  of  the  vertical  and  (p',  q',  r') 
those  of  CO.  Let  (v,,  v,  w)  be  the  velocities  of  G  parallel  to  the  axes.  Then 
u,  V,  Wi,   Uj,  p,  q,  p',  q'  are  all  small  quantities.     Also  w=0,  aa=n,  r=l, 

/=!.     By  Euler's  equations  we  have  i:'—rr=  -gaq',  *^-Tr=ff<»p'.    By  Art. 

clit  cut 

112  we  have  --n-nv—gi^'-p),  -Tf+nu=g(q' -q).    By  Art.  114  we  can  ex- 
press  the  fact  that   0  is  fixed  in  space  viz.  u  +  h^^-bnq'+ia  +  h)  a^=(S, 

dt 

acts  vertically,  this  gives  -^-'«q+ui^=Q,   jt- Wi  +  mp=0.   AU  these  equations 
ai;e  linear  and  may  be  solved  in  the  usual  manner. 

16.  An  infinitely  thin  circular  disc  moves  on  a  perfectly 
rough  horizontal  plane  in  such  a  manner  as  to  preserve  a 
constant  inclination  a  to  the  vertical.  Find  the  condition 
that  the  motion  may  be  steady  and  the  time  of  a  small 
oscillation. 

Let  the  radius  of  the  disc  be  a,  and  the  radius  of  gyration  about  a  diameter 
h.  Let  W3  be  the  angular  velocity  about  the  axis,  fi  the  angular  velocity  of  the 
centre  of  gravity  about  the  centre  of  the  circle  described  by  it,  r  the  radius  of 
this  circle,  then  in  steady  motion 

(2P + a")  Ma = iV  cos  a  - '-—  cot  o, 

iSk^ +a?)r=  —  A'a  cos  a  H — —  cot  a. 
If  T  be  the  time  of  a  smaU  oscillation 
(^)V  +  o')  =  A'''{*' (1  +  20082  o)-l-a3siu'io} 

-  2n/t  cos  a{%V  +  a=)  +  in'  (2F  +  a^  -  jra  sin  a. 
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17.  An  ellipsoid  is  placed  with  one  of  its  vertices  in 
contact  with  a  smooth  horizontal  plane.  What  angular  velo- 
city of  rotation  must  it  have  about  the  vertical  axis  in  order 
that  the  equilibrium  may  be  stable  ? 

Result.  Let  a,  I,  c  be  the  semi-axes,  c  the  vertical  axis, 
then  the  angular  velocity  must  be  greater  than 


y^ 


5g  \/c^-a^  +  Vc*-^>^ 


18.  A  surface  of  revolution  rolls  on  another  perfectly 
rough  surface  of  revolution  with  its.  axis  vertical.  The 
centre  of  gravity  of  the  rolling  surface  lies  in  its  axis.  Find 
the  cases  of  steady  motion  in  which  it  is  possible  for  the  axes 
of  both  the  surfaces  to  lie  in  a  vertical  plane  throughout  the 
motion. 

Let  6  be  the  inclination  of  the  axes  of  the  two  surfaces, 
P  the  point  of  contact,  GM  a  perpendicular  on  the  tangent 
plane  at  P,  FN  a  perpendicular  on  the  axis  GC  of  the  rolling 
body;  F  the  friction,  M  the  reaction  at  P;  n  the  angular 
velocity  of  the  rolling  body  about  its  axis  GG,  /j,  the  angular 
rate  at  which  G  describes  its  circular  path  in  space,  r  the 
radius  of  this  circle.     Then  in  steady  motion 

MiJ,  sin  e  [Cn-AiJi  cos  ff)=-F.  OM-R.MP 

R  =  —  Mrfj?  sin  a  +  Mg  cos  a, 

F=  —  Mrfi"  cos  a  —  Mg  sin  a, 

n.PN+fisind.  GN=-  r/i, 

where  M  is  the  mass  of  the  body. 

19.  A  hooTp  A  GBF  revoW&s  about  AB  its  diameter  as 
a  fixed  vertical  axis.  GF  is  a  horizontal  diameter  of  the 
same  circle  which  is  without  mass  and  which  is  rigidly  con- 
nected to  the  circle ;  D  (7  is  a  smaller  concentric  hoop  which 
can  turn  freely  about  GF  as  diameter.  If  O,  D,',  m,  m,  be 
the  greatest  and  least  angular  velocities  about  AB,  GF  re- 
spectively, prove  that 

fi. 
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20.  OA,  OB,  00  are  the  principal  axes  of  a  rigid  body 
which  is  in  motion  about  a  fixed  point  0.  The  axis  00  has 
a  constant  inclination  a  to  a  line  OZ  fixed  in  space,  and 
revolves  with  uniform  angular  velocity  ii  round  it,  and  the 
axis  OA  always  lies  in  the  plane  ZOO.  Prove  that  the  con- 
straining couple  has  its  axis  coincident  with  OB,  and  that  its 
moment  is  —  (J.  —  C)  ^^  sin  a  cos  a. 

21.  If  a  rigid  body  be  moving  in  any  manner  in  three 
dimensions,  prove  that  we  can  take  moments  about  the  instan- 
taneous axis  as  if  it  were  an  axis  fixed  in  space  and  in  the 
body  (Art.  25),  provided  the  moment  of  inertia  of  the  body 
about  the  instantaneous  axis  is  constant  throughout  the 
motion. 

We  have  by  Art.  107  the  equation 

and  two  similar  equations.  Let  (I,  m,  n)  be  the  direction-cosines  of  the  instan- 
taneous axis,  /  and  O  the  moment  of  inertia  and  angular  Telocity  about  it. 
Then  un  =  lQ,  <i!^=mSt,  a^=i/iSl.     Substituting  in  the  above  equations  we  get 

ai  at 

and  two  other  equations.     Adding  these  three  we  get 

where  P  is  the  moment  of  all  the  forces  about  the  instantaneous  axis.  Hence 
the  equation 

da 

^  dt     ' 

will  be  true  whenever  AP+Sm''+  Cn'  is  constant  throughout  the  motion. 

22.  A  right  cone  is  placed  with  its  slant  side  on  a  per- 
fectly rough  plane  and  rolls  on  it  under  the  action  of  gravity. 
Find  the  motion. 

Here  as  the  cone  rolls  the  instantaneous  axis  makes  a  constant  angle  with 
the  axis,  the  moment  of  inertia  about  it  is  therefore  constant.  We  may  there- 
fore take  moments  about  the  generating  line  in  contact  with  the  plane  as  if  it 
were  fixed.  Let  the  fixed  vertex  0  of  the  cone  be  the  origin,  and  let  0  be  the 
angle  the  side  of  the  cone  in  contact  with  the  plane  makes  with  the  direction 
in  which  gravity  acts  when  resolved  along  the  plane.  "  Let  2o  be  the  angle, 

B.  D.  27 


418  MOTION  OF  A   BODY  IN  THREE  DIMENSIONS. 

h  the  length  of  the  axis  of  the  cone,  /3  the  inclination  of  the  plane  to  the 
horizon.     Then 

I  -ff  =  -  Mg  am  p  -rh  sin  a  am  </>. 

If  O  be  the  centre  of  the  baae  of  the  cone,  the  velocity  of  O  due  to  an 
angular  velocity  0  about  the  generating  line  is  A  sin  a  0.  If  ON  he  a  perpen- 
dicular from  C  on  the  instantaneous  axis,  the  velocity  of  C  in  space  is  also 
equal  to  the  velocity   of  N  in  space,  because  O  is  just  over  iV.     But  since 

0N=  A  cos  a,  the  velocity  ofiVis  Acoso-^,  .-.  OBina=^oosa.     The  equa- 
tion of  motion  is  therefore 

d^di         3  MgJi  sin'  d  sin  fl  .     , 
— sm  0. 


dC         i  I 


COS  a 


This  equation  can  be  once  integrated  and  the.  angular  velocity  found.  If  the 
cone  just  make  complete  revolutions,  the  angular  velocity  at  the  lowest  point 
will  be  given  by 

lOg'siniS  cos  o 

sin'o+6  cos' a' 


m-- 


In  the  same  way  we  may  find  the  motion  of  a  right  cone  rolling  under  the 
action  of  any  forces  on  another  perfectly  rough  cone ;  or  the  vertex  being  fixed, 
rolling  on  any  rough  curve.  These  motions  may  also  be  deduced  from  the 
principle  of  Vis  Viva.  Thus  the  vis  viva  due  to  an  angular  velocity  ii  about 
the  instantaneous  axis  is  IQ^.     Also  the  force  function  is  easily  found  to  be 

Mg  sin  j3  -  A  (1  -  cos  0)  cos  o.    Hence 

3 
JB'  =  -  Mg  sin/3  gAcos0coso-|-  constant. 

Substituting  for  fi  its  value  in  terms  of  0  we  may  proceed  as  before. 

23.  A  hollow  cone,  the  internal  surface  of  which  is  per- 
fectly rough,  is  fixed  in  a  position  in  which  its  axis  is  inclined 
at  an  angle  (a)  to  the  vertical,  and  a  solid  cone  of  smaller 
vertical  angle  is  placed  inside,  its  vertex  coinciding  with  the 
vertex  of  the  fixed  cone,  and  allowed  to  oscillate  :  show  that 
the  length  of  the  simple  isochronous  pendulum  is 

iF  sin  (^-7) 
3h  sin  a  sin'' 7  ' 

2/3  and  27  heing  the  vertical  angles,  h  the  height  of  the 
moving  cone,  and  k  its  radius  of  gyration  about  a  generating 
line. 


CHAPTEE  Xi. 


PRECESSION  AND   NUTATION, 
&C.    &c. 


On  the  Potential. 

258.  To  find  the  potential  of  a  body  of  any  form  at  any 
external  distant  point. 

Let  the  centre  of  gravity  G  of  the  body  be  taken  as  the 
origin  of  co-ordinates  and  let  the  axis  of  x  pass  through  8  the 
externar  point.  Let  the  distance  GS=p.  Let  (x,y,z)  be 
the  co-ordinates  of  any  element  dm  of  the  body  situated  at 
any  point  P  and  let  GP=r.  Then  the  potential  of  the 
body  is 

„__,  dm 
^~^P8- 

Now  P8^  =  p^  +  i^-2px; 

„     ^  dm  {       2px  —  r")  ~^ 
P    \  P       ) 

_^dm  (        12px-r^     3  f2px -  r'N' 
-^  p    1^  +  2       p"       +8l      p"      J 

5  /2px--i\      35  f2px-ry  \ 

27—2 
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arranging  these  terms  in  descending  powers  of  p,  we  get 
F-'S— 11-1-?     333° -r-"     5a!°  -  Bar' 

+ V         ■")■ 

Let  M  be  the  mass  of  the  body,  then  %dm  =  M. 

Also  since  the  origin  is  at  the  centre  of  gravity,  we  have 
%xdm  =  0. 

Let  A,  B,  C  be  the  principal  moments  of  inertia  at  the 
centre  of  gravity,  /  the  moment  of  inertia  about  the  axis  of  x, 
which  in  our  case  is  the  line  joining  the  centre  of  gravity  of 
the  body  to  the  attracted  point.     Then 

tdmr'  =  \{A+B+C), 

A 

^dm  a?  =  tdm  (r°  —  /  —  s") , 

=  ^{A  +  B+0)-I. 

Let  I  be  any  lirear  dimension  of  the  body,  then  if  p  be  so 
great  compared  with  I  that  we  may  neglect  the  fraction  f-j 
of  the  potential,  we  have 

M  .A+B+C-3I 

If  we  wish  to  make  a  nearer  approximation  to  the  value 
of  V,  we  must  take  account  of  the  next  terms,  viz. 

V       • 

Let  (I,  7],  ^  be  the  co-ordinates  of  »w  referred  to  any  fixed 
rectangular  axes  having  the  origin  at  G,  and  let  (a,  $,  7)  be 
the  angles  G8  makes  with  these  axes.     Then 

x=  ^  cos  a +  97  cosjS  +  f  C0S7; 

.'.  Sma;°  =  cos'  a  %mf  +  3  cos'  a  cos  /3  'tm^ri  + 
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If  the  body  be  symmetrical  about  any  set  of  rectangular 
axes  meeting  at  G,  we  have  2m|'  =  0,  2»if  "-i?  =  0,  &c,  =  0, 
so  that  this  next  term  in  the  expression  for  the  potential 
vanishes  altogether.  Thus  the  error  of  the  preceding  expres- 
sion for  V  is  comparable  to  only  the  fraction  ( -J  of  the  poten- 
tial. This  is  the  case  with  the  earth,  the  form  and  structure 
of  which  are  very  nearly  symmetrical  about  the  principal  axes 
at  its  centre  of  gravity. 

259.  In  the  investigation  of  this  value  for  the  potential, 
8  has  been  supposed  to  be  at  a  very  great  distance.  But  the 
expression  is  also  very  nearly  correct  wherever  the  point  8  be 
situated,  provided  the  body  be  an  ellipsoid  whose  strata  of 
equal  density  are  concentric  ellipsoids  of  small  ellipticity. 

To  prove  this,  we  may  use  a  theorem  in  attractions  due  to 
Maclaurin,  viz.  The  potentials  of  confocal  ellipsoids  at  any 
external  point  are  proportional  to  their  masses.  Let  us  first 
consider  the  case  of  a  solid  homogeneous  ellipsoid.  Describe 
an  internal  confocal  ellipsoid  of  very  small  dimensions  and  let 
a',  h',  c  be  its  semi-axes.  Then  because  the  ellipticity  is 
very  small,  we  can  take  a,  V,  d  so  small  that  8  may  be 
regarded  as  a  distant  point  with  regard  to  the  internal  ellip- 
soid.    Hence  the  potential  due  to  the  internal  ellipsoid  is 

where  accented  letters  have  the  same  meaning  ■  relatively  to 
the  internal  ellipsoid  that  unaccented  letters  have  with  regard, 
to  the  given  ellipsoid.     The  error  made  in  this  expression  is 

of  the  order  (-\V'.     . 

Hence,  by  Maclaurin's  theoremj  the  potential  V  of  the 
given  ellipsoid  is 

M      M  A'  +  ff  +  O'-ST 

and  the  error  is  of  the  order  (— J   ^« 
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If  d,  h,  c  be  the  semi-axes  of  the  giyen  ellipsoid,  we  have 
.•.  A  =M — - — 


Similarly, 


Also  if  (a,  /S,  7)  be  the  direction  angles  of  the  line  G8 
with  reference  to  the  principal  axes  at  G,  we  have 

7=  A  cos'  a  +  B  cos'/S  +  G cos'7 

Hence,  substituting,  we  have 

If  a,  h,  c  be  arranged  in  descending  order  of  magnitude,  we 
can  by  diminishing  the  size  of  the  internal  ellipsoid  make  c' 
as  small  as  we  please.  In  this  case  we  have  ultimately 
a'  =  Va''  —  c^  Let  e  be  the  ellipticity  of  the  section  contain- 
ing a  and  c  the  greatest  and  least  semi-axis.  Then  a'  =  a  Jie, 
and  the  error  of  the  above  expression  for  F  is  of  the  order 

The  theorem  being  true  for  any  solid  homogeneous  ellip* 
soid  is  also  true  for  any  -homogeneous  shell  bounded  by 
concentric  "ellipsoid?  of  small  ellipticity.  For  the  potential  of 
such  a  shell  may  be  found  by  subtracting  the  potentials 
of  the  bounding  ellipsoids,  A  +  £+  G  by  Art.  6  being  inde- 
pendent of  the  directions  of  the  axes. 
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Lastlj,  suppose  the  body  to  be  an  ellipsoid  whose  strata 
of  equal  density  are  concentric  ellipsoids  of  small  ellipticity, 
the  external  boundary  being  homogeneous.  Then  the  propo- 
sition being'  true  for  each  stratum,  is  also  true  for  the  whole 
body.  See  the  Cambridge  and  Dublin  Mathematical  Journal, 
1851. 

260.  The  demonstration  of  the  following  theorems  will 
serve  as  an  exercise  on  the  preceding  articles, 

(1)  If  the  law  of  attraction  had  been  —  ^  (dist.)  instead 
of  the  inverse  square,  the  potential  of  a  body  on  any  external 
point  _^  would  have  been  represented  by  Sm0,(P/S'),  where 
^  (jo)  is  the  differential  coeflScient  of  ^^{p).  In  this  case,  by 
reasoning  in  the  same  way,  we  get 

F=  M^^ip)  +  ^'(,)^±|±^_|  I  (^))  /, 

where  A,  B,  G  and  I  have  the  same  meanings  as  before. 

If  {x, y' ,  z)  be  the  coordinates  of  8  referred  to  the  prin- 
cipal axes  at  G,  the  moment  of  the  attraction  of  S  about 

the  axis  oiy{a  =  -^^M^  (cf_  j\  x'sf.    See  Art.  152. 
pdp    p 

(2)  If  the  attraction  of  a  body  on  every  external  point  be 
the  same  as  that  of  a  single  particle  placed  at  some  point, 
then  the  mass  of  the  particle  is  equal  to  the  mass  of  the 
body,  the  point  is  the  centre  of  gravity,  and  unless  the  law  of 
attraction  be  as  the  direct  distance,  every  axis  through  the 
centre  of  gravity  is  a^  principal  axis  at  the  centre  of  gravity. 
See  the  Quarterly  Mathematical  Journal,  1857. 

(3)  If  two  bodies  of  the  same  mass  have  their  centres  of 
gravity  coincident  and  their  ellipsoids  of  gyration  at  their 
centres  of  gravity  canjbcaly  and  if  they  attract  any  the  same 
distant  point  according  to  the  law  of  nature,  their  attractions 
are  the  same  in  direction  and  magnitude. 

(4)  Let  an  ellipsoid  be  described  having  its  semiaxes 
a, 5, csuchthat Jf|a'=5+  C-A+\  m\v=  0+^-5+X, 
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M-c^  —  A  +B—  C+X  where  X  is  at  our  disposal  and  may 

be  any  quantity  positive  or  negative  which  does  not  make 
a,  b,  c  imaginary.  Let  an  indefinitely  thin  shell  of  mass  M 
be  constructed  bounded  by  similar  ellipsoids  and  having  this 
ellipsoid  for  one  bounding  surface.  Then  the  attractions  of 
the  given  body  and  this  shell  on  any  distant  external  point 
are  the  same  in  direction  and  magnitude. 

(5)  The  attraction  of  a  body  two  of  whose  principal 
moments  at  the  centre  of  gravity  A  and  JB  are  equal  and 
greater  than  the  third  attracts  a  distant  point  as  if  its  mass 

were  equally   distributed   over  a  straight  line    • /s  . ~ 

placed  perpendicular  to  the  plane  of  A,  B  with  its  middle 
point  at  the  centre  of  gravity.  This  proposition  is  accu- 
rately true  if  the  body  be  an  indefinitely  thin  shell  bounded 
by  similar  prolate  spheroids.  In  any  case  it  is  necessary  that 
the  equal  moments  A,  B  should  be  greater  than  the  third 
moment  of  inertia  G. 

(6)  Whatever  be  the  relative  magnitudes  of  the  three 
principal  moments  of  inertia,  the  attraction  on  a  distant  point 
is  the  same  as  if  the  mass  was  distributed ,  over  the  focal 
conic  of  the  ellipsoid  described  in   (4)  so  that  the  density 

AB 

at  any  point  P  is  proportional  to     .  where  AB  is  the 

ijAP.PB 
diameter  through  P, 

261.  To  find  the  Force-function  due  to  the  attraction  of 
any  body  on  any  other  distant  body. 

Let  G,  O'  be  the  centres  of  gravity  of  the  two  bodies, 
and  let  GG' =  R.  Let  A,  B,  G;  A',  B',  G'  be  the  princi- 
pal moments  of  inertia  of  the  two  bodies  at  G  and  G'  respec- 
tively; /,  /'  the  moments  of  inertia  about  GG',  and  let 
M,  M'  be  the  masses  of  the  two  bodies. 

Let  m'  be  any  element  of  the  body  M'  situated  at  the 

point  S,  and  let  G8  =  p.     Then  the  potential  of  the  body  M 

,     ,.       AM    A^B+G-^n        ,         ^  .      . 
at  wi  IS  jw  j—  + g-g ^-^V ,  where  7^  is  the  moment 
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of  inertia  of  the  body  M  about  08.    We  have  now  to  sum 
this  expression  for  all  values  of  «i'.     This  gives 

MZ h  Sm  — —3 -^  . 

P  2p 

The  first  term  by  the  same  reasoning  as  before  gives 

MM'      ^^A'  +  B'  +  O'-Sr 
~^  +  ^ 2W • 

In  the  second  terra,  let  x\  y,  z  be  the  co-ordinates  of  ni 
referred  to  Q'  as  origin.     Then 

a;' 
/3  =  i2  (1  +  n  +  squares  of  a;',  y' ,  z') 

I^  =  I  {1  +  ax  +  fy' '+  yz'  +  squares), 

where  a,  /8,  7  are  some  constants.     Substituting  these,  and 
remembering  that  Xm'x  =  0,  %in'y'  =  0,  Xm'z'  —  0,  we  get 

--  A+B+0—3l(        /terms  depending  on  theX] 
2B'  \        \    squares  of  x,  y',  z      ))  ' 

Hence  the  required  force-function  is 

^_  MM'  ^  ,^A'  +  F+C'-3I'  ^  -,,  A  +  B+C-3I 
^'^^"^^  2W  +^  2iJ» 

The  error  of  this  expression  is  of  the  order  ( -m\  V,  where 
I,  I  are  any  linear  dimensions  of  the  two  bodies  respectively. 

262.  To  find  the  moment  of  the  attraction  of  the  sun  and 
moon  about  one  of  the  j/rincipal  axes  of  the  earth  at  its  centre 
of  gravity. 

Let  the  principal  axes  of  the  earth  at  its  centre  of  gravity 
be  taken  as  the  axes  of  reference,,  and  let  a,  /3,  7  be  the 
direction  angles  of  the  centre  of  gravity  G'  of  the  sun.  Then 
if  V  be  the  potential  of  the  sun  or  moon  on  the  earth,  we 
have 

^^    MM'  ,  ^^A'  +  F+G'-sr  ,  ^^,A  +  B+0-3l 
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where  unaccented  letters  refer  to   the  earth   and  accented 

letters  to  the  sun  or  moon.     Let  6  he  the  angle  the  plane 

through  the  sun  and  the  axis  of  y  makes  with  the  plane  of 

dV 
xy,    then    -r^  is  the  required  moment  in  the  direction  in 

which  we  must  turn  the  body  to  increase  6.     From  the  above 
expression,  since  Q  enters  only  through  /,  we  have 

dd~     1R  dO' 

Now  J=^cos*a  +  5cos'/3+ Ccos^y,   and  by  Spherical 
Trigonometry,  we  have 


cos  7  =  sin  j8  sin  6 
dl 


V 


cos  a  =  sin  j8  cos  6) 

.,    ,^  =  -2(^-C)sin=/3sin0cos^; 

.'.  the  moment  required]  „M'  ,  ^       .. 

1,     i^i.        ■     c        ^=-3-t;j    0'-J)cosacoS7. 
about  the  axis  oi  y     J  ■« 


y 

In  this  expression  the  mass  of  the  attracting  body  is  mea- 
sured in  astronomical  units.  We  may  eliminate  this  unit  in 
the  following  manner.  Let  n  be  the  mean  angular  velocity 
of  the  sun  about  the  earth,  B  its  mean  distance,  so  that  if  M 

M'  +  M      , 
be  the  mass  of  the  earth,  we  have       pa — ■  =n\    Now  M  is 

°  M  . 

very  small  compared  with  M',  so  small  that  -=^  is  of  the 

order  of  terms  already  neglected.     Hence  we  may  in  the 

M' 
same  terms  put  ^-j  =  n",  and  therefore 


0 


=  -  3n"  ( C-A)  cos  a  cos  7  (^V, 


the  moment  of  the  sun's  at- 
traction about  the  axis  of  y 

Let  n"  be  the  mean  angular  velocity  of  the  moon  about 

the  earth,  so  that,  if  M"  be  the  mass  of  the  'moon,  R'.  the 

M"+M 
mean  distance,  we  have  — 57^—  =  ^l"^     Let  v  be  the  ratio  of 

■ti. 


'  0 
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tie  mass  of  the  earth  to  that  of  the  moon,  then  we  have 
— k-j — -  =  n"',  and  therefore  if  R'  be  the  distance  of  the 


n's   1  Bn'"  ,^     ,.  /BW" 


moon 

the  moment  of  the  moon's 

attraction  about  the  axis  ( 

In  the  same  way  the   moments   about  the   other  axes 
may  be  found.     Putting  k  for  the  coeflScient,  we  have 

moment  about  axis  of  a;  =  —  « (5  —  (7)  cos  /3  cos  7, 

moment  about  axis  of  s  =  —  k{A—B)  cos  a  cos  ^. 


Motion  of  the  Earth  about  its  Centre  of  Gravity. 

263.  To  find  the  motion  of  the  pole  of  the  earth  about  its 
centre  of  gravity  when  disturbed  hy  the  attraction  of  the  sun 
and  moon,  the  figure  of  the  earth  heing  taken  to  he  one  of  revo- 
lution. 

Let  us  consider  the  effect  of  these  two  bodies  separately. 
Then,  provided  we  neglect  terms  depending  on  the. square  of 
the  disturbing  force,  we  can  by  addition  determine  their  joint 
effect. 

The  sun  attracts  the  parts  of  the  earth  nearer  to  it  with  a 
force  slightly  greater  than  that  with  which  it  attracts  the 
parts  more  remote,  and  thus  produces  a  small  couple  which 
tends  to  turn  the  earth  about  an  axis  lying  in  the  plane  of 
the  equator  and  perpendicular  to  the  line  joining  the  centre  of 
the  earth  to  the  centre  of  the  sun.  It  is  the  effect  of  this 
couple  which  we  have  now  to  determine.  It  clearly  produces 
small  angular  velocities  about  axes  perpendicular  to  the  axis 
of  figure.  We  shall  also  suppose  that  the  initial  axis  of  rota- 
tion so  nearly  coincided  with  the  axis  of  figure,  that  we  may 
regard  the  angular  velocities  about  axes  lying  in  the  plane  of 
the  equator  to  be  small  compared  with  the  angular  velocity 
about  the  axis  of  figure. 

In  the  first  instance  let  us  consider  the  orbit  of  the  dis- 
turbing body  to  be  fixed  in  space.    This  is  very  nearly  true 
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in  the  case  of  the  sun,  less  nearly  so  for  the  moon.  This 
limitation  of  the  problem  proposed  will  he  found  greatly  to 
simplify  the  solution.  We  can  now  choose  as  our  axes  of 
reference  in  space,  the  normal  to  this  fixed  plane,  and  two 
other  axes  in  the  plane  of  motion. 

■  Let  us  take  as  axes  of  reference  in  the  earth,  GO  the  axis 
figure,  OA,  QB  moving  in  the  earth  so  that  the  plane  AG  is 
always  at  right  angles  to  the  plane  of  the  orbit  of  the  dis- 
turbing body.  Then  following  the  usual  notation,  the  equa- 
tions of  notation  are  by  Art.  121, 


.(I). 


The  last  of  these  equations  shows  that  o),  is  constant,  let 
this  constant  value  be  denoted  hj  n. 

In  the  figure  let  N8  be  the  plane  of  motion  of  the 
disturbing  body,  Z  its  pole,  8  the  body  moving  in  the  direc- 
tion ^to  8,  and  let  its  longitude  measured  in  the  same  dtreC' 
tion  from  B,  the  intersection  of  its  plane  of  motion  with  the 
equator,  be  I.    Let  6  =  ZG,  and  let  ■^  be  the  angle  ZG* 


*  We  might  also  very  conveniently  have  chosen  as  axes  of  reference  in  the 
body,  QC  the  axis  of  figure,  and  axes  OA,  QB  moving  in  the  earth  so  that  GB 
is  the  axis  of  the  resultant  oouple.produced  by  the  action  of  the  disturbing  body 

on  the  earth.     In  this  case  -^  is  the  rate  at  which  a  plane  through  the  axis  6' 

and  the  disturbing  body  separates  from  a  plane  fixed  in  the  earth.      Hence 

-^  =  -  m  +  small  terms  depending  on  the   motion   of  the  sun.      For  a  first 

approximation,   we  may  neglect  these  when  multiplied  by  the  small  terms 
«] ,  U2.     The  equations  (I)  then  become 

A  ^»-  «i <■>.  =  -  3«'S(C-^) (§)'oos o  cos 7] 
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makes  with  some  fixed  great  circle  ZX.    The  geometrical 
equations  will  therefore  be 


—  sin  6  -^  =  ft), 
at 


(IT). 


Since  the  plane  AO  moves  so  as  always  to  contain  the  sun,  we  have  0=---)-. 
Eliminating  U2  we  have  therefore 


dt^  ^\a) 


(1)1  = 


Znt^C-A   Cn(R^ 


Cn  rR,\i 


sin  iy. 


Now  7  is  the  angular  distance  of  the  sun  from  the  axis  of  figure  of  the  earth. 
Hence  taking  account  of  the  motion  of  the  sun,  the  right-hand  side  of  this  equa- 
tion may  be  expressed  in  a  series  of  the  form 

SP  sin  {pt^  Q), 
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It  appears  from  the  last  of  these  equations  that  -^  differs 

from  -  (»g  by  a  quantity  of  the  order  w,.  Hence,  as  we  shall 
neglect  terms  depending  on  the  squares  and  products  of  the 
small   quantities   w^,  m^  we   may   in    the  small   terms  put 

-^  =  —  m.     The  equations  of  motion  now  become 


dt 


'''*  I  .(III). 


dt  > 


The  moments  L  and  if  have  been  found  in  Art.  262.    We 
have,,  writing  /i  for  the  coefficient, 

,    ,       n'      1 
where  i)  is  small  compared  with  n ;  being  equal  to  0  or  »  where  —  =  ggg  . 

Solving  the  equation  we  have 

Neglecting  the  small  term  ^^  in  the  denominator,  we  have 

where  F  and  /  are  two  arbitrary  constants.    Substituting  in  the  equations  of 
motion  we  have 


(On       ^ 
-7-*+/)- 


In  the  expression  for  wj  a  term  containing  ^  has  been  omitted,  because  it  is 

much  smaller  than  the  corresponding  term  in  a^  since  -j-  =  ^^  nearly.  The 

complementary  function  may  be  omitted  for  the  reason  given  in  Art.  264, 

The  motion  of  the  axis  C  in  space  is  therefore  simply  that  due  to  an  angular 
velocity  U|  about  the  axis  A.  Since  the  plane  4C  moves  so  as  always  to  con- 
tain the  disturbing  body,  the  axis  of  figure  GO  is  at  any  instant  moving  perpen- 
dicular to  the  plane  containing  it  and  the  disturbing  body  with  an  angular 

velocity  equal  to  — -=; —  (  p^  )  ^'°  "^"1'    ^^  ""  resolve  this  in  the  directions 

along  and  perpendicular  to  ZO  we  easily  find  the  values  of  -r-  and  solB  -^. 
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M  =  —11,  COS  a  COS  7 

=  —  )it  sin  5  cos  6  cos"  8N 

•    a        ^  1  -  cos  2Z  1 

=  —  u  sin  6'  cos  6 

^.^^^        2  I    (i^^. 

Similarly  L  =  —/ji,sm6  —^ —  { 

To  solve  these  equations,  we  must  substitute  for  I  its 
value  in  terms  of  t.  Since  /t  is  so  small  that  its  square 
is  to  be  neglected,  we  may  in  this  substitution  suppose  0 
to  be  constant  and  that  I  is  measured  from  a  fixed  point  in 
space.     By  the  theory  of  elliptic  motion,  we  have 

l=n't  +  6  +2e'  sin  (n'f+  e'  - ?)  + ... 

where  e',  e,  ^  are  respectively  the  eccentricity,  epoch  and 
longitude  of  the  perigee  of  the  orbit  of  the  disturbing  body. 
It  will  be  seen  that  if  the  substitution  be  effected  L  and  M 
will  be  expressed-  in  a  series  of  cosines  and  sines  so  that 
we  may  put 

L  =  tF cos  (\t+j)\ 

M=XGsm(ki+j)}' 

where  \  is  a  multiple  of  n'  and  is  therefore  small. 
To  find  oj, ,  (»2  we  put 

m^  =  'ZP  sin  {\t+ J)] 
ta,  =  2(3cos(\«+y)j  ' 

then  substituting  we  easily  find 

AP\+GnQ  =  F 
AQK+GnP=-G\ 

The  most  important  terms  in  the  values  of  L  and  M 

are  those  in  which  \  =  0  or  X  =  2w'.     In  all  the  other  terms 

'ft 

F  and  0  contain  powers  of  e.     Since  then  —  =  — -  we  may 

consider  \  small.  It  is  also  clear  that  when  we  substitute 
in  the  geometrical  equations  tlie  values  of  »,  m^  to  find 
6  and  •^,  no  term  will  rise  on  integration  in  which  \  is  not 
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F  G 

small.     We  have  therefore  very  nearly  Q  =  "^  >   '^~~  On' 


or  substituting 


«1  = 

M 
On 

«a  = 

L 

Vn 

(V). 


The  motion  therefore  of  the  pole  of  the  earth  in  space 
referred  to  the  pole  of  the  orbit  of  the  disturbing  body  as 
origin  is  given  by  the  equations 


d^  /*        ■    a   ■    al  1 

-5-  =  —  ~r-  •  sin  a  sin  2« 

dt  2Gn  I 


(VI). 


264.     In  this  solution  we  have  not  yet  considered  the 
Complementary  Functions.     To  find  these  we  must  solve 

du). 


We  easily  find 


at  ' 


=     Hsmf^t  +  K 


,  =  —  ^cos 


(x-^). 


The  quantities  IT  and  K  depend  on  the  initial  values 
of  a>i  a>^.  As  these  initial  values  are  unknown  S  and  K 
must  be  determined  by  observation.  If  II  had  any  sensible 
value  it  would  be  discovered  by  the  variations  produced  by 
it  in  the, position  in   space  of  the  pole  of  the  earth.     The 

period  of  these  would  be  —  ^ ,  as  >4  and  C  are  nearly  equal 
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in  the  case  of  the  earth,  this  period  is  nearly  equal  to  a 
day.  No  such  inequalities  have  been  found.  If  however 
any  such  inequality  existed  we  might  consider  these ,  two 
terms  together  as  a  separate  inequality  to  be  afterwards 
added  to  that  produced  by  the  other  terms  of  a>^  Wj  whose 
period  is  half  a  year. 

The  effect  of  the  complementary  function  on  the  motion 
of  the  pole  of  the  earth  has  been  already  considered.  The 
motion  is  the  same  as  if  the  earth  were  at  any  instant  set 
■in  rotation  about  an  axis  whose  direction-cosines  are  pro- 
portional to  IT  sin  (-J- 1  +  K]  ,  —  Hcos  (-j- 1  +  Kj  and  n  and 

then  left  to  itself  The  instantaneous  axis  will  describe  a 
right  cone  of  small  angle  round  the  axis  of  figure  and 
also  a  right  cone  of  small  angle  in  space.  Hence  from 
this  cause  there  can  be  no  permanent  change  in  the  posi- 
tion in  space  of  the- axis  of  the  earth.     See  Art.  212. 

'  265.  To  find  the  position  in  space  of  the  pole  G  of  the 
earth  at  the  end  of  any  time  t  we  must  integrate  equations 
(VI).  Since  we  neglect  the  square  of  the  disturbing  force 
we  may  on  the  right-hand  side  consider  9  constant,  and  I  to 
be  measured  from  a  fixed  point  in  space.  By  the  theory  of 
elliptic  motion  we  have 

iJ'  -^  =  constant 
at 

(7?  \* 
-^"j  ,  let  us  then  put 

so  that  in  the  case  in  which  the  sun  is  the  disturbing  body 

;S'=  -  —jT-  )  a°d  in  the  case  of  the  moon  8  =  -     g      ^^  • 

E.  D.  28 
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The  equations  now  become 


dd  _      „n 

dl~         n  Ji^JY 


■  sin  6  sin  2l 


'dl 


=  -^^ 


i2„ 


=  cos0(l  — cos2Z) 


From  the  equation  to  the  ellipse  we  have 

^^^^^^  =  l  +  e'cos{l-L). 

If  this  value  of  Ji  be  substituted  in  the  equations  it  will 
be  clear  that  all  the  terms  which  contain  e'  are  periodic  and 
do  not  rise  on  integration  so  as  to  become  equally  important 
with  the  others.    Since  then  e'  is  small,  being  about  equal  to 

— ,  it  will  be  needless  to  calculate  these  terms.     We  have 

therefore 


0  =  const.  +  Sr—sinO  cos2l 
2n 


■y]r  =  const. 


■S-COS0 
n 


{'- 


sin  2t 


266.     Let  us   consider  first  the  meaning  of  the  terra 

—  8- cos  01  in  the  value  of -\/r.     Let  a  point  C,  describe  a 

small  circle  round  Z  the  pole  of  the  orbit  of  the  disturbing 
planet,  the  distance  GZ  being  constant  and  equal  to  the  mean 
value    of  0.     Let  the  velocity  be  uniform   and   equal  to 

71 

S  —  cos  0,  and  let  the  direction  of  motion  be  opposite  to  that 

of  the  disturbing  body.  Then  (7„  represents  the  motion  of 
the  pole  of  the  earth  so  far  as  this  term  is  concerned.  This 
uniform  motion  is  called  Precession. 

Next  let  us  consider  the  two  terms 


B0: 


8—  sin  5  cos  2Z 
2?i 


B'^=  8  —  cos  0  sin  2l 

^71 


MOTION  OF  THE  EARTH  ABOUT  ITS  CENTRE  OF  GRAVITY.    435 
If  we  put  x  =  sin6  dyjr,  y  =  h6,  we  have 


(S^^cosesinej    (s^sine) 


which  is  the  equation  to  an  ellipse. 

Let  us  then  describe  round  0„  as  centre  an  ellipse  whose 

n'  n' 

semi-axes  are  8  --cos  9  sin  5  and  8 --sin  6  respectively  per- 

pendicular  to  and  along  ZO;  and  let  a  point  C,  describe  this 
ellipse  in  a  period  equal  to  half  the  periodic  time  of  the  dis- 
turbing body.  Also  let  the  velocity  of  C^  be  the  same  as  if 
it  were  a  material  point  attracted  by  a  centre  of  force  in  the 
centre  va,rying  as  the  distance.  Then  Cj  represents  the  mo- 
tion of  the  pole  of  the  earth  as  affected  both  by  Precession 
and  the  principal  parts  of  Nutation. 

If  we  had  chosen  to  include  in  our  approximate  values  of 
6  and  i/r  any  small  term  of  higher  order,  we  might  have  re- 
presented its  effect  by  the  motion  of  a  point  0^  describing 
another  small  ellipse  having  (7,  for  centre.  And  in  a  similar 
manner  by  drawing  successive  ellipses  we  could  represent 
geometrically  all  the  terms  of  0  and  i/r. 

3  C  —  A 
267.    In  the  case  of  the  sun  we  have  8  =  -  — h—  ,  so 

2        O 

that  the  precession  in  one  year  is  -  — j^j—  —  cos  6  2^.   It  is 

shown  in  treatises  on  the  Figure  of  the  Earth  that  there  is 

reason  to  put  — j^ —  =  '0031.      Also  we  have  —  =  — — r ,  and 
O  n     obo 

6  =  23°.  8'.  This  gives  a  precession  of  about  15"'42  per  an- 
num. Similarly  the  coefficients  of  Solar  Nutation  in  ■^ 
and  9  are  respectively  found  to  be  l"*23  and  0"'53.  If  we 
supposed  the  moon's  orbit  to  be  fixed,  we  could  find  in 
a  similar  manner  the  motion  of  the  pole  produced  by  the 
moon  referred  to  the  pole  of  the  moon's  orbit.     In  this  case 

3  0  —  A     1 

8  =  -  — 7v —  1 .    The  value  of  9  varies  between  the  limits 

2      U      l+v 

28—2 
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23° ±  5°.  Putting  -  =  ^,  v  =  80,  9=  23°,  we  find  a  preces- 
sion in  one  year  a  little  more  than  double  that  produced  by 
the  sun.  But  the  coefficients  of  what  would  be  the  nutations 
are  about  one-sixth  of  those  produced  by  the  sun. 

268.  In  the  preceding  investigation  we  have  considered  the 
orbit  of  the  disturbing  body  to  be  fixed  in  space.  If  it  be  not 
so,  we  must  take  the  plane  GA  perpendicular  to  its  instanta- 
neous position  at  the  instant  under  consideration.  In  this 
case  the  geometrical  equations  (II)  will  require  some  altera- 
tion.    Neglecting  as  before  the  term  -^  cos  ^,  we  shall  now 

have  -7   =  —  >»  +  T- !  where  «*  is  a  small  term  depending  on 

Cut  Cbu 

the  motion  of  the  plane  of  the  orbit.     This  term  will  be  very 

small  compared  with  n,  and  hence  we  may  still  put  -y-  =  —  n 

in  the  small  terms.  The  dynamical  equations  will  not  there- 
fore be  materially  altered.  With  regard  to  the  other  two 
geometrical  equations,  it  is  clear  that  m^,  <o^  will  continue  to 
express  the  resolved  parts  of  the  velocity  of  C  in  space  along 
and  perpendicular  to  the  instantaneous  position  of  ZG.  All 
the  change  that  will  be  necessary  is  therefore  to  refer  these 
velocities  as  given  by  equations  (VI)  to  axes  fixed  in  space, 
and  then  by  integration  we  shall  find  the  motion  of  G.  This 
is  the  course  we  shall  pursue  in  the  case  of  the  moon. 

269.  To  give  a  general  explanation  of  the  manner  in 
which  the  attraction  of  the  Sun  causes  Precession  and  Nu- 
tation. > 

*  The  value  of  v  may  be  found  in  the  following  manner.  The  orbit  at  any 
instant  is  turning  about  the  radius  vector  of  the  planet  as  an  instantaneous 

axis.  Let  -r-  be  this  angular  velocity  which  we  shall  suppose  known.  Let 
Z,  Z' ;  B,  B'  be  two  successive  positions  of  the  pole  of  the  orbit  and  the  ex- 
tremity of  the  axis  of  B  respectively.     Then  Z5=— =Z'5'.      Hence  the  pro- 

jections  of  ZZ',  BB',  on  ZB  are  equal.     This  gives,  since  ZB  is  at  right  angles 

A  A 

to  both  CZ  and  SB,  BSB'  sin  BS=ZGZ'  sin  ZC.     Now  the  angle  ZCZ'= 

and  the  angle  BSB'=dw,  hence  -=-  .  sin  S  = ^  sin  I. 

at  at 
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If  a  body  he  set  in  rotation  about  a  fixed  point  0 
under  the  action  of  no  forces,  we  know  that  the  mo- 
menta of  all  the  particles  are  together  equivalent  to  a 
couple  which  we  shall  represent  by  G  about  an  axis 
called  the  invariable  line.  Let  T  be  the  Vis  Viva  of  the 
body.     If  a  plane  be  drawn  perpendicular  to  the  axis  of  G 

at  a  distance  —^  e*  from   the  fixed  point,  then  the  whole 

motion  is  represented  by  making  the  momental  ellipsoid 
whose  parameter  is  e  roll  on  this  plane.  In  the  case  of 
the  earth,  the  axis  01  of  instantaneous  rotation  so  nearly 
coincides  with  OG  the  axis  of  figure  that  the  fixed  plane 
on  which  the  ellipsoid  rolls  is  very  nearly  a  tangent  plane 
at  the  extremity  of  the  axis  of  figure.  This  is  so  very 
nearly  the  case  that  we  shall  neglect  the  squares  of  all 
small  terms  depending  on  the  resolved  part  of  the  angular 
velocity  about  any  axis  of  the  earth  perpendicular  to  the 
axis  of  figure. 

Let  us  now  consider  how  this  motion  is  disturbed  by 
the  action  of  the  sun.  The  sun  attracts  the  parts  of  the  earth 
nearer  to  it  with  a  slightly  greater  force  than  it  attracts  those 
more  remote.  Hence  when  the  sun  is  either  north  or  south 
of  the  equator  its  attraction  will  produce  a  couple  tending  to 
turn  the  earth  about  that  axis  in  the  plane  of  the  equator 
which  is  perpendicular  to  the  line  joining  the  centre  of  the 
earth  to  the  sun.  Let  the  magnitude  of  this  couple  be  re- 
presented by  a,  and  let  us  suppose  that  it  acts  impulsively 
at  intervals  of  time  dt. 

At  any  one  instant  this  couple  will  generate  a  new  mo- 
mentum adt  about  the  axis  of  the  couple  a.  This  has  to  be 
compounded  with  the  existing  momentum  G,  to  form  a 
resultant  couple  G'.  If  the  axis  of  a  were  exactly  perpen- 
dicular  to  that  of  G  we  should  have  G' =  \/ G' +,  {adty  =  G 
ultimately. 

Let  0  be  the  angle  that  the  axis  of  G  makes  with  00, 
then  5  is  a  quantity  of  that  order  of  small  quantities  whose 
square  is  to  be  neglected.  Taking  the  case  when  OG,  00 
and  the  axis  of  a  are  in  one  plane,  for  this  is  the  case  in 
which  G'  will  most  differ  &om  G,  we  have 
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G'^={G  COS  ey+{G  sin  e + adty 

=  0"  + 2  Ga  sin  edt (1) 

Then  a  and  d  iDeing  of  the  same  order  of  small  quantities, 
the  term  a  sin  d  is  to  he  neglected.     Hence  we  have  0'  =  G. 

But  the  axis  of  G  is  altered  in  space  by  an  angle  -^  m  a 

plane  passing  through  0  G  and  the  axis  of  a. 

Next  let  us  consider  how  the  Vis  Viva  T  is  altered.    If 
T  be  the  new  Vis  Viva  we  have 

T'  —  T=  2  the  work  done  by  the  couple  a 

=  2a((BC0s^)rf« (2) 

where  a  cos  13  is  the  resolved  part  of  the  angular  velocity 
about  the  axis  of  a.  For  the  same  reason  as  before  the 
product  of  this  angular  velocity  and  a  is  to  be  neglected. 
Hence  we  have  T'  =  T.     It  follows  from  these  results  that 

the  distance  -p^  of  the  fixed  plane  from  the  fixed  point  is 

unaltered  by  the  action  of  a. 

Thus  the  fixed  plane  on  which  the  ellipsoid  rolls  keeps 
at  the  same  distance  from  the  fixed  point,  so  that  the  three 
lines  00,  01,  OG  being  initially  very  near  each  other 
will  always  remain  very  close  to  each  other.  But  the 
normal  OG  to  thie  plane  has  a  motion  in  space,  hence  the 
others  must  accompany  it.  This  motion  is  what  we  call 
Precession  and  Nutation. 

Lastly  these  small  terms  which  have  been  neglected 
will  not  continually  accumulate  so  as  to  produce  any  sensible 
efl'ect.  As  the  earth  turns  round  in  one  day,  the  axis  00 
will  describe  a  cone  of  small  angle  9  round  OG.  The  axis 
about  which  the  sun  generates  the  angular  velocity  a  is  always 
at  right  angles  to  the  plane  containing  the  sun  and  OG. 
Hence,  regarding  the  sun  as  fixed  for  a  day,  the  angle  6  in 
equation  (1)  changes  its  sign  every  half  day.  Thus  G'  is 
alternately  greater  and  less  than  G.  Similarly  since  the  in- 
stantaneous axis  describes  a  cone  about  OGit  m&y  be  shown 
that  T'  is  alternately  greater  and  less  than  T, 
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270.     Let  US  trace  the  motion  of  the  axis  00  through 
a  whole  year.     Describe  a  sphere  whose  centre  is  at  0  and 


let  us  refer  the  motion  to  the  surface  of  this  sphere.  Let  K  be 
the  pole  of  the  ecliptic  and  let  the  sun  S  describe  the  circle 
DEFH  of  which  K  is  the  pole.  Let  DF  be  a  great  circle 
perpendicular  to  KQj  then  since  0  Q  and  the  axis  of  figure  of 
the  earth  are  so  close  that  we  may  treat  them  as  coincident, 
D  and  F  will  be  the  intersections  of  the  equator  and  ecliptic. 
When  the  sun  is  north  or  south  of  the  equator,  its  attraction 
generates  the  couple  a,  which  will  be  positiye  or  negative 
according  as  the  sun  is  on  one  side  or  the  other.  This  couple 
vanishes  when  the  sun  is  passing  thi'ough  the  equator  at  D  or 
F.  If  the  sun  be  anywhere  in  DEF,  i.  e.  nortn  of  the  equa- 
tor, G  is  moved  in  a  direction  perpendicular  to  the  arc  G8 
towards  D.  If  the  sun  be  anywhere  in  FHD,  a.  has  the  oppo- 
site sign  and  hence  G  is  again  moved  perpendicular  to  the 
instantaneous  position  of  G8  but  still  towards  D.  Consider- 
ing the  whole  effect  produced  in  one  year  while  the  sun 
describes  the  circle  DEFH,  we  see  that  G  will  be  moved  a 
very"  small  space  towards  D,  i.  e.  in  the  direction  opposite 
to  the  sun's  motion.  Resolving  this  along  the  tangent  to  the 
circle  centre  K  and  radius  KG,  we  see  that  the  motion  of 
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G  is  made  up  of  (1)  a  uniform  motion  of  G  along  this  circle 
backwards,  which  is  called  Precession  and  (2)  an  inequality 
in  this  uniform  motion  which  is  one  part  of  Solar  Nutation. 
Again  as  the  sun  moves  from  D  to  E,  G  is  moved  inwards 
so  that  the  distance  KG  is  diminished,  but  as  the  sun  moves 
from  U  to  F,  KG  is  as  much  increased.  So  that  on  the 
whole  the  distance  KG  is  unaltered  with  an  inequality  which 
is  the  other  part  of  Solar  Nutation. 

It  is  evident  that  each  of  these  inequalities  goes  through 
its  period  in  half  a  year. 

271.     To  explain  the  cause  of  Lunar  Nutation. 

The  attraction  of  the  sun  on  the  protuberant  parts  at 
the  eartb's  equator  causes  the  pole  G  of  the  earth  to  describe 
a  small  circle  with  uniform  velocity  round  K  the  pole. of 
the  ecliptic  with  two  inequalities,  one  in  latitude  and  one 
in  longitude,  whose  period  is  half  a  year.  These  two 
inequalities  are  called  Solar  Nutations.  In  the  same  way 
the  attraction  of  the  moon  causes  the  pole  of  the  earth  to 
describe  a  small  circle  round  M  the  pole  of  the  lunar  orbit 
with  two  inequalities.  These  inequalities  are  very  small 
and  of  short  period,  viz.  a  fortnight,  and  are  therefore  gene- 
rally neglected.  All  that  is  taken  account  of  is  the  uniform 
motion  of  0  round  M.  Now  K  is  the  origin  of  reference, 
hence  if  M  were  fixed  the  motion  of  0  round  M  would  be 
represented  by  a  slow  uniform  motion  of  O  round  K  toge- 
ther with  two  inequalities  whose  magnitude  would  be  equal 
to  the  arc  MK  or  5  degrees  and  whose  period  would  be 
very  long,  viz,  equal  to  that  of  0  round  K  produced  by 
the  uniform  motion.  But  we  know  by  Lunar  Tlieory  that 
M  describes  a  circle  round  K  as  centre  with  a  velocity  much 
more  rapid  than  that  of  C.  Hence  the  motion  of  C  will  be 
represented  by  a  slow  uniform  motion  round  K  together  with 
two  inequalities  which  will  be  the  smaller  the  greater  the 
velocity  of  M  round  K  and.  whose  period  will  be  nearly 
equal  to  that  of  M  round  K.  This  period  we  know  to  be 
about  19  years.  These  two  inequalities  are  called  Lunar 
Nutation.  It  will  be  perceived  that  their  origin  is  different 
firom  that  of  Solar  Nutation. 
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272.     To  calculate  the  Lunar  Precession  and  Nutation. 

Let  K  be  the  pole  of  the  ecliptic,  M  that  of  the  Lunar 
orbit,  G  the  pole  of  the  earth.  Let  KX  be  any  fixed  arc, 
KG  =  0,  XKG  =  1^,  tlien  we  have  to  find  6  and  i^  in  terms 
of  t.  By  what  precedes  the  velocity  of  C  in  space  is  at  any 
instant  in  a  direction  perpendicular  to  MC,  and  equal  to 

Sn'"'  G-A      1  ,.„  .    ,^„ 

— jr—   — jTj—  -- —  cos  MG  sin  MG. 
2n         U       1  +  v 

For  the  sake  of  brevity  let  the  coefficient  of  cos  MG  sin  MG 
be  represented  by  P.  Then  resolving  this  velocity  along  and 
perpendicular  to  KG,  we  have 

~  =  -Psm  MG  cos  MG  sin  K  GM 
at 

sin  ^  ^  =  -  Psin  MG  cos  MG  cos  KCM 
at 

By  Lunar  theory  we  know  that  M  regredes  round  K 
uniformly,  the  distance  KM  remaining  unaltered.  Let  then 
KM=  i,  and  the  angle  XKM=  -mt+a. 

Nov^  by  spherical  trigonometry, 

cos  MG  =  cos  t  cos  0  +  sin  {  sin  0  cos  MKG, 

•       ttn  TT-r^-kr       cos  «■  —  COS  ilf 0  COS  ^ 

smMGcQs,KGM=  — ^-a 

=  COS  i  sin  0  —  sin  i  cos  0  cos  MKG, 
sin  ifC .  sin  KGM=  sin  i  sin  MKG. 
Substituting  these,  we  have 
^  =  -  pjsinicoszcos^  sin  JfZ^C^  +  ^  sin^'sin^  Bin2MKG\ , 

sin5  -^=—P  -jsin^  cos^  [cos"*—-  sin^ij 

—  sin*  cosi  COS25  coaMKG  —  -  sin'i  sind  cosfl  cos2JfZ'Ol . 
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For  a  first  approximation  we  may  neglect  the  variations 
of  6  and  i/r  when  multiplied  by  the  small  quantity  P.     HencQ 

-5-  contains  only  periodic  terms,  and  the  inclination  6  has  no 

permanent  alteration.     But  -^  contains  a  term  independent  of 
MKG;  considering  only  this  term,  we  have 

■^  =  constant  —  P  cos  6  [  cos"  i  —  -^  ^'^^  * )  *• 

This  equation  expresses  the  precessional  motion  of  the 
pole  due  to  tlie  attraction  of  the  moon.  We  may  write  this 
equation  in  the  form 

•^  =  "f  0  -P- 

To  find  the  nutations,  we  must  substitute  for  MKG  its 
approximate  value 

MKG=  (-  m + j?)  <  +  a  - 1^,. 
We  then  have  after  integration 

n  ,      PsIn^cos^cos^        t,^t^/-,     Psln''«sin^       „-,,t^^ 

6  =  const. cos  MKG  -  -—, r-  cos  'iMKG. 

4z{m—p) 


The  second  of  these  two  periodic  terms  being  about  one- 
fiftieth  part  of  the  first,  which  is  itself  very  small,  is  usually 
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neglected.    Also  p  is  very  small  compared-witli  m,  hence  we 

have 

-,     „      P  sin  V  cos  I  cos  5        -.rTT^ 
6=6. cos  MKC. 

This  term  expresses  the  Lunar  Nutation  in  the  obliquity. 

In  the  same  way  by  integrating  the  expression  for  ■y^,  and 
neglecting  the  very  small  terms,  we  have 

I  •  T>  af        s  ■       1     •    g  A  .       „  sin  2«    cos  2^    .      TirTT^ 

■^  =  Vr„- Pcos 6  cos" %--m^i]t-P  — — . -.— a-sin MXO. 
^      ^0  \  2         /  2»w      sin5 

The  angle  MKG  is  the  longitude  of  the  moon's  ascending 
node,  and  the  line  of  nodes  is  known  to  complete  a  revolution 
in  about  18  years  and  7  months.     If  we  represent  this  period 

by  T  we  have  MKC  =  — jit  +  constant. 


Motion  of  the  Moon  about  its  centre  of  gravity  > 

273.  The  centre  of  gravity  of  a  rigid  lody  describes  an 
orbit  which  is  nearly  circular  about  a  very  distant  centre  of 
force,  varying  inversely  as  the  square  of  the  distance,  and 
situated  in  one  of  the  principal  planes  through  the  centre  of 
gravity.     It  is  required  to  determine  the  motion. 

Let'  QA,  OB,  00  he,  the  principal  axes  at  G,  the  centre  of 
gravity  of  the  body,  and  00  the  axis  perpendicular  to  the 
plane  in  which  O  moves.  Let  A,  B,  0  be  the  moments  of 
inertia  about  OA,  OB,  00  respectively,  and  let  if' be  the 
mass  of  the  body. 

Let  0  be  the  centre  of  force,  and  let  Ox  be  the  initial  line. 
Let  0G  =  r,  G0x  =  6.  Let  us  suppose  that  the  body  turns 
round  its  axis  00  in  the  same  direction  that  the  centre  of 
gravity  describes  its  orbit  about  0,  and  let  the  angle  0OA=^. 

Now  if  Fbe  the  potential  due  to  the  centre  of  force, 

^^    M    A  +  B+G-3I 
''  =  7+  2?  ' 

and  1=  A  cos'  cj>  +  B  sin'  <j). 
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Therefore  the  forces  which  act  on  the  centre  of  gravity  of 
the  body  are 

^  dr  r"    j    ■'"2  Mr'  j 

along  OG,  and 

dV     fiM  Z  B-A   .    ^^ 

~  /*  "71  =  ~ir  •  ^     Tt/TJi    sin  2<p 
'^  rd(p       r*    2    Mr'  ^ 

perpendicular  to  OQ,  where  /m  is  some  constant  depending  on 
the  intensity  of  the  centre  of  force. 

The   moment  of  the  forces   tending  to   turn  the  body 
round  G  is 

dV        aM  3  B-A   .    „, 
'*#=-—  2   ^^^^^2^- 

The  equations  of  motion  are  therefore 

3A  +  B+  (7-37)1 


df         \dt)  r'f^2 

ld_r  .,dS\^fj^lB-A 
rdtK   dt)~r'"2 


Mr' 


d^9     d'(f> 


df^dt"  r'2 


Mr'    ^^^'-^ 
II  3B-A 


-  sin  2^ 


It  is  given  that  the  centre  of  gravity  of  the  body  describes 
an  orbit  which  is  nearly  circular.     Hence  we  may  put 

r  =  cil  +  p)       1 

where  p  and  -^  are  small  quantities  whose  squares  may  be 

neglected.  We  may  also  put  »•  =  c  in  the  small  terms  on  the 
right-hand  sides  of  these  equations.  Substituting  and  reduc-r 
ing,  the  equations  become 
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<f<^^     eft         3B-A   ,  .    „^ 

,  B-A         ,     2G-A-B 

where  7  =  — rr^r-  ,     7  = ^rrr, — ^ . 

^       Mc'   '     '  SM6' 

By  hypothesis,  the  linear  size  of  the  body  is  small  com- 
pared with  its  distance  from  the  centre  of  force.  Hence  7,  7' 
are  both  small  quantities  of  at  least  the  order  of  the  square  of 
the  angular  semi-diameter  of  the  body,  as  seen  from  the  centre 
of  force.  If  A,  B,  C  be  nearly  equal,  as  in  the  case  of  the 
earth  or  moon,  7,  7'  will  both  be  extremely  small.  We  may 
therefore,  in  the  first  instance,  neglect  the  terms  containing 
7  and  7'*,  and  consider  their  effect  afterwards.    In  this  case, 

*  We  might  alao  solve  these  ec|.uations  without  neglecting  these  terms  in  the 

following  manner,      het  p=Zcoa{pt  +  a)  + ...   and --^=M  cos  {pt+ a)  + 

where  L  aud  M  are  small  quantities  whose  squares  are  to  be  neglected.    Sub- 
stituting the  equations  become 

{lil)''+Sn^)  +  2n^M]coa{pt+a)  +  ...  =  ^  yW  +  ^  iv'y  cos  2<(,, 

3 

{2pL+pM}  BiD(pt  +  a)  +  ...=  -^nyam2<p, 

<P<f>         ,^  .    /  .      V  SB- A    ,   .    „ 

-T^  - _pnJH  sin  [pt+a)-  ...=  -- — 77—™  sm2^. 

Eliminating  sin  20,  the  two  last  equations  give 

d^<l>      (      ,,  ,     S-A    2pL+pM)    .    ,   .,    ,, 
^=  ^pnM+n-^,   ^    ^^    \  sin  {pt+a)+  ... 

■'■  4>=p't+e+N  am  {pt  + a) +  ... 

B-A    2L+M) 
p( 

This  value  of  (f>  must  satisfy  the  two  &st  equations.     There  are  clearly  two 
cases  which  may  be  considered,  (1)  when  p'  is  not  small  so  that  we  may  put 


where  N=--  -  j  Ma — j=j —  .  — > . 
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the  two  first  equations  which  determine  r  and  Q  in  terms  of  t, 
do  not  contain  the  disturbing  force.     Hence  the  motion  of  tlie 

cos2^=cos2(^'t+e)  and  siii20=Bin2(2>'i+e),   (2)  when  p'and  e  both  vanish 
BO  that  we  have  cos  20=1  and  sin  20  =  2iV^  sin(pt+o). 

In  the  first  case,  we  find  i''='|,     e=s  ^^  "^^  values  ol  p,  -^ ,  and  0  are 
p=L  cos  {pt  +  a)  +  L'  COS  (nt  +  a')  +  L"  cos  a" 
-^ = ilif  cos  (yt  +  a)  -  2Z'  cos  to  +  a')  + 1  y  -  -  i"  cos  o" 

0=5 y<+  oa  +  iVBin{y«  +  o)  +  2i'  sin(««  +  a') 

There  are  in  these  equations  five  arbitrary  constants,  viz.  p,  a,  I/,  a'  and 
L"  cos  a"  to  be  determined  from  the  initial  values  of  />,  -~  ,  -]- ,  <t>  and  j^. 
The  values  of  L,  M,  N  are  as  follows  : 

in^{in  +  ip)  _  ^(jp^  +  Znp  +  Z'n?) 

ip^p^-'n?)  '^'  iplj^-n^)       '>'' 

Since  these  must  be  small,  we  see  that  the  solution  fails  if  the  initial  conditions 

are  such  as  to  make  p  either  small  or  nearly  equal  to  n.     In  this  case  the  angle 

iir 
0  makes  a  complete  revolution  in  a  period  —  and  has  two  inequalities,  one 

whose  period  is  half  that  of  0,  and  another  whose  period  is  equal  to  that  of  the 
body  round  the  centre  of  force.     This  latter  we  may  call  the  elliptic  inequahty. 

In  the  second  case,  we  have  the  equation 

p{p^-n^)[p^- i3=')  -  3»2p (i)"  +  3»«) 7 = 0 

B-  A 
to  find  p,  where  ^  =  Zn'  — -=;—  .     There  are  thus  three  terms  in  the  expression 

for  0  corresponding  to  the  three  roots.     Let  these  roots  be  p  =  0,  p  —p^ ,  and 

p=P2-    The  resulting  values  oi  p,  -^ ,  and  0  are  then  found  to  be 

p=L^  cos  (ipj,  +  tti)  +  ia  cos  {p^  +  Oj) H-ij 

dt  ^  in'        '  ""'  '^'  "^  "'^  ~      2»^      ^'°°^  ^^^  "*"  "»^  ~  2  ^  ■•"  8  ^'^'^ 

There  are  in  these  equations  five  arbitrary  constants  Li,  ai,  Li,  o^,  and  Z3. 

These  are  to  be  determined  from  the  initial  values  oi  p,  -]-  ,   ~- ,  <h  and  -^ .  The 

at      at  dt 
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centre  of  gravity  is  the  same  as  if  the  whole  mass  were 
collected  into  that  point. 

274,  If  other  forces  hesides  those  due  to  the  central  force 
act  on  the  body,  the  equations  of  motion  will  have  to  be 
modified.  This  is  the  case  when  the  body  considered  is  the 
moon.  On  the  right-hand  side  of  the  first  and  second  equa- 
tions, we  have  forces  due  to  the  disturbing  attractions  of  the 
sun  and  other  bodies.    These  produce,  as  shewn  in  the  Lunar 

Theory,  terms  in  the  expressions  for  r  and  -j-  of  the  form 
?-  =  c{l  +  icos  (p<  +  a)+ }, 

-T-  =  «  + /3«  +  J/w  COS  (?«  +  a)  + 


where  /8  is  some  very  small  coeflBcient  which  causes  a  secular 
change  of  the  moon's  angular  velocity. 

275.  If  we  substitute  the  value  of  -^  in  the  third  equa- 
tion, we  have  the  following  equation  to  determine  ^. 

^  =  -w»|^^sin20-)8  +  «pMsin(^<-ha)+...(I) 

Now  if  ^  be  not  small,  the  principal  terras  on  the  right- 
hand  side  of  this  equation  will  be  the  two  first.  Hence  we 
may  approximate  to  the  value  of  ^  by  taking 

Let  us  suppose  that  B  is  greater  than  A,  so  that  <j}  is  the 
angle  the  axis  of  least  moment  makes  with  OG,  and  for  the 

/7/A 

investigation  requires  that  the  initial  values  of  0  and  -z-  should  be  small.     In 

this  case  it  appears  that  the  body  will  always  turn  the  same  face  to  the  centre 
of  force  and  there  will  be  two  inequalities  in  the  value  of  (p,  one,  which  we  may 
call  the  elliptic  inequality,  has  nearly  the  same  period  as  that  of  the  body  round 
the  centre  of  force,  the  period  of  the  other  is  very  long. 
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sake  of  brevity  put  n^  -  — ^^—  =  ^ .     Then  integrating,  we 


have 


where  H  is  an  arbitrary  constant.  To  eliminate  H,  let  it  be 
known  that  at  some  instant  (whether  initially  or  not)  ^  =  e, 
d<l> 


dt^"^ 


Then 


-  (I) 


m"  =  H+ 1-  cos  2e  -  2jSe ; 
'^'^^  -  m"  +  <i  sin'  e  +  2jS6  -  ^  sin"  ^  -  2jS^ 


=  L-2''sin>-2;S^, 


where  i  has  been  written  for  the  terms  independent  of  ^.  It 
is  clear  that  the  right-hand  side  of  this  equation  must  be  posi- 
tive throughout  the  motion.  If  the  initial  conditions  be  such 
that  Z/  is  positive  and  small  compared  with  g',  it  is  clear  that 
^  can  never  be  great.     In  fact,  /3  being  very  small  compared 

with  2)  sin  ^  must  always  be  less  than  —  .    In  this  case  the 

principal  axis  G-A  will  make  small  Oscillations  and  its  mean 
position  will  always  very  nearly  point  to  the  centre  of  force. 
To  find  these  small  oscillations  we  must  recur  to  the  equation 
(1).     Since  ^  is  small,  we  have 


-T^  +  2>  =  - iS  +  wplf  sin  (pi  +  a) ... 
.-.  ^  =  B'sin  {qt^K)  -^  +  M-^^^  sin  (pf  +  a)  +  ... 

If  the  initial  conditions  be  such  that is  not  less  than 

unity,  there  are  no  limits  to  the  value  of  ^.     If  g  be  small. 
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we  have  for  a  first  approximation  <j)  =  mt  +  €.     For  a  second, 
we  have 

6  =mt  +  e +  -^sm2  (mt  +  e)  —-&t^  - M-  sin  (pt+a)  +  ... 
^  8m  '2  p        ^^         ' 

276.  We  may  apply  these  two  results  to  explain  why  the 
moon  always  turns  the  same  face  to  the  earth,  while  the  earth 
does  not  always  turn  the  same  face  to  the  sun.  If  we  suppose 
the  moon  at  any  instant  to  be  moving  with  its  axis  of  least 
moment  pointed  towards  the  earth  and  its  angular  velocity 
about  its  axis  of  rotation  to  be  nearly  equal  to  that  of  the 
moon  round  the  earth,  then  the  above  analysis  shows  that  the 
axis  of  least  moment  will  continue  always  to  point  very  nearly 
to  the  earth.  The  mean  angular  velocity  of  the  moon  about 
its  axis  will  immediately  become  equal  to  that  of  the  moon 
round  the  earth  and  will  partake  of  all  its  secular  changes. 

277.  By  comparing  the  value  of  0  obtained  by  theory 

with  the  results  of  observation,  we  may  hope  to  obtain  some 

B  —  A 
indications  of  the  value  of  g°  and  thence  of  — j^ — .  If  the  term 

H  sin  {at  +  K)  could  be  detected  by  observation,  we  should 

B  —  A 
deduce  the  value  of  — -z^ —  from  its  period.. 

Among  the  other  terms  of  the  expression  for  <h  those  will 

be  best  suited  to  discover  the  value  of  q  which  have  the 

largest  coefficients,  that  is  those  in  which  either  the  numerator 

JWis  the  greatest  or  the  denominator  q'—p^  the  least  possible. 

By  examining  the  numerical  value  of  their  coefficients  Laplace 

B  ~  A 
has  shown  that  if  —y^ —  were  as  great  as  "03  the  elliptic 

inequality  could  be  recognized  by  observation,  and  if  it  were 
between  -0014  and  '003  the  annual  equation  could  be  observed. 

278.  The  motion  of  a  rigid  body  about  a  distant  centre 
of  force  has  been  investigated  on  the  supposition  that  the 
motion  takes  place  entirely  in  one  plane.  On  examining  the 
equations  written  down  in  Art.  273,  we  see  that  they  would  be 
exactly  satisfied  if  r  were  constant  and  ^  =  0.  The  case  there- 

E.  D.  29 
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fore  in  wliich  the  centre  of  gravity  describes  a  circular  orbit, 
and  the  rigid  body  always  turns  the  axis  of  least  moment  to- 
wards the  centre  of  force,  is  one  of  steady  motion.  The  pre- 
ceding investigation  also  shows  that  this  motion  is  stahh  for 
all  disturbances  which  do  not  alter  the  plane  of  motion.  It 
remains  now  to  determine  the  effect  of  these  disturbances  in 
the  more  general  case  when  the  motion  takes  place  in  three 
dimensions. 

The  whole  attraction  of  the  centre  of  force  on  the  body  is 
equivalent  to  a  single  force  acting  at  the  centre  of  graVity, 
and  a  couple.  If  the  size  of  the  body  be  small  compared 
with  its  distance  from  the  centre  of  force,  we  may  neglect  the 
effect  of  the  motion  of  the  body  about  its  centre  of  gravity  in 
modifying  the  resultant  force.  The  motion  of  the  centre  of 
gravity  will  then  be  the  same  as  if  the  whole  were  collected 
into  a  single  particle.  The  problem  is  therefore  reduced  to 
the' following.  A  rigid  body  turns  about  its  centre  of  gravity 
G,  and  is  acted  on  by  a  centre  of  force  M  which  moves  in  a 
given  manner.  In  the  case  in  which  the  rigid  body  is  the 
moon,  this  centre  of  force,  i.e.  the  earth,  moves  in  a  nearly 
circular  orbit  in  a  plane  which  itself  also  has  a  slow  motion  in 
space.  This  motion  is  such  that  a  normal  OM  to  the  instan-. 
taneous  orbit  describes  a  cone  of  small  angle  about  a  normal 
OK  to  the  ecliptic.  The  two  normals  maintain  a  nearly 
constant  inclination  of  about  5°.  8';  and  the  motion  of  the 
normal  to  the  instantaneous  orbit  is  nearly  uniform. 

279.  It  will  clearly  be  convenient  to  refer  the  motion  to 
axes  QX,  G  Y,  GZ  fixed  in  space  such  that  GZ  is  normal  to 
the  ecliptic.  Let  GA,  GB,  GG  he,  the  principal  axes  of  fhe 
moon  at  the  centre  of  gravity  G.  Let  [p,  q,  r)  be  the  direc- 
tion-cosines of  G'^ referred  to  the  co-ordinate  axes  GA,  GB,  GC. 
Then  we  have,  since  GZ  is  fixed  in  space 


da 


(I). 
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Now  our  object  is  to  find  the  small  oscillations  about  the 
state  of  steady  motion  in  which  QZ,  GO,  QM  all  coincided 
We  shall  therefore  have  p,  q,  m^,  eo^  all  small,  and  r  very  nearly 
eqiial  to  unity.    The  equations  (I)  will  therefore  become 


dp 


:0 


where  n  is  the  mean  value  of  Wj. 

Let  \,  fi,  V  be  the  direction-cosines  of  the  centre  of  force 
E  as  seen  from  0.  Then  we  have  by  Euler's  equations  and 
Art.  262, 

I  dm. 


B~^-  {0-A)a>^(o^  =  -3n"{C-A)v-K 
C^»  -{A-B) «,«,  =  -  3n"  {A  -  B)  V 

Cut 


(II). 


In  the  case  of  steady  motion,  the  rigid  body  always  turns 
the  axis  {QA)  of  least  moment  towards  the  centre  of  force,  and 
«,  =  n.  We  have  then  both  /i  and  v  small  quantities,  so  that 
in  the  first  equation  we  riiay  neglect  their  product  fiv,  and  in 
the  second  equation  we  may  put  vK  =  v.  Also,  we  may  put 
o)j  =  «  =  w'  in  the  small  terms. 

If  I  be  the  latitude  of  the  earth  as  seen  from  the  moon,  we 
have 

sin  I  =  cos  ZE  =  pX  +  qiJi  +  rv 

=p  +  v  nearly. 
Hence  the  two  first  of  Euler's  equations  take  the  form 
deo^ 


A'^-{B-G)nco,=  0 

B^-{Q-A)n«>^  =  -3n^{C-A){-p  +  sml) 

Civ 


..(III). 
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If  the  earth,  as  seen  from  the  moon,  he  supposed  to  move 
in  a  circular  orbit  in  a  plane  making  a  constant  inclination 
tan"^  k  with  ithe  ecliptic,  and  the  longitude  of  whose  node  is 
—gt  +  ^,  we  shall  have 

sin  ?  =  A  sin  (m7  +  gt—  ^). 

In  this  expression  g  measures  the  rate  at  which  the  node 
regredes,  and  is  about  the  two  hundred  and  fiftieth  part  of  n. 

We  shall  therefore  regard  "  as  a  small  quantity. 


To  solve  these  equations,  it  will  be  found  convenient  to 
substitute  for  a>^,  m^  their  values  in  terms  of  p,  ^.  We  then 
have 

A^+{A  +  B-C)n^-n\B-0)q=Q 

To  findp,  q,  let  us  put 

p  =  Psm{{v!+g)t-m 
S=Qcos{{n'+g)t-^}]' 
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where  P,  Q  are  some  constjmts  to  be  determined  by  substitu- 
tion in  the  equation.    We  have 

Q[A(n+gy+{B-C)n'}=F{A+B-G)n(n+g)  1 

P{B  (n+ffy-i{C-Ay}-  Q{A+£-  G)  n  {n+g)=-Zn^h[  G-A)] ' 

We  may  solve  these  equations  to  find  P  and  Q  accurately. 

■t    ^-u  c  .X.  .1.        X-      ^-S     ^-O     G-A 

m  tne  case  oi  the  moon  the  ratios  — j=i — ,  — ^ —  >   — ^5 — 

and  "  are  all  small.     If  then  we  neglect  the  products  of  these 

small  quantities,  the  first  equation  gives  us  ^  =  1—^.    The 
second  equation  will  then  give 

Znk{G-A)_ 


Sn{G-A)-2Pg' 


As  g  is  very  small  compared  with  n,  we  may  regard  P  and 
Q  as  equal. 

280.     The  complementary  functions  may  be  found  in  the 
usual  manner  by  assuming 

p  =  Fsin{st  +  H), 
q=  G  cos  {st  +  S), 

on  substituting  we  have  the  quadratic 

A£s'-{{A  +  B-GY-B{B-G)-AA{A-C)}nV 

+  4:{A-G){B-G)n*  =  0, 

to  find  s*,  and 

G_  {A  +  B-C)ns 
F~A^+{B-G)n'" 

to  find  the  ratio  of  the  coefficients  of  corresponding  terms  in 
p  and  q.  If  the  roots  of  this  equation  were  negative  p  and  q 
would  be  represented  by  exponential  values  of  t,  and  thus 
they  would  in  time  cease  to  be  small.  It  is  therefore  neces- 
sary for  stability  that  the  coefficient  of  /  should  be  negative 


454  PRECESSION  AND  NUTATION. 

and  tlie  product  (A  —  G){B—  O)  positive.  Both  these  condi- 
tions are  probably  satisfied  in  the  case  of  the  moon.  For 
since  5-  C  and  ^  -  C  are  both  small,  the  term  {A-\-B-  Gf 
is  much  greater  than  the  two  other  terms  in  the  coefficient  of 
s^.  Also,  since  the  moon  is  flattened  at  its  poles,  we  shall 
probably  have  A  and  B  both  less  than  O. 

281.  Let  M  be  the  pole  of  the  moon's  orbit,  which  is 
the  same  as  that  of  the  earth's  orbit  as  seen  from  the  centre 
of  the  moon.  Then  ilf  is  the  pole  of  the  dotted  line  in  the 
figure  of  Art.  279.  Therefore  the  angle  ^-Z3f  measured  by 
turning  ZE  in  the  positive  direction  round  Z  until  it  comes 

into  coincidence  with  ZM,  is  =  — —  [{n^-g)t  —  ^].    Again, 

if  the  angle  EZO  be  measured  in  the  same  direction,  we  have 

„ „^     cos  EG—  cos  GZ  cos  ZE 

cos  JLZG  = : — ,,„  ■ — ^= 

sm  CZ  am  ZE 

_v~r  (pX  +  gtfi  +  rv) 
^/f +  g^  sin  ZE 

Hence  we  easily  find 

saxEZG — T=^i=. 

But      sin  CZM^  sin  EZM  cos  EZG  ~  cos  EZM  sin  EZG 

_  cos  {{n+g)t+^]p-  sin  {in+ff)t  +  0]qf 

Jf  +  ^ 

If  now  we  substitute  for  p  and  q^  their  values,  it  is  clear 
that  the  terms  in  »  and  g,  whose  argument  is  w+^,  disappear. 
So  that  if  F  and  G  were  zero,  the  sine  of  the  angle  GZM. 
would  be  absolutely  zero.  In  this  case  the  three  poles 
C,  Z,  if  must  lie  in  an  arc  of  a  great  circle,  or  which  is  the 
same  thing,  the  moon's  equator,  the  moon's  orbit,  and  the 
ecliptic  must  cut  each  other  in  the  same  line  of  nodes. 
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If  however  F  and  G  be  not  zero,  but  only  very  small,  we 
have 

sin  CZM=    J  ^  , 

where  F',  -G'  contain  either  i^  or  C  as  a  factor,  and  are  there- 
fore small.  If  then  F  and  G  be  both  small  compared  with 
P,  the  angle  CZM  will  remain  either  always  small  or  always 
nearly  equal  to  ir. 

The  intersection  of  the  moon's  equator  with  the  ecliptic 
will  then  oscillate  about  the  intersection  of  the  moon's  orbit 
with  the  ecliptic  as  its  mean  position.  Since  these  oscillations 
are  insensible,  it  follows  that  in  the  case  of  nature,  the  com- 
plementary functions  must  be  extremely  small  compared  with 
the  terms  depending  directly  on  the  disturbing  force. 

282.  If  we  disregard  the  complementary  functions  we 
have  p  =  P  sin  ^,  g'  =  Pcos  j>,  where  ^  =  {n'  +  g)t-^.  Now 
&iv?OZ=p'+q^;  therefore  CZ=  —  P  very  nearly.  The  value  of 
CZ,  the  inclination  of  the  lunar  equator  to  the  ecliptic,  is  known 

to   be  about    1°.  28'.     Hence,  since  -  =  '004,  we  may  deduce 


from  the  expression  for  P  at  the  end  of  Art.  279  an  approxi- 
mation 
G-A 


0  —  A 
mation  to  the  value  of  — ^ — .     In  this  manner  Laplace  finds 


B 


-=•000599. 


EXAMPLES. 

1.  The  attraction  of  any  body  of  mass  If  on  a  distant 
particle  may  be  found  in  the  following  manner.  Let  an  in- 
definitely thin  shell  of  mass  SM  be  constructed  bounded  by 
similar  ellipsoids  and  having  the  ellipsoid  of  gyration  at  the 
centre  of  gravity  for  one  bounding  surface.  Also  let  a  par- 
ticle of  mass  4ii^be  collected  at  the  centre  of  gravity.  Then 
the  attraction  of  M  on  any  distant  particle  is  the  same  in 
direction  and  magnitude  as  if  iM  attracted  it  and  3M  re- 
pelled it. 
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2.  Assuming  (1)  that  the  ellipticity  of  the  earth's  sur- 
face is  so  small  that  the  expression  for  V  in  Art.  259  may  be 
taken  as  true  for  external  points  near  the  surface  of  the  earth, 
and  (2)  that  at  all  points  on  the  surface  the  resultant  of  the 
attraction  and  the  centrifugal  force  is  normal  to  the  earth, 
prove  that  the  potential  at  any  point  distant  r  from  the 
centre  is 

where  a  is  the  semi-major  axis  of  the  earth,  e  the  ellipticity 
of  any  meridian,  \  the  latitude  of  the  place,  i.  e.  the  angle 
the  direction  r  makes  with  the  axis-major,  and  m  is  the  ratio 
of  centrifugal  force  at  the  equator  to  equatoreal  gravity. 

Since  the  earth  is  a  spheroid,  the  expression  of  Art.  259  becomes 

i'=?+-^a-3«™=^) (!)• 

« 

Since  the  resultant  of  the  attraction  and  the  centrifugal  force  is  normal  we 
have 


(^+"''«)''»'+(^+"'2')<'S' 


.-.  F  + y  (0:2 +  3'^)=  const (2). 

Also  since  the  earth  is  a  spheroid  of  small  ellipticity,  we  have  along  the  surface 
r=a{l-eBm^\)  (3). 

Substitute  from  (1)  and  (3)  in  (2),  and  neglecting  the  squares  of  e  (see  Art.  259), 
vie  should  have  an  equation  true  for  all  values  of  X.  Equating  to  zero  the  co- 
ef&cient  of  sin^  \,  we  get 

Me     S  0-A      wW_ 

Now  iij^a  =  m  -J ,  substituting  for  a  we  find  C-  A  =—^  (2e -  m).  If  Hihis  be 
substituted  in  (1)  we  get  the  required  value  of  V. 

Erom  this  we  may  deduce  Clairaut's  theorem.  Diflferentiating  V  with 
regard  to  r  and  adding  the  term  wV(l-sin2X)  arising  from  the  centrifugal 
force  resolved  vertically,  we  get 

See  Cambridge  and  Dublin  Math.  Journal,  Vol.  iv.  1851, 


EXAMPLES.  457 

3.  If  the  earth  be  formed  of  concentric  spheroidal  strata 
of  small  but  different  ellipticities  and  of  different  densities, 
shew  that 


G-A 


[da'         ' 


where,  e  is  the  ellipticity  and  p  the  density  of  a  stratum,  the 

major-axis  of  which  is  a;  the  square  of  e  being  neglected. 

G  —  A 
It  follows  that  if  e  be  constant,  — j^ — ;  is  independent  of  the 

law  of  density. 

If  we  assume  the  law  of  density  and  the  law  of  ellipticity  given  in  the 

G-A 
.  Figure  of  the  Earth,  this  formula  gives  — -=^  =  ■00313593.    See  Pratt's  Figure, 

of  the  Earth. 

4.  If  the  earth  were  a  homogeneous  shell  bounded  by 
similar  ellipsoids;  the  interior  being  empty,  the  precession 
would  be  the  same  as  if  the  earth  were  solid  throughout. 

5.  If  the  earth  were  a  homogeneous  shell  bounded  ex- 
ternally by  a  spheroid  and  internally  by  a  concentric  sphere, 
the  interior  being  filled  with  a  perfect  fluid  of  the  same  density 
as  the  earth,  show  that  the  precession  would  be  greater  than 
if  the  earth  were  solid  throughout. 

Let  (a,  a,  c)  he  the  semi-axes  of  the  spheroid,  r  the  radius  of  the  sphere. 

0—A 
Then  since  the  precession  varies  as      „     by  Art.  266,  the  precession  is  in- 
creased in  the  ratio  a*c  :  a*c  —  r*. 

6.  Show  that  the  moon  always  turns  the  same  face  very 
nearly  to  that  focus  of  her  orbit  in  which  the  earth  is  not 
situated. 

7.  A  particle  m  moves  without  pressure  along  a  smooth 
circular  wire  of  mass  M  with  uniform  velocity  under  the 
action  of  a  central  force  situated  in  the  centre  of  the  wire 
attracting  according  to  the  law  of  nature.     Show  that  this 
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system  of  motion  is  stable  if  ^,>  ^"^3^^^ .    The  disturbance 

is  supposed  to  be  given  to  the  particle  or  the  wire,  the  centre 
of  force  remaining  fixed  in  space. 

8.  A  uniform  ring  of  mass  M  and  of  very  small  section 
is  loaded  with  a  heavy  particle  of  mass  w  at  a  point  on  its 
circumference,  and  the  whole  is  in  uniform  motion  about  a 
centre  of  force  attracting  according  to  the  law  of  nature. 

Show  that  the  motion  cannot  be  stable  unless  ^rj^- —  lies  be- 

M+m 

tween  -815865  and  -8279. 

This  example  shows  (i)  that  if  a  ring,  such  as  Saturn's  ring,  be  in  motion 
about  a  centre  of  force,  its  position  cannot  be  stable,  if  the  ring  be  uniform ; 
and  (2)  that  if, -to  render  the' motion  stable,  the  ring  be  weighted,  a  most 
delicate  adjustment  of  weights  is  necessary.  A  very  small  change  in  the 
distribution  of  the  weights  would  change  a  stable  combination  to  one  that 
is  unstable. 

9.  The  centre  of  gravity  of  a  body  of  mass  M,  symmetri- 
cal about  the  plane  of  xy,  is  G ;  and  0  is  a  point  such  that 
the  resultant  attraction  of  the  body  on  0  is  along  the  line 
GO.  Then  if  the  body  be  placed  with  0  coinciding  with  a 
fixed  centre  of  force  S,  and  be  set  in  rotation  about  an  axis 
through  0  perpendicular  to  the  plane  of  xy  with  an  angular  ' 
velocity  <o,  G  will,  if  undisturbed,  revolve  uniformly  in  a 
circle,  always  turning  the  same  face  towards  0,  provided 
Maaf  is  equal  to  the  resultant  attraction  along  GO,  where  a 
is  the  distance  GO.  It  is  required  to  determine  the  condi- 
tions that  this  motion  should  be  stable. 

The  motion  being  disturbed,  0  will  no  longer  coincide  with  the  centre  of 
force  S.  Let  two  straight  lines  at  right  angles  revolving  uniformly  round  S  as 
origin  with  an  angular  velocity  a  be  chosen  as  co-ordinate  axes,  and  let  x  be  ini- 
tially parallel  to  OG.  Let  (a,  y)  be  the  co-ordinates  of  0,  <p  the  anfele  OG 
makes  with  the  axis  of  x,  then  x,  y,  ip  are  aU  small.     Let  V  be  the  potential 

cPV  d^V  d^V 

of  the  body  at  0,  and  let  -^  =  <»<  'sTSnT'''  'd^~^'  ^^^  ^  ^®  ^^^  amount 
of  matter  in  the  centre  of  force.  Then  the  equations  of  motion  of  G,  Art.  94, 
will  reduce  to 

f.    d      S    \        /d"       .     S    \  d' 
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and  the  equation  of  angular  momentum  about  S  will  lead  to 

2u(KC+a  ^y+{a'  +  V)  -j  0=0, 

where  k  is  the  radius  of  gyratjion  of  the  body  about  0.  Combining  these  equa- 
tions as  a  determinant  and  reducing  we  find  that  the  diSFerential  equation  in 
f ,  71.  or  0  is  of  the  form 

The  condition  of  stability  is  that  the  roots  of  this  equation  should  be  real  and 
negative.  Hence  A,  B,  C  must  be  of  the  same  sign  and  £^?-44(7.  See 
Professor  MaAwell's  Essay  on  Saturn's  Kings,  page  69. 
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283.  The  general  term  "  Flexible  Body"  includes  many 
other  bodies  besides  strings.  The  motions  treated  of  in  these 
cases  are  generally  small  oscillations,  and  their  discussion  will 
properly  forpi  a  subject  by  itself.  The  reader  is  therefore 
referred  to  any  treatise  on  Sound  and  to  the  memoirs  of 
Poisson,  Cauchy  and  others  on  the  subject.  In  the  present 
chapter  only  the  motion  of  a  perfectly  flexible  string  will  be 
considered. 

284.  Prop.  To  determine  the  general  equations  of  motion 
of  a  string  under  the  action  of  any  forces. 

First.    Let  the  string  he  inextensible. 

Let  Ox,  Oy,  Oz,  be  any  axes  fixed  in  space.  Let  Xmds, 
Ymds,  Zmds,  be  the  impressed  forces  that  act  on  any  element 
ds  of  the  string  whose  mass  is  mds.  Let  u,  v,  w,  be  the 
resolved  parts  of  the  velocities  of  this  element  parallel  to  the 
axes.  Then,  by  D' Alembert's  principle,  the  element  ds  of  the 
string  is  equilibrium  under  the  action  of  the  forces 

'"'^(^-S)'  '^^K^-S'  '"^K^-^)' 

and  the  tensions  at  its  two  ends. 

Let  The  the  tension  at  the  point  (x,  y,  z),  then  T-j-, 
T-^ ,    T-r-  are  its  resolved  parts  parallel  to  the  axes.     The 
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resolved  parts  of  the  tensions  at  the  other  end  of  the  element 
will  be 

ds     ds\    dsj     ' 
and  two  similar  quantities  with  y  and  s  written  for  x. 
Hence  the  equations  of  motion  are 


_  d  f mdx 
dv 


'»i-s(C)+- 


""* 


dt      as\    as]  J 


,(1). 


In  these  equations  the  variables  s  and  t  are  independent. 
For  any  the  same  element  of  the  string,  s  is  always  constant, 
and  its  path  is  traced  out  by  va,riation  of  t.  On  the  other 
hand,  the  curve  in  which  the  string  hangs  at  any  proposed 
time  is  given  by  variation  of  s,  t  being  constant.  In  this 
investigation  s  is  measured  from  any  arbitrary  point,  fixed 
in  the  string,  to  the  element  under  consideration. 

To  find  the  geometrical  equations.    We  have 

Differentiating  this  with  respect  to  t,  we  get 

dx  du     dy  dv     dz  dw  _  .  . 

ds  ds      ds  ds     ds  ds         ^ '* 


The  equations  (1)  and  (2)  are  sufficient  to  determine  x,  y, 
z,  and  T,  in  terms  of  s  and  t. 

285.  These  equations  may  be  put  under  another  form. 
Let  ^,  '^,  %,  be  the  angles  made  by  the  tangent  at  x,  y,  z, 
with  the  axes  of  co-ordinates.  Then  the  equations  (1)  be^ 
come 

'«S  =  |(rcos<^)+mX (3), 

with  similar  equations  for  v  and"  w. 


462 


MOTION  OF  A  STRING. 


dx 
To  find  the  geometrical  equations,  differentiate  cos^  =  -^ 

with  respect  to  t ; 

(4) 


.     ,  d<b     du 

■'-'''"t'dt^Ts 


Similarly,  by  differentiating  cos  i|r  =  ^  and  cos  j,;  =  ^ , 

we  get  two  other  similar  equations  for  -yfr  and  x-     Taking 
these  six  equations  in  conjunction  with  the  following 

cos"^  +  cos' -i/r  +  cos' ;!^  =  1 (5), 

we  have  seven  equations  to  determine  u,  v,  w,  ^,  yjr,  x  ^^^  T. 

If  the  motion  takes  place  in  one  plane,  these  reduce  to 
the  four  following  equations : 


du  d     ,  rn  ,\  TT 

.     ,  d4)     du 


(6), 


cos 


jd^^dv 


(7). 


The  arbitrary  constants  and  functions  which  enter  into 
the  solutions  of  these  equations  must  be  determined  from  the 
peculiar  circumstances  of  each  problem. 

286.     Secondly.     Let  the  siring  he  elastic. 

Let  <T  be  the  unstretched  len,s;th  of  the  arc  s,  and  let  mdff 
be  the  mass  of  an  element  da  of  unstretched  length  or  da  of 
stretched  length.  Then  by  the  same  reasoning  as  before,  the 
equations  of  motion  become 

du      d  ( ^  doe\         _ 

,    ^dt^TA^d^h"^^ «• 
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and  two  similar  equations  for  v  and  w.    To  find  the  geome- 
trical equations  we  must  differentiate 

fdxV     (d^     (dz^  _  fdsV 
[dj  +  [da)  ■*"  \da)       [dj  ' 

the  independent  variables  being  now   o-   and  t.    Differen- 
tiating with  regard  to  t  we  have 

dx  du     dy  dv      dz  dw  _ds    d  fds \ 
da  da-     da  da     da  da      da  dt  \da) ' 

But  if  \  be  the  modulus  of  elasticity  of  the  string,  we  have 

ds      ,       2 
da  \ 


^=1+1' • (»)• 


Substituting  we  have 

dx  du     dy  dv     ^^^  _  f-,   ,   ^\^  ^^  /•••\ 

da  da     da  da     da  da      \-       xjxdt   ^    '" 

These  two  equations  (ii)  and  (iii)  together  with  the  three 
equations  (i)  will  suffice  for  the  determination  of  u,  v,  w,  s 
and  T  in  terms  of  a  and  t. 

If  we  wish  to  use  the  equations  of  motion  in  the  forms 
corresponding  to  (3)  or  (6),  the  dynamical  equations  become 

with  similar  equations  for  v  and  w. 

The  geometrical  equations  corresponding  to  (4)  or  (7) 
may  be  found  thus.     We  have 

dx  ,ds  ,/,   ,    T\ 

^=COS,^^  =  C03<^(^1  +  -J. 

Differentiating,  we  have 

du  .     ,  d(j>      \  d  , rn         ,\ 

Vith  similar  expressions  for  v  and  w. 
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287.  When  the  motion  of  the  string  takes  place  in  one 
plane,  it  is  often  convenient  to  resolve  thfe  velocities  along 
the  tangent  and  normal  to  the  curve. 

Let  u,  v'  be  the  resolved  parts  of  the  velocity  of  the 
element  ds  along  the  tangent  and  normal  to  the  curve  at  that 
element.  Let  ^  be  the  angle  the  tangent  to  the  element  ds 
makes  with  the  axis  of  a;.  Then  by  Art.  94  or  120,  the  equa- 
tions of  motion  are 


dt  dt  mds 

dv'    ,        ,d<f)  T^r,    .       ^ 

dt  dt  mp 


(1)- 


The  geometrical  equations  may  be  obtained  as  follows. 
We  have 

u  =  'ii  cos  <f)  —  v'  sin  <f>. 

Differentiating  with  respect  to  s,  we  have  by  Art.  285, 

dd)    .     ,      (du      v'\         ,      fdv   ,  u'\   .     , 

ds 
where  p  is  the  radius  of  curvature,  and  is  equal  to  -j—  . 

Since  the  axis  of  x  is  arbitrary  in  position,  take  it  so  that 
the  tangent  during  its  motion  is  parallel  to  it  at  the  instant 
under  consideration ;  then  ^  =  0  and  we  have 

0  =  ^'-'i^ (2). 

ds      p 

Similarly,  by  taking  the  axis  of  x  parallel  to  the  normal, 

d<f)  _  dv'     u  .  . 

'dt-  ds^  p  • ^''^• 

These  four  equations  are  sufficient  to  determine  u,  v,  <f> 
and  T  in  terms  of  s  and  t. 

288.  The  equations  (2)  and  (3)  may  also  be  obtained  in 
the  following  manner.  The  motion  of  the  point  P  of  the 
string  being  represented  by  velocities  u'  and  v'  along  the  tan- 
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gent  PA  and  normal  PO  at  P,  the  motion  of  a  consecutive 
point  Q  will  be  represented  by  velocities  u'  +  du'  and  v'  +  dv' 
along  the  tangent  QB,  and  normal  .QO  at  Q.  Let  the  arc 
PQ  =  ds,  and  let  QN"  be  a  perpendictdar  on  PA.  Since  the 
string  is  inextensible,  the  resultant  velocity  of  Q  resolved 
along  the  tangent  at  P  must  be  ultimately  the  same  as  the 
resolved  part  of  P  in  the  same  direction.    Hence 

(m'  +  du')  cos  d<l>  —  («'  +  dv')  sin  d<j>  =  u', 

or,  proceeding  to  the  limit, 

du'  —  v'd<})  =  0 ; 

.   «?«'     v'_ 
as      p- 

Again,  -^  is  the  angular  velocity  of  PQ  round  P.-   Hence 

the  difference  of  the  velocities  of  P  and  Q  resolved  in  any 
direction  which  is  ultimately  perpendicular  to  PQ  must  be 

equal  to  PQ  -^ ; 

.'.  {u  +  du)  sin d^  +  {v  +  dv')  cos d(f>  —  v  =  ds -S , 

or  in  the  limit 

d<l>  _  do'     ti 
dt      ds      p  ' 

289.    If  the  string  be  extensible,  the  dynamical  equa- 
tions become 

du'       id(f>  _  Y'  jL.  ^^    ^ 
dt  dt  ~  mda- 

d^,    ,d^_Y,,T_ds 
dt'^      dt  "^mpdaJ 

To  find  the  geometrical  equations,  we  may  differentiate 

u  =  u'  co3<l>  —  v'  sm<f> 
B.P.  30 


-(: 
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with  regard  to  or.    This  gives  by  Art.  286 

dv      u'  ds\    .     , 
da-      p   da)        ^' 

By  the  same  reasoning  as  in  Art.  287,  this  reduces  to 

1  dT^  ^_'i(i     1\ 
X  dt      da-      p  \        \J ' 

f(-f)=£+"7(-f)- 

On.  Steady  MotioUi 

290.  Def.  When  the  motion  of  a  string  is  such  that  the 
curve  which  it  forms  in  space  is  always  equal,  similar,  and 
similarly  situated  to  that  which  it  formed  in  its  initial  posi- 
tion, that  motion  may  be  called  steady. 

291.  Pkop.  lo  investigate  the  steady  motion  of  an  inex- 
tensible  string. 

It  is  obvious  that  every  element  of  the  string  is  ani- 
mated with  two  velocities,  one  due  to  the  motion  of  the 
curve  in  space,  and  the  other  to  the  motion  of  the  string 
along  the  curve  which  it  forms  in  space.  Let  a  and  6  be 
the  resolved  parts  along  the  axes  of  the  velocity  of  the  curve 
at  the  time  t,  and  let  c  be  the  velocity  of  the  string  along 
its  curve. 

Then,  following  the  usual  notation,  we  "have 
u  =  a+c.  cos  ^1 
v  =  h  -1-c.sin^J ^  ''■ 

Now  a,  h,  c  are  functions  of  t  only,  hence 

du  .     ,  dd) 

■j-=  —  csinA-^. 
ds  ^  ds 
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But  ^"  =  -sm^^byArt.285; 

d^  __    d<f) 


dt 


=  c-^ (2). 


Substituting  the  values  of  a  and  h  in  the  equations  of 
motion.  Art.  284,  we  get 

da     dc        ,  .     ,d(j)      „     d  iT        .\' 

^  +  ^^cos,/,-csm,|,^  =  Z+^^(^-cos,^j 

dt+dt'''''f'  +  '''^"l'J=^+ds[m''''V. 
Substituting  for  -t-  ,  these  equations  reduce  to 


da 
dt 
db 

dt 


=  (X-|cos^)+|{g-c=)cos.^} 


(3). 


The  form  of  the  curve  is  to  be  independent  of  t ;  hence,  on 
eliminating  T,  the  resulting  equation  must  not  contain  t.  This 

will  not  generally  be  the  case  unless  ji  >  ^  >  -jI  ^t^^  all  con- 
stants. In  any  case  their  values  will  be  determined  by  the 
known  circumstances  of  the  Problem.  The  above  equations 
must  then  be  solved,  s  being  supposed  to  be  the  only  inde- 
pendent variable,  and  t  being  constant. 

292.  If  the  string  move  uniformly  in  space,  and  the 
elements  of  the  string  glide  uniformly  along  the  string, 

-r-  =  0,  T-  =  b,  -r  =  0.  It  will  then  follow  from  the  above 
dt  dt  dt 

equations,  that  the  form  of  the  string  will  be  the  same  as  if 

it  was  at  rest,  but  the  tension  will  exceed  the  stationary 

tension  by  mc". 

293.  Ex.    Let  an  electric  cable  he  deposited  at  the  bottom 
of  a  sea  of  uniform  depth  from  a  ship  moving  with  uniform 

30—2 
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velocity  in  a  straight  line,  and  let  the  cahle  he  delivered  with  a 
velocity  c  equal  to  that  of  the  ship.  Find  the  equation  to  the 
curve  in  which  the  string  hangs. 

The  motion  may  be  considered  steady,  and  the  form  of  the 
curve  of  the  string  will  be  always  the  same. 

If  the  friction  of  the  water  on  the  string  be  neglected, 
gravity  diminished  by  the  buoyancy  of  the  water  will  be  the 
only  force  acting  on  the  string,  let  this  be  represented  by  g'. 
Hence  the  form  of  the  travelling  curve  will  be  the  common 
catenary,  and  the  tension  at  any  point  will  exceed  the  ten- 
sion in  the  catenary  by  the  weight  of  a.  length  of  string 

equal  to  — . 
ff 

Next  let  the  friction  of  the  water  on  any  element  of  the 
cable  be  supposed  to  vary  as  the  velocity  of  the  element,  and 
to  act  in  a  direction  opposite  to  the  direction  of  motion  of  the 
element*.     Let  /i  be  the  coeflScient  of  friction. 

Let  the  axis  of  as  be  horizontal,  and  let  x'  be  the  abscissa 
of  any  point  of  the  cable  measured  from  the  place  where  the 
cable  touches  the  ground,  in  the  direction  of  the  ship's  motion. 
Also  let  s'  be  the  length  of  the  curve  measured  from  the  same 
point.     Then  x  =  cc'  +  ct,  and  8  =  s'  +  ct. 

Following  the  same  notation  as  before,  we  have 

X=—fiu,  T=~g'  —  /iv. 

But  M  =  c  —  c  cos  <f),        v  =  —  c  sin  <j>. 

Hence  the  equations  (3)  become 

0  =  - /*c  + /*c  cos  (^  +  j^  |(- -  c»)  cos  ^l 
O  =  -£,'  +  /.csin.^+|0-c')sin^} 
To  integrate  these  put  smff>  =  -~,  cos  ^  =  ^ . 

*  ,^^^.?'^"}S?*  °^  ^^^  string  has  a  motion  both  along  the  cable  and  trans- 
veisely  to  it.  The  coefficients  of  these  frictions  are  probably  not  the  same,  but 
they  have  been  taken  equal  in  the  above  investigation. 
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Hence, 

g'A  =  -/ics  +  mcx+  { (A  cos  <f> 

1      .  [ W. 

where  ^  and  5  are  two  arbitrarj  constants. 

At  the  point  where  the  cable  meets  the  ground,  we  must 
have  either  7=  0  or  0  =  0.  For  if  .^  he  not  zero,  the  tangents 
at  toe  extremities  of  an  infinitely  small  portion  of  the  string 
make  a  finite  angle  with  each  other.  Then,  if  T  be  not  zero, 
resolving  the  tensions  at  the  two  ends  in  any  direction,  we 
iiave  an  infinitely  small  mass  acted  on  by  a  finite  force.  Hence 
the  element  will  in  that  case  alter  its  position  with  an  infinite 
velocity.  First,  let  us  suppose  that  6  =  0.  Also  at  the  same 
point,  3r  =  0  and  a'  =  0.     Hence  B=-ct. 

Putting  -;  =  e,  we  get  by  division 

if 

dx'     A—ex'  +  es'  ^^' 

This  is  the  differential  equation  to  the  curve  in  which  the 
cable  hangs. 

To  solve  this  equation*  find  s  in  terms  of  the  other 
quantities, 

s  = 


Differentiating,  we  have 

d^y 

V  ^  +  {d^)  =  —7; ^aT— 

->  — : —  I 


(> 


'  da^j 


_   *  Phil.  Mag.  July  1858.     The  Astronomer  Boyal  on  the  Mechanical  Con- 
ditions of  the  deposit  of  a  Submarine  Cable. 
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Put  p  for  -^  where  convenient,  and  put  v  for  A—  ex'+  iy; 
the  equation  then  becomes 

1  dv  dx' 


vdx      (l-ej?)Vl+/' 

in  which  the  variables  are  separated,  and  the  integrations  can 
be  effected.  The  equation  can  be  integrated  a  second  time, 
but  the  result  is  very  long.  The  arbitrary  constant  A  may 
have  any  value,  depending  on  the  length  of  the  cable  hanging 
from  the  ship  at  the  time  <  =  0. 

The  curve  in  its  lower  part  resembles  a  circular  arc  or  the 
lower  part  of  a  common  catenary.  But  in  its  upper  part  the 
curve  does  not  tend  to  become  vertical,  but  tends  to  approach 
an  asymptote  making  an  angle  cot"'e  with  the  horizon.  The 
asymptote  does  not  pasa  through  the  place  of  touching  the 

ground  but  below  it,  its  smallest  distance  being  —  '        ,  and 

eve^+l 
if  also  passes  below  the  ship. 

If  the  conditions  pf  the  question  be  such  that  the  tension 
at  the  lowest  point  of  the  cable  is  equal  to  nothing,  the  tan- 
gent to  the  curve  at  that  point  will  not  necessarily  be  hori- 
zontal. Let  \  be  the  angle  this  tangent  makes  with  the 
horizon.     Referring  to  equations  (1)  we  have  when 

x'  =  Q,  y  =  0,  s'  =  0,  T=6,  and  ^  =  \. 

Hence  A  =  — i  cos  \,  JB= — ■.  sinX  — ci. 

^  3 

The  differential  equation  to  the  curve  will  now  become 

c*  . 
,        — 7  sin  \  +  «'  —  ey 

■  i-^','. •• '«■ 

— >cos\+es— eas 
which  can  be  integrated  in  the  same  manner  as  before.     One 
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case  deserves  notice;  viz.  wrhen  e  =  cot\.  The  equation  is 
then  evidently  satisfied  by  y  =  -  x.  The  two  constants  in  the 
integral  of  (3)  are  to  be  determined  by  the  condition  that  when 
aj' = 0,  y = 0,  then  ^  =  tan  \.  Both  these  conditions  are  satis- 
fied by  the  relation  y  =  -x'.  Hence  this  is  the  required  in- 
tegral. The  form  of  the  cable  is  therefore  a  straiglit  line, 
inclined  to  the  horizon  at  an  angle  X  =  cof'e  j  and  the  tension, 
may  be  found  from  the  formula 


T= 


mgy 
1  +  cos  \  ■ 


On  Initial  Motions. 

294.  A  string,  under  the  action  of  any  forces  in  one 
plane,  begins  to  move  from  a  state  of  rest  in  the  form  of  any 
given  curve.     To  find  the  initial  tension  at  any  given  point. 

Let  Pds,  Qds  be  the  resolved  parts  of  the  forces  respec- 
tively along  the  tangent  and  normal  to  any  element  ds.  The 
force  P  is  taken  positively  when  it  acts  in  the  direction  in 
which  s  is  measured,  and  Q  is  positive  when  it  acts  in  the 
direction  in  which  p  is  measured  along  the  normal  inwards. 

Let  u,  V  be  the  velocities  of  the  element  along  the  tan- 
gent and  normal.  Then  the  equations  of  motion  are  by  Art. 
287 

dt     ^  dt         ^  ds  ^^'' 

dv       dd}     ^     T  ,„. 

dit^i^'^'-j (2)' 

where  T  is  the  tension,  p  the  radius  of  curvature,  and  ^  the 
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angle  the  tangent  makes  witli  any  fixed  straight  line.     The 
geometrical  equations  are 

^-r' • ^'^' 


u  _d<p 
P 


av   ,  u      aw  ... 

^  +  "  =  ^ (*)• 


(5). 


Differentiating  (1)  and  multiplying  (2)  by  - ,  we  get 

dsdt       dsdt     ds  dt       ds       ds" 

p  dt      p  dt      p      p^ 
But  by  differentiating  (3)  we  have,  since  -  =  -^, 

:-«X^,-7:^=0 (6)- 


ds  dt       ds  dt     p 

Hence,  subtracting  the  second  of  equations  (5)  from  the 
first,  we  have  by  (4)  and  (6) 


d^_T    d^ 
ds      p'     ds 


In  the  beginning  of  the  motion  just  after  the  string  has 
been  cut  we  may  reject  the  squares  of  small  quantities,  hence 

(  -^j  may  be  rejected.    Hence  we  have 

lT_T__dP     Q 

ds'      p'         ds^  p ^''' 

This  is  the  general  equation  to  determine  the  tension  of  a 
string  just  after  it  has  been  cut. 

The  two  arbitrary  constants  introduced  in  the  solution  of 
this  equation  are  to  be  determined  by  the  circumstances  of  the 
case.  If  both  ends  of  the  string  are  free,  we  must  have 
2"= Oat  both  ends. 
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Since  the  string  begins  to  move  from  a  state  of  rest  we 

have  initially  u  =  0,  v  =  0.    At  the  end  of  a  time  dt,  ~  dt 
,  at 

dv 
and  -J-  dt  will  be  the  velocities  of  any  element  of  the  string. 

Hence  if  -^  be  the  angle  the  initial  direction  of  motion  of  any 
element  of  the  string  makes  with  the  tangent  to  the  element, 
we  have  by  equations  (1)  and  (2) 

T 

Q+- 

tani^  = -^^ (8). 

ds 
It  must  be  remembered  that  the  constants  of  integration 
are  necessarily  constant  only  throughout  the  length  of  the 
string  at  the  time  « ==  0.  They  may  be  functions  of  t  and 
may  be  either  continuous  or  discontinuous.  For  example,  if 
a  point  of  the  string  be  absolutely  fixed  in  space,  the  trans- 
verse action  of  the  fixed  point  on  the  string  may  cause  the 
constants  to  become  discontinuous  at  that  point.  In  this  case 
equation  (8)  is  not  necessarily  true  in  the  immediate  neigh- 
bourhood of  the  fixed  point. 

295.  A  string  is  in  equilibrium  under  the  action  of  forces 
in  one  plane.  Supposing  the  string  to  he  cut  at  any  given 
point,  find  the  instantaneous  change  of  tension. 

Let  T^  be  the  tension  at  any  point  {x,  y)  just  before  the 
string  was  cut.  Then  the  forces  P,  Q  satisfy  the  equations  of 
equilibrium 

ds  p 

Hence 

_dP     Q^d^_T, 

ds"     p       ds^       p' ' 

If  T'  be  the  instantaneous  change  of  tension,  we  have 
T  =  T—  r„.  The  equation  of  the  last  article  therefore  be- 
comes 

d'T'   r_ 

W     p'~ 
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296.  A  string  rests  on  a  smooth  horizontal  table  and  is 
acted  on  at  one  extremity  hy  an  impulsive  tension,  find  the 
impulsive  tension  at  any  point  and  initial  motion. 

Let  T  be  the  impulsive  tension  at  any  point  P,  T+  dT 
the  tension  at  a  consecutive  point  Q,  then  the  element  PQ  is 
acted  on  by  the  tensions  T  and  T+  dT  at  the  extremities. 
Let  ^  be  the  angle  the  tangent  at  P  to  the  string  makes  with 
any  fixed  line ;  u,  v  the  initial  velocities  of  the  element  re- 
solved respectively  along  the  tangent  and  normal  at  P  to  the 
string.  Then,  resolving  along  the  tangent  and  normal,  we 
have 

■uds  =  {T+  dT)  cos  d^-T] 

vds  =  {T+dT)siad^         ]' 

therefore  proceeding  to  the  limit 

dT  T 

as  p 

But  by  Art.  288,  we  have  -7-  =  - .      Hence  the  equation 

to  find  T  becomes 

d^T     T_ 
ds'      p'~^' 

This,  as  might  have  been  expected  from  mechanical  consi- 
derations, is  the  same  as  the  equation  in  Art.  295. 

297.  The  equation  to  find  T  cannot  be  integrated  in  any 
general  manner.  Several  cases  will  be  found  discussed  in 
Boole's  Differential  Equations,  see  Chapter  XYII. 

If  p  =  ^^ '-^ the  integral  can  be  shown  to  be 

T:=A{s- a)"  (s -ly  +  Bis- a)"  {s -  6)", 

where  A  and  B  are  two  arbitrary  constants  and  {m,  n)  are  the 
roots  of  the  quadratic 

See  the  Cambridge  Transactions,  Vol.  Vlll. 
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It  p  =  a^''^^  the  equation  may  be  reduced  to  Eiccati's 
equation  by  putting  T—  e^^ . 

298.  Ex.  A  string  is  in  equilibrium  in  the  form  of  a 
circle  about  a  centre  of  repulsive  force  in  the  centre.  If  the 
string  be  now  cut  at  any  point  A,  prove  that  the  tension  at  any 
point  P  is  instantaneously  changed  in  the  ratio  of 

1 :  1, 

e"  +  e"" 

where  9  is  the  angle  subtended  at  the  centre  by  the  arc  AP. 

Let  F  be  the  central  force,  then  P  =  0,  and  Q  =  —  F.  Let 
a  be  the  radius  of  the  circle.     Then  the  equation  becomes 

d'T     T^     F 
ds"      a*         a ' 

Let  s  be  measured  from  the  point  A  towards  P,  then 
s  =  ad;  also  F  is  independemt  of  s.     Hence  we  have 

T=Fa  +  A^+Be\ 

To  determine  the  arbitrary  constants  A  and  Bwq  have  the 
condition  T=  0  when  ^  =  0  and  ^  =  27r ; 

.'.  T=Fa.\l    ^       ^ 


But  just  before  the  string  was  cut 

T=Fa. 
Hence  the  result  given  in  the  enunciation  .follows. 

Small  Oscillations. 

299.  Peop.  .  An  inelastic  sttirig.  is  suspended  from  two 
fixed  points  under  the  action  6f  gravity  so  that  it  hangs  in 
the  form  of  a  catenary,  the  parameter  of  which  is  c.  Any 
small  distwbanoe  being  given  to  the  string  in  its  own  plane, 
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it  is  required  to  determine  the  general  equation  to  the  small 
oscillations  about  the  position  of  rest. 

Let  a  be  the  angle  the  tangent  at  any  point  makes  with 
the  horizon  when  the  string  is  at  rest,  and  a  +  ^  the 
angle  made  by  the  tangent  at  the  same  point  of  the  strmg  at 
the  time  t. 

Let  u,  V  be  the  velocities  of  any  element  ds  of  the  string 
resolved  along  the  tangent  and  normal,  and  T'  the  tension  of 
the  element. ,  Let  the  mass  of  a  unit  of  length  be  taken  as 
the  unit.  Then  the  general  equations  of  motion  of  the  string 
are  by  Art.  287, 

du       dd>  .    ,        ,.      dT' 

dv        dd>  ,       ^,      T'dioi  +  d,) 

Let  the  directrix  of  the  catenary  be  taken  as  the  axis  of  x, 
and  let  s  be  measured  from  that  point  of  the  string  which 
coincides  with  the  lowest  point  of  the  catenary  when  the 
string  is  in  the  position  of  equilibrium.    Then  the  tension 

when  the  string  is  at  rest  is  gy,  which  is  equal  to  -^— 


cos  a 


Let  T'  =  ^^  +T.    Also  tana  =  -; 
cos  a  c 

di     cos"  a      ,dT'     cos"  a   dT' 

.:  -y-  = and  -7—  = .  — y-  . 

as         c  ds  0        aoL 

dT' 
Substituting,  these  values  of  T'  and  -5-  ,  and  remembering 

that  in  small  oscillations  we  may  neglect  the  squares  and 
products  of  the  small  quantities  u,  v,  <p,  we  get 

du                      ,      coa^ a  dT  ... 

^  =  -^cosa..^  +  -^^ (1), 

dv         .                           dA     cos'a    ™  ,„. 

^=g8ma.<f>  +  gcosa.-^+-~^.T (2). 
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We  have  also  by  Art.  287  the  two  geometrical  equations, 

:0 


^".-'^  =  0     "1 


ds      p  I 

dv     u  _d<j)    I   ' 
ds     p      dt  J 

where  -  =  ^^  +  -^  is  the  reciprocal  of  the  radius  of  curvature. 
p     ds      ds  '^ 

Changing  the  independent  variable  to  a  and  neglecting 
the  squares  of  small  quantities,  these  reduce  to 

""^  [ (3). 

d^u        _     c     d^  \ 
'M'^^'la^a'dt] 

fin  I  fjl) 

For  the  sake  of  brevity  let  us  put  m',  v' ,  ^"  foi^  -^  >    tt  , 

-^  respectively. 

In  order  to  solve  these  equations,  we  must  eliminate  T 
from  the  equations  (1)  and  (2).  Differentiating  the  second 
equation,  we  get 

cPm                    ,         V       d'&     cos"  a  dT     2  cos  a  sin  a  _ 
^=^cosa..^+5'COsa;^,  +  -^^ 3 T. 

Subtracting  equation  (1)  from  this  result,  we  have 

d^ti       ,              „(^'i>,^j\     2  cos  a  sin  g  ^ 
^-«=5rcosa(^^  +  2<^j ^ T. 

Eliminating  Tfrom  this  by  means  of  (2),  we  get 
cos  a  (-^  +  u'j  +  2  (sm  a-^  -  m  cos  a)  =^  coa''  a  ^ 

+  2^^  sin  a  cos  a  ^  +  25^^ (4). 
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But  by  (3) 


da*  cos'a^  ^ 


du       ,  fsma   ,„, 

.'.  sina-^ — u  cosa  =  c  | — s-  9  da. 
da  J  cos"  a  ^ 

substituting  these  in  (4),  we  get 

-  6"  +  2c  I  ^\    rf>" <Za  =  o  (cos'a ^  +  2  sin  a  cos  a ^+  26). 
a  ^  j  cos  a  ^  "^  ^  aa  aa    '  ^' 


cos 

Differentiating  again,  we  have 
c 


cos 


<?<f>       3csina,„  .    /^<^  .  .^<^\ 

--^+ i — ^  =5'C0s''a(— ^  +  4^1: 

a  da       cos" a  '^      ^  Vatc*"        da/' 


d4>" 


cos°  a  -7-  +  3  cos*  a  sin  aA>"  ,. .         , .  ^ 

cos'a  cU*^"^^*/' 

integrating  both  sides,  we  have 

Eeturning  to  the  original  notation,  this  may  be  written 

f-f-'^iS+^^+z®} w- 

This  is  the  general  equation  to  determine  the  small  oscilla- 
tions of  a  slack  string. 

Supposing  the  integration  of  this  equation  to  have  been 
effected,  we  have  ^  expressed  in  terms  of  a  and  t  with  two 
new  arbitrary  functions  -of  a  and  t.  These  we  may  represent 
by  "^  (P)  and  x  ( Q)  where  -^  and  x  are  arbitrary  functions  of 
two  determinate  combinations  P  and  Q  of  the  variables.  The 
values  of  u  and  v  may  then  be  fbund  by  means  of  (3) ;  the 
complementary  functions  introduced  in  this  process  will  be  of 
the  form 

u=     ul  cos  a  +  5 sin  a) 
V  =  —  A  sin  a  +  jB  cos  a)  ' 
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where  A  and  B  are  two  more  arbitrary  fiinctions  of  t.  These 
correspond  to  a  motion  in  space  of  the  string  without  any 
change  of  form.  Thus  A  and  B  are  the  resolved  parts,  paral- 
lel respectively  to  the  dii-ectrix  and  axis  of  the  catenary,  of 
the  common  velocity  of  every  element  of  the  string.  As  the 
equation  (6)  has  been  obtained  by  differentiating  (4)  and 
finally  integrating  again,  the  arbitrary  function  f{t)  thus 
introduced  may  be  determined  in  terms  of  A  and  B  &c.  by 
substituting  in  equation  (4). 

We  have  thus  four  arbitrary  functions  whose  values  have 
to  be  determined  from  the  conditions  of  the  question.  Let 
a,,  a,,  be  the  values  of  a  which  correspond  to  the  two  fixed 

extremities  of  the  string.     Then  the  values  of  <f>  and  -^ 

are  given  by  the  question  when  <  =  0  for  all  values  of  a  from 
a  =  «„  to  a  =  a, ;  also  the  initial  values  of  A  and  B  are  given. 
Thus  the  values  of  i/r  (P)  and  %(0  are  determined  for  all 
values  of  P  and  Q  between  the  two  limits  which  correspond 
to  a=aj,  t  =  0  and  a  =  aj,  t=0.  The  forms  of  i/r  and  x 
for  values  of  P  and  Q  exterior. to  these  limits,  and  the  values 
of  A  and  B  when  t  is  not  zero  are  to  be  found  from  the  con- 
ditions that  as  t  increases  both  u  and  v  must  vanish  for  all 
values  of  t  when  a  =  a„  and  a  =  a, .  It  may  therefore  happen 
that  the  arbitrary  functions  A,  B,  yfr  and  x  are  discontinuous. 
On  the  other  hand  the  initial  conditions  may  be  such  that 
these  functions  are  all  continuous. 

30Q.  The  tension  of  the  string  will  be  given  by  equation 
(2),  but  another  expression  may' also  be  found  as  follows. 

Differentiating  (2)  and  adding  the  result  to  (1),  we 
obviously  get  by  (5), 

c     d'd>  d'6     ^  cos"  adT  ,  Td  cos"  a 

— o — }^  =  9Cosa  j-a  +  2 j-H -3 — , 

cos"  a  dt      "  da  c     da      c      da.     ' 


dT      . 
or  cos  a  -5 —  sm 
da 


^•■^~2[coa'adi'      c  daV 
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/.cosa.!r=|/{4^+/(0}da; 

-301.  Supposing  the  value  of  ^  to  have  been  found  from 
equation  (6),  it  may  be  required  to  refer  the  motion  to  axes 
fixed  in  space.  Let  the  directrix  and  axis  of  the  catenary  be 
taken  as  the  axes  of  co-ordinates.  Let  (as  +  f ,  y  +  v)  ^^  the 
co-ordinates  of  the  point  which  when  at  rest  was  situated  at 
the  point  {x,  y),  we  have  to  find  ^  and  ti  in  terms  of  <^.  Let 
PQ  be  any  element  of  the  arc  of  the  catenary  which  at  the 
time  t  has  been  displaced  into  the  position  P  Q.  Let  a  be 
the  angle  FQ  makes  with  the  axis  of  x,  then  a-f-^  is  the 
angle  P'Q'  makes  with  the  same  axis.     Also  dx  and  dy  are 

the  projections  of  PQ  on  the  axes;  dx+-Sds,  dy  +  -j^ds, 

are  the  corresponding  projections  o£  P  Qf; 


But 

and 


Similarly 

302.  A  chain  ofhngth  2l  is  fastened  at  two  points  A  and 
B  in  the  same  horizontal  line  whose  distance  apart  is  nearly 
equal  to  2l.  To  find  the  small  oscillations  of  the  chain  in  a 
vertical  plane. 

The  motion  of  the  chain  may  be  deduced  from  the  equa- 
tion of  Art.  299,  but  in  order  to  show  the  difierent  methods  of 


'.  dx  + 

i*= 

-  ds  cos  (a  + 

^) 

= 

=  ds  (cos  a  — 

sin  a^) 

dx  = 

=  ds  cos  a, 

sina  = 

s 

"y' 

"  ds' 

y^ 

dr] 
d's^ 

y^ 
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proceeding,  we  shall  begin  by  referring  the  motion  to  axes 
fixed  in  space. 

When  in  equilibrium  the  chain  will  hang  in  the  form  of  a 
catenary.  Let  G  be  the  lowest  point  of  the  catenary  and 
let  the  arc  s  be  measured  from  G  as  origin.  Let  the  directrix 
and  axis  of  the  catenary  be  taken  as  the  axes  of  co-ordinates, 
the  axis  of  x  being  horizontal.  Let  m  be  the  mass  of  a  unit 
of  length  of  the  chain,  then  the  tension  at  any  point  of  the 
chain  whose  ordinate  is  y,  will  be  tngy. 

When  the  chain  is  in  motion  let  (a;  +  f,  y  +  t})  be  the  co- 
ordinates of  the  particle  whose  co-ordinates  in  equilibrium 
were  (cc,  y)  and  let  the  tension  T  at  that  point  be 

T=mg{y-^z). 

The  equations  of  motion  of  Art.  284  become 

-W=3ds\^y  +  '>){ds  +  ds)\ 

d  {     ,       d^        dx\  -  . 

for  since  the  horizontal  tension  is  constant  and  equal  to  mgd, 
we  may  put  mgy  -j  =7ngc,  also  as  in  Art  299  the  terms 
which  are  of  the  order  f ,  if,  a*  are  neglected, 

-4{^S+»I}  ■■ (^). 

by  similar  reasoning. 

The  geometrical  equation  is  clearly 

{dx^^d^  ^idy+^ds")  ={dxY+{dy)\ 

which,  since  -r-  =  -  reduces  to 
dx     0 

d^  _     s  dr)  /„\ 

ds~     c  da  

E.  D.  31 
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To  solve  these  equations,  let  us  integrate  equations  (1) 
and  (2)  with  regard  to  s  and  eliminate  a ;  we  have 

i{h"->}Mi-li) <*'• 

The  distance  hetween  the  two  points  of  supports  A  and  B 
is  by  the  conditions  of  the  problem  not  very  different  from 
the  length  of  the  chain.  Hence  the  parameter  c  of  the  cate- 
nary .is  large.  The  second  term  on  each  side  of  this  equation 
is  therefore  much  smaller  than  the  first.  Further,  we  see 
from  equation  (3),  that  the  horizontal  displacement  of  any 
particle  of  the  string  is  much  smaller  than  17  the  vertical  dis- 
placement.    Thus  the  ratio  of  the  second  term  to  the  first  on 

each  side  of  the  equation  is  of  the  order  (-)  ,  The  princi- 
pal part  of  7)  will  be  found  by  neglecting  these  two  tennt 
We  may  also  put  y  =c. 

We  must  however  recollect  that  the  integrations  with  re^ 
gard  to  s  will  introduce  arbitrary  functions  of  *.     These  are 

not  all  of  the  order  (-)  and  they  may  therefore  have  to  be 

retained.    Let  us  put 

^=-iJ§^  +  ^ (^)^ 

.:  flds  =  -jfl^{d3y  +  As+-Bc (6), 

where  A  and  B  are  two  arbitrary  funtions  of  t  to  be  deter- 
mined by  the  conditions  of  the  question.  The  equation  (4) 
will  now  become     , 

^{jrids-A'--Bs]^=gc^i^jvds-A'^-Bs^  +  2ffA..i7). 
The  Integral  of  this  equation  is  known  to  be 
J7]ds-A Bs  =  2gE+h  -  +  ks 

+A'Jiot^)  +F{Jict  +  s) (8), 
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where  ^  is  a  function  of  t,  and  h,  k  are  two  constants  such 
that 

The  arbitrary  functions  /"and  i^'must  be  determined  from 
the  conditions  of  the  question  and  may  be  either  continuous 
or  discontinuous.  Let  us  now  suppose  that  the  motion  of  the 
chain  is  such. that  we  may  replace  the  functions  by  a  finite 
number  of  trigonometrical  terms  of  the  form 

L  sin  m  {Jgc  t  ±  s). 

Let  mjgo  =  n,  we  have  then 

ri  =  2{A  +  h)-  +B+k+t  [Lsm  {nt+ms+^)+Msia  (nf^ns+j)], 
c 


-{ 


s  L 

L  -  sin  {nt  +  ms  +  ^)^ cos  [nt  +  ms  +  yS) 

s  .  M 

+  M-  sin  (nt  —  ms  +  7) cos  (nt  —  wis  +  7) 

c       ^  '     "      cm       ^ 


...(9), 


where  "^  implies  summation  for  all  values  of  m,  and  L,  M  are 
any  constants  which  may  be  different  in  every  term*. 

If  both  the  extremities  of  the  string  be  fixed  the  values 
of  ^  and  7j  are  wholly  periodical  and  in  this  case  A  =  0.  The 
functions  A  and  B  will  be  of  the  forma  .4,  sin(m*+y8)  and 

*  The  physical  meaning  of  these  terms  is  as  follows.  Suppose  the  string 
to  receive  a  small  initial  displacement  <r  along  its  length  so  that  the  extremities 
A  and  B  are  moved  along  the  tangents  to  the  string  at  A  and  B  respectively. 
Then  the  displacements  of  any  point  (x,  y)  are 


{=(rcoso 


s 


"i^W 


e 


!-  . 


The  constant  terms  in  (^,  •>])  express  a  transference  of  the  whole  catenary 
parallel  to  itself  without  change  of  form, 

31—2 
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B^ain  {nt  +  ^),  where  A^,,  B^  are  absolute  constants.  To  de- 
termine the  relations  between  the  constants  A^,  B„,  L,  and. 
M  we  have  the  conditions  ^=  0, 97  =  0  when  s  =  ±l.  If  we 
take  the  difference  between  the  two  equations  deduced  from 
the  value  of  ^  by  putting  s  =  +  Z  we  find 

[L  sin  {nt  +  jS)  +  Jf  sin  {nt  +  7)}  (jnl  cos  ml  —  sin  mV)  =  0. 

One  of  these  two  factors  must  therefore  vanish  for  all  values 
of  t.  If  the  first  factor  be  equated  to  zero  we  have  7  =  )8  and 
M=  —  L.  If  the  second  factor  be  equated  to  zero,  the  possible 
values  of  m  must  satisfy  the  equation  iax\.ml=ml.  Let  us 
consider  these  cases  in  order. 

First.  If  7  =  jQ  and  M=  —  L,  we  find  since  »?  must  vanish 
when  s  =  ±l. 

A  =  —  -jL  Bin  ml.cos  {nt  +  /8)  I 
B=0  J  ' 

and  since  f  must  vanish  when  s  =  ±  Z  we  have  very  nearly 

2 
A=  —  L{lm  sin  ml  +  cos  ml)  cos  (nt  +  ^). 

It  will  be  sufficient  if  these  two  values  of  A  agree  when 

This  gives  ml  tan  ml  =  —  2(-j  nearly,  and  /.  ml=  tir  nearly, 
where  i  is  any  integer.    The  values  of  tj  and  |  will  then  be 
7)  =  22i  sin  ms  cos  {nt  +  /3)  -1 

^  =  2 —  (cosjnZ— cosjns-»issin«is)cos(M«+^)  [  •••■(1")> 

where  m  has  any  value  given  by  the  equation  m  =  ~. 

i 

Secondly.  Let  m  have  any  value  given  by  the  equation 
ta.-D.ml=ml.  We  find  in  the  same  way  that  the  two  values 
of  A  cannot  in  general  be  made  to  agree  unless  L  =  M,  and 
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7  =  i8.  We  then  have  -4  —  0.  The  values  of  i?  and  f  will 
then  be 

tj  =  "t^L  (cos  ms  —  cos  ml)  sin  {nt  +  ^)       "^ 

f.     ^2L,  .  ...        ^  y (11), 

?=S  —  {am.7ns  — ms  COS  ms)ava.(nt  + p)  \  ^    ' 

where  m  has  any  value  given  by  the  equation  tanmZ=»nZ. 

The  roots  of  the  equation  \2xxml  =  'ml  may  be  found  by 
continued  approximation.  The-  first  is  zero,  but  since  m 
occurs  in  the  denominator  of  some  of  the  small  terms  in  the 
investigation,  this  value  is  inadmissible.     The  others  may 

be  expressed  by  the  formula  ml=  (2^■  + 1)  ^  —  ^,  where  6  is 
not  very  large.  This  gives  — ,  which  is  the  time  of  vibra- 
tion of  the  chain,  equal  to  ^ -. -p= '  nearly.     Thus  the 

il  + 1    hj  gc 

times  of  vibration  of  a  chain  slightly  disturbed  and  left  to 
itself  are  all  short.  The  reader  who  may  wish  to  see  another 
method  of  discussing  the  small  oscillations  of  a  suspension 
chain  may  consult  a  memoir  by  Mr  Kohrs  in  the  ninth 
volume  of  the  Camhridge  Transactions. 

303.  In  this  discussion  we  have  only  considered  the 
principal  terms  of  17  and  f.  But  having  found  these,  we  may 
proceed  to- a  second  approximation,  by  substituting  the  values 
just  found  in  the  small  terms  of  equation  (4). 

304.  As  an  example  of  the  mode  of  treating  the  oscilla- 
tion of  elastic  strings,  the  following  has  been  selected. 

An  elastic  string  whose  weight  may  he  neglected  and  whose 
unstretched  length  is  1  has  its  extremities  fiaxd  at  two  points 
whose  distance  apart  is  1'.  The  string  being  very  slightly  dis- 
turbed from  its  position  of  rest,  find  the  motion. 

Let  A  be  one  of  the  fixed  points,  and  let  AB  be  the  string 
when  unstretched  and  placed  in  a  straight  line.  Let  the  ex- 
tremity B  be  pulled  until  it  reaches  the  other  fixed  point  B'. 
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Let  FQ  be  any  element  of  the  unstretched  string,  P'Q'  the 
same  element  at  any  time  t.  Let  AP  =  x,  and  let  the  co-or- 
dinates of  P'  be  [x',  y,  a').  Let  Tand  T+dThe  the  tensions 

at  F,  Q.    Let  Jf  be  the  mass  of  the  string,  then  j  dx  is  the 

mass  of  the  portion  dx.    Hence  the  equations  of  motion  are 

Md^x'  ^  d.frpdx'\ 
I    d^      dx  \     ds  J 


M^_d^(rpdy'\ 
I    de      dx\     ds) 

Md^_d_  ( rpdz\ 
I    de      ds  \     ds'j  . 

where  ds  is  the  length  of  the  element  P'  Q'. 


Now  if  E  be  the  modulus  of  elasticity  we  have 

T 


dx~^^  E' 


■dzV 
.dx) ' 


\dx)       \dx)       \dx)       V 
These  five  equations  are  suflScient  to  determine  the  motion. 

Since  the  disturbance  is  very  small,  -p  ,   t-t  are  very 


small,  and  -p-  is  nearly  equal  to  unity. 

equation  takes  the  form 

Md^x 
I    de  '' 


Hence  the  first 


dT 
dx' 


and  the  fifth  equation  becomes 


dfa__        T 
dx  ~    ^  E- 


,  ax 


M  da? 
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El 
If  we  put  a^  =  -y.,  the  integral  of  this  eq^uation  is 

a  =f{at  —  x)  +  F{at+  x), 

where/  and  F  are  two  arbitrary  functions.  The  discussion 
of  these  equatipns  may  be  found  in  any  treatise  on  Sound. 
The  result  is  that  each  of  these  functions  represents  a  wave 
which  travels  with  the  same  velocity,  viz.  a.  In  the  case 
therefore  of  the  string,  the  motion  will  be  represented  by  a 
series  of  waves  travelling  both  ways  along  the  string  with 
the  same  velocity.  This  velocity  is  such  that  the  time  of 
traversing  a  length  I  of  unstretched  string  or  a  length  V  of 

stretched  string  is  */— . 

Suppose  that  when  the  string  is  suspended  vertically  from 
A,  M'g  is  the  weight  which  would  stretch  the  string  to  twice 
its  length,  then  E  =  M'g.    The  time  of  traversing  the  length 

I  of  unstretched  string  is  therefore  ^^  -—^, 

In  the  second  equation  we  may  regard  T  as  constant,  its 
small  variations  being  multiplied    by  the  small  quantity 

ds" 

Hence  we  can  put 

,l'-l 


T=E' 


I 


7 


dy'  _  dy  dx 
ds'  ~  dx  ds 


1         ^ 
■'       f'  dx 
'  +  F 

'I'  dx' 
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Hence  the  equation  becomes 

tie  ~Ml'  daf 
The  velocity  of  propagation  along  the  unstretched  string 
is  therefore  \]  'rrf-    The  time  of  traversing  a  length  I  of 

111  Trr 

unstretched  string  or  V  of  stretched  string  is  a/  -yp- .    Let  us 

suppose  the  string  fixed  at  A  and  hanging  over  a  pulley 
at  B",  with  a  weight  M"  attached  to  it.  Then  T  being  the 
tension  in  equilibrium,  we  have  T=  M"g.  Hence  the  time 
which  a  wave  takes  to  traverse  the  length  of  the  string  from 

gM"' 


A  to  B'  is  a/-. 
V  gi 


The  question  of  the  motion  of  a  tight  string  is  best  con- 
sidered in  connection  with  the  theory  of  sound.  A  discussion 
of  this  question  may  be  found  in  nearly  every  treatise  on  that 
subject.  For  this  reason  it  has  been  considered  unnecessary 
to  give  more  than  this  one  proposition. 


EXAMPLES. 

1.  An  elastic  ring  without  weight  whose  length  when 
unstretched  is  given,  is  stretched  round  a  circular  cylinder. 
The  cylinder  is  suddenly  annihilated,  show  that  the  time 
which  the  ring  will  take  to  collapse  to  its  natural  length  is 

V  ~«\   '  ^^'^'^^  -^  is  *^6  ™^S3  ^^  *^®  string,  \  its  modulus  of 
elasticity,  and  a  is  the  natural  radius. 

2.  A  homogeneous  light  inextensible  string  is  attached 
at  its  extremities  to  two  fixed  points,  and  turns  about  the 
straight  line  joining  those  pomts  with  uniform  angular 
velocity.  Find  the  form  of  the  string,  supposing  its  figure 
permanent. 
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Result.  Let  the  straight  line  joining  the  fixed  points 
be  the  axis  of  ar,  then  the  form  of  the  string  is  a  plane  curve 
whose  equation  is 

where  a  and  h  are  two  constants. 

3.  A  uniform  endless  chain  is  in  equilibrium  under  the 
action  of  forces  which  depend  only  on  the  position  of  the 
particle  acted  on.  Every  element  has  an  equal  velocity 
communicated  to  it  in  the  direction  of  the  tangent  to  the 
chain  at  that  element,  prove  that  the  form  of  the  chain  will 
not  be  altered  by  the  motion. 

4.  Let  a  cable  be  delivered  with  velocity  c'  from  a  ship 
moving  with  uniform  velocity  c  in  a  straight  line  on  the 
surface  of  a  sea  of  uniform  depth.  If  the  resistance  of  the 
water  to  the  cable  be  proportional  to  the  square  of  the  velo- 
city, the  coefficient,  B,  of  resistance  for  longitudinal  motion 
being  different  from  the  coefficient  A,  for  lateral  motion,  prove 
that  the  cable  may  take  the  form  of  a  straight  line  making 
an  angle  X.  with  the  horizon,  such  that  cot°\  =  ^/e*+ J  — ^, 
where  e  is  the  ratio  of  the  speed  of  the  ship  to  the  terminal 
velocity  of  a  length  of  cable  falling  laterally  in  water.  Prove 
also  that  the  tension  will  be  found  from  the  equation 

5.  A  heavy  string  is  suspended  from  one  extremity,  and 
being  slightly  disturbed  makes  small  oscillations  about  the 
vertical.  Find  the  form  of  the  curve  in  which  it  must  be 
placed  at  rest  at  the  time  «  =  0,  in  order  that  every  point  of 
the  string  may  reach  the  vertical  at  the  same  time. 

Besuli.  If  the  fixed  point  be  the  origin  and  the  axis  of 
X  be  drawn  vertically  downwards,  the  equation  to  the  string  at 
the  time  «  is  2^  =  ^  (a;)  cos  J  eg  t,  where  ^  is  to  be  determined 

from  the-  equation  (}—x)  '^—  X  "*"  ^^  ~  ^'  *°*^  "  ^^  ^° 
arbitrary  constant  depending  on  the  initial  form  of  the  curve. 
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6.  The  extreme  links  of  a  uniform  chain  can  slide  freely 
on  two  given  curves  in  a  vertical  plane,  and  the  whole  is  in 
equilibrium  under  the  action  of  gravity.  Supposing  the  chain 
to  break  at  any  point,  prove  that  the  initial  tension  at  any 
point  is  2^  =  ^  {A^  +  £),  where  y  is  the  altitude  of  the  point 
above  the  directrix  of  the  catenary,  ip  the  angle  the  tangent 
makes  with  the  horizon,  and  A,  B  two  arbitrary  constants. 
Explain  how  the  constants  are  to  be  determined. 

7.  A  string  is  wound  round  the  under  part  of  a  vertical 
circle  and  is  just  supported  in  equilibrium  at  the  ends  of  a 
horizontal  diameter  by  two  forces.  The  circle  being  suddenly 
removed,  prove  that  the  tension  at  the  lowest  point  is  instantly 

decreased  in  the  ratio  4 :  ea  +  e~i" 

8.  Explain  in  a  general  manner  why  the  marching  of 
troops  in  time  along  a  suspension  bridge  will  cause  oscilla- 
tions which  may  become  so  great  as  to  be  dangerous  to  the 
bridge. 

In  page  485  the  different  times  of  yibration  of  a  suspension  chain  are 
found.  They  are  such  that  it  is  possible  that  the  "  marching  time"  may  coincide 
vrith  some  one  of  them.    The  result  then  follows  from  what  is  said  in  page  306. 

9.  A  heavy  chain  of  length  2?  is  suspended  from  two 
points  A  and  B  in  the  same  horizontal  line  whose  distance 
apart  is  not  very  different  from  2l.  If  in  addition  to  gravity 
each  element  of  the  chain  be  acted  on  by  a  small  vertical 
force  whose  magnitude  is_/sin  {at+  bs),  show  that  the  corre- 
sponding vertical  displacements  are  given  by 

f 

•n  =  — J5 5  sin  (at  +  Is). 

goo —a        ^  ' 

Apply  this  result  to  show  that  gusts  of  wind  travelling 

along  a  suspension  bridge  with  a  velocity  nearly  equal  to 

Jgc  may  be  dangerous  to  the  bridge. 

_  10.  A  heavy  chain  of  length  2Z  is  suspended  from  two 
points  A,  B  in  the  same  horizontal  line  whose  distance  apart 
is  not  very  different  from  2l.  Each  particle  of  the  chain  is 
slightly  disturbed  from  its  position  of  rest  in  a  direction  per- 
pendicular to  the  vertical  plane  through  AB.  Find  the 
small  oscillations  of  the  chain. 
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11.  A  uniform  string  rests  in  equilibrium  in  the  form  of 
a  circle  about  a  centre  of  repulsive  force  in  the  centre.  A 
small  disturbance  being  given  to  the  string,  find  the  motion. 

12.  A  heavy  string  is  suspended  from  two  fixed  points  ' 
A  and  B  and  rests  in  equilibrium  in  the  form  of  a  catenary 
whose  parameter  is  c.    Let  the  string  be  initially  displaced, 
the  points  of  support  A,  B  being  also  moved,  so  that 

^  =  o-  (1+  cos  2a)  +  a-'  sin  2a, 

where  a  and  a  are  two  small  quantities  and  the  other  letters 
have  the  same  meaning  as  in  Art.  299.  If  the  string  be 
placed  at  rest  in  this  new  position,  prove  that  it  will  always 
remain  at  rest. 

ISm  An.  dstsfn;  sEnirg"  resfs  oir  a  a  periecCly"  siDfK?& 
table,  and  being  attached  at  its  extremities  to  two  fixed 
points  A  and  ^.on  the  table,  is  equally  stretched  throughout. 
The  extremity  B  is  suddenly  released,  find  the  motion  of  the 
string. 

Eeferring  to  Art.  304,  we  see  that  when  there  are  no  vibrationa  transversal 
to  the  string  dil=da/,  and  hence  the  accurate  equation  of  motion  is 

dja  -  "  da!" 

The  integral  of  this  equation  is  xf=f{at-;^  +  F(at+!£j.  The  conditions  to 
determine  /and  F  are  as  follows.  jLet  I  be  the  unstretcbed  and  V  the  stretched 
length  of  tjie  string, 

I' 

1.  When  <=0,  as'=Ba!  from  x=Q  to  x=l,  where  n  =  ^. 

2.  When  4=0,  -^=0  from  !«!=0  to  x=l, 

3.  When  a!=  0,  »' = 0  for  all  values  of  t. 

da! 

4.  When  a!=Z,  r=0;  .-.  -^  =0  for  all  values  of  i. 

ax 

From  the  third  condition  it  follows  that  the  functions  J"  and /are  the  same 
with  opposite  signs.  Prom  the  fourth  condition,  we  have  /'(ot+.Z)=  -f(at-V) 
80  that  the  values  of  the  function  f  recur  with  opposite  signs  when  the  variable 
is  increased  by  21.    The  second  condition  gives  f'{-!^=f'(x)  and  the  first 

glves/(-a!) -/(»)=«»  from  a=0  to  x=l.  Hence /'{a!)= --  from  x=-l  to 
x=l.    Thus  /(3)=-  s  froja  s=-  ?  to  +?,  and  f(?)=n  from  s=l  to  Zl  and  so 
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on,  changing  sign  every  time  the  variable  passes  the  values  I,  Zl,  51,  &o.   Let  us 
consider  the  motion  of  any  point  P  of  the  string  whose  unstretched  abscissa 

is  z.    Its  velocity  is  given  by  the  formula  -=f'{at-x)-f'(al  +  x).     Since 
x<ly/e  have  -=--  +  -  =  0;  hence  the  particle  does  not  move  until  at+x=l. 


V 


The  second  function  then  changes  sign  and  we  have  -  =  -5  -  ^  =  -n.    The 

particle  continues  toi  move  -with  this  velocil^  untSl  at-x=l,  when  the  first 
function  changes  sign  and  so  on.  Let  ABhs  the  unstretched  string,  and  let  a 
point  iJ  starting  from  B  move  continually  along  the  string  and  back  again  with 
velocity  a.  Then  .it  is  easy  to  see  that  when  iJ  is  on  the  same  side  of  P 
as  the  loose  end  of  the  string,  P  will  be  at  rest,  and  when  JJ  is  on  same  side  of 
P  as  the  fixed  end,  P  will  be  moving  with  a  velocity  alternately  equal  to  ±  no,. 
The  general  character  of  the  motion  is;  the  e(juilibrium  of  the  string  being 
disturbed  at  B,  a  wave  of  lengrii  U  travels  along  the  string,  so  that  P  does  not 
begin  to  move  until  the  wave  reaches  it.  This  wave  is  reflected  at  A  and 
returns.  In  this  solution  we  have  assumed  the  equations  to  hold  in  the 
immediate  neighbourhood  of  the  points  of  discontinuity.  For  a  discussion  on 
this  point,  ^  the  reader  is  referred  to  treatises  on  sound. 
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The  Greek  text  adopted  in  this  Edition  is  based  upon  that  of  Wellauer, 
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scripts. But  in  correcting  the  Text,  and  in  the  Notes,  advantage  has  been 
taken  of  the  suggestions  of  Hermann,  Paley,  Linwood,  and  other  com  - 
mentators.  In  the  Translation,  the  simple  character  of  the  ./Eschylean 
dialogues  has  generally  enabled  the  author  to  render  them  without  any 
material  deviation  from  the  construction  and  idioms  of  the  original  Greek. 
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ARISTOTLE  ON  FALLACIES;  OR,  THE  SOPHISTICI 
ELENCHI.  With  a  Translation  and  Notes  by  Edward  Poste, 
M.  A.,  Fellow  of  Oriel  College,  Oxford.     8vo.    %s.  M. 

Besides  the  doctrine  of  Fallacies,  Aristotle  ofers,  either  in  this  treatise 
or  in  other  passages  quoted  in  the  commentary,  various  glances  over  the 
■world  of  science  and  opinion,  various  suggestions  or  problems  which  are 
still  agitated,  and  a  vivid  picture  of  the  ancient  system  of  dialectics,  which 
it  is  hoped  may  be  found  both  interesting  and  instructive. 

Aristotle.  —  an  introduction  TO  ARISTOTLE'S 
RHETORIC.  With  Analysis,  Notes,  and  Appendices.  By  E. 
M.  Cope,  Senior  Fellow  and  Tutor  of  Trinity  College,  Cam- 
bridge.    8vo.     14^. 

This  work  is  introductory  to  an  edition  of  the  Greek  Text  of  AristotUs 
Rhetoric,  which  is  in  course  of  preparation.  Its  object  is  to  render  that 
treatise  thoroughly  intelligible.  The  author  has  aimed  to  illustrate,  as 
preparatory  to  the  detailed  explanation,  of  the  work,  the  general  bearings 
and  relations  of  the  Art  of  Rhetoric  in  itself,  as  well  as  the  special  mode  of 
treating  it  adopted  by  Aristotle  in  his  peculiar  system.  The  evidence  upon 
obscure  or  doubtful  questions  connected  with  the  subject  is  examined;  and 
the  relations  which  Rhetoric  bears,  in  Aristotle's  view,  to  the  kindred  art 
of  Logic  are  fully  considered.  A  connected  Analysis  of  the  work  is  given, 
sometimes  in  the  form,  of  paraphrase ;  and  a  few  important  matters  are 
separately  discussed  in  Appendices.  There  is  added,  as  a  general  Appendix, 
by  way  of  specimen  of  the  antagonistic  system  of  Isocrates  and  others,  a 
complete  analysis  of  the  treatise  called  'Viyrxspixh '"f^^  'A\4^avSpoi/,  with  a 
discussion  of  its  authorship  and  of  the  probable  results  of  its  teaching. 
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An  elaborate  Preface  deals  with  the  arrangement  of  the  verse,  and  dis- 
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into  English.  The  English  editor  has  further  illustrated  the  work  by 
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from  his  own  private  marginal  references,  and  from  collections  ;  (3)  from 
the  notes  of  previous  commentators,     A  copious .'  argument'  is  also  given. 

DEMOSTHENES  ON  THE  CROWN.  The  Greek  Text  with 
English  Notes.  By  B.  Drake,  M.A.,  late  Fellow  of  King's 
College,  Cambridge.  Third  Edition,  to  which  is  prefixed 
^SCHINES  AGAINST  CTESIPHON,  with  English  Notes. 
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An  Introduction  discusses  the  immediate  causes  of  the  two  orations,  and 
their  general  character.  The  Notes  contain  frequent  references  to  the  best 
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By  J.  M.  Marshall,  M.  A. ,  Fellow  and  late  Lecturer  of  Brasenose 
College,  Oxford ;  one  of  the  Masters  in  Clifton  College.  8vo. 
cloth.  \s. 
The  system  of  this  table  has  been  borrowed  from  the  excellent  Greek 
Grammar  of  Dr.  Curtius. 

Mayor,   John    E.    B.— FIRST  GREEK  READER.     Edited 

after  Karl  Halm,  with  Corrections  and  large  Additions  by  John 

E.  B.  Mayor,  M.A.    Fellow  and  Classical  Lecturer  of  St.  John's 

College,  Cambridge.     Fcap.  8vo.     6j. 

A  selection  of  short  passages,  serving  to  illustrate  especially  the  Greek 

Accidence.     A  good  deal  of  syntax  is  incidentally  taught,  and  Madvigand 

other  books  are  cited,  for  the  use  of  masters :  but  no  learner  is  expected  to 

know  m^ore  of  syntax  than  is  contained  in  the  Notes  and  Vocabulary. 

A  preface  "  To  the  Reader,"  not  only  explains  the  aim  and  method  oj 

the  volume,    but  also  deals  with  classical  instruction  generally.     The 

extracts  are  uniformly  in  the  Attic  dialect,  and  any  Hellenistic  fortns 

occurring  in  the  original  classic  authors,  such  as  j^lian  and  Polybius, 

have  been  discarded  in  favour  of  the  corresponding  Attic  expressions. 

This  book  may  be  used  in  connexion  with  Mayor's  "  Greek  for  Beginners." 

Mayor,  Joseph  B.— GREEK  FOR  BEGINNERS.  By  the 
Rev.  J.  B.  Mayor,  M.A.  Fcap.  Svo.  4?.  Sd. 
The  distinctive  method  of  this  book  consists  in  building  up  a  bo^s 
knowledge  of  Greek  upon  the  foundation  of  his  knowledge  of  English  and 
latin,  instead  of  trusting  everything  to  the  unassisted  memory.  The 
forms  and  constructions  of  Greek  have  been  thoroughly  compared  with 
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those  of  Latin,  and  no  Greek  words  have  been  used  in  the  earlier  part  of 
the  book  except  such  as  have  connexions  either  in  English  or  Latin,  Each 
step  leads  naturally  on  to  its  successor,  grammatical  forms  and  rules  are 
at  once  applied  in  a  series  of  graduated  exercises,  accompanied  by  ample 
vocabularies.      Thus  the  book  serves  as  Grammar,  Exercise  book,   and 

Vocabulary.  Where  possible,  the  Grammar  has  been  simplified ;  the 
ordinary  ten  declensions  are  reduced  to  three,  which  correspond  to  the 
first  three  in  Latin ;  and  the  system  of  stems  is  adopted.    A  general 

Vocabulary,  and  Index  of  Greek  words,  completes  the  work. 

Plato. — THE  REPUBLIC  OF  PLATO.     Translated  into  English, 

with  an  Analysis  and  Notes,  by  J.  Ll.  Davies,  M.A.,  and  D.  J. 

Vaughan,  M.  a.     Third  Edition,  with  Vignette  Portraits  of  Plato 

and  Socrates,  engraved  by  Jeens  from  an  Antique  Gem.     i8mo. 

4J-.  bd. 

An  introductory  notice  supplies  some  account  of  the  life  of  Plato,  and 

the  translation  is  preceded  by  an  elaborate  analysis.     "  The  translators 

have,"  in  the  judgment  of  the  Saturday  Review,  "produced  a  book  which 

any  reader,  whether  acquainted  with  the  original  or  not,  can  feruse  with 

pleasure  as  well  as  profit." 

PlautUS     (Ramsay).— THE   MOSTELLARIA   OF   PLAU- 

TUS.     With  Notes  Critical  and  Explanatory,  Prolegomena,  and 

Excursus.     By  WILLIAM  Ramsay,  M.A.,  formerly  Professor  oi 

Humanity  in  the  University  of  Glasgow.      Edited  by  Professor 

George  G.  Ramsay,  M.A.,  of  the  University  of  Glasgow.     Svo. 

I4f. 

"  The  frmts  of  that  exhaustive  research  and  that  ripe  and  well-digested 

scholarship  which  its  author  brought  to  bear  upon  everything  that  he 

undertook  are  visible  throughout  it.     It  is  furnished  with  a  complete 

apparatus  of  prolegomena,  notes,  and  excursus;  and  for  the  use  of  veteran 

scholars  it  probably  leaves  nothing  to  be  desired."— Pau.  Mall  Gazette. 

Roby . — A  LATIN  GRAMMAR  for  the  Higher  Classes  in  Grammar 
Schools.  By  H.  J.  ROBY,  M.A.,  based  on  the  Elementary  Latin 
Grammar.  [In  the  Press. 
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Sallust.— CAII  SALLUSTII  CRISPI  CATILINA  ET  JUGUR- 
THA.  For  Use  in  Schools.  With  copious  Notes.  By  C. 
Merivale,  B.D.  (In  the  present  Edition  the  Notes  have  been 
carefully  revised,  and  a  few  remarks  and  explanations  added.) 
Second  Edition.     Fcap.  8vo.     +r.  dd. 

The  JUGURTHA  and  the  CATILINA  may  be  had  separately^  price 
2J-.  td.  each. 
This  edition  ofSallt^st,  prepared  by  the  distinguished  historian  of  Rome, 

contains  an  introduction,  concerning  the  Life  and  works  of  Sallust,  lists 

of  the  Consuls,  and  elaborate  notes. 

Tacitus. — THE   HISTORY   OF  TACITUS    TRANSLATED 

INTO  ENGLISH.      By  A.  J.    Church,   M.A.,   and  W.  J. 

Brodribb,  M.A.     With  Notes  and  a  Map.     8vo.     loj.  dd. 

The  translators  have  endeavoured  to  adhere  as  closely  to  the  original  as 

was  thought  consistent  with  a  proper  observance  of  English  idiom.    At 

the  same  time,  it  has  been  their  aim  to  reproduce  the  precise  expressions  oj 

the  author.    The  campaign  of  Ciroilis  is  elucidated  in  a  note  of  some  length, 

which  is  illustrated  by  a  map,  containing  the  names  of  places  and  of  tribes 

occurring  in  the  work.   There  is  also  a  complete  account  of  the  Roman  army 

as  it  was  constituted  in  the  time  of  Tacitus.     This  work  is  characterised 

by  the  Spectator  ar  "  a  scholarly  and  faithful  translation." 

THE  AGRICOLA  AND  GERMANIA  OF  TACITUS.     A  Revised 
Text,  English  Notes,  and  Maps.    By  Alfred  J.  Church,  M.A., 
and  W.  J.  Brodribb,  M.  A.     Fcap.  8vo.     y.  6d. 
"  We  have  endeavoured,  with  the  aid  of  recent  editions,  thoroughly  to 
elucidate  the  text,  explaining  the  various  difficulties,  critical  and  gramma- 
tical, which  occur  to  the  student.      We  have  consulted  throughout,  besides 
the  older  commentators,   the  editions  of  Ritter  and  Orelli,   but  we  are 
under  special  obligations  to  the  labours  of  the  recent  German  editors,  Wex, 
and  Kritz."     Two  Indexes  are  appended,  (i)  of  Proper  Names,   (2)  of 
Words  and  Phrases  explained.  ^ 

THE  AGRICOLA  and  GERMANIA  may  be  had  separately,  price 
IS.  each. 
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Tacitus — contimied. 

THE  AGRICOLA  AND   GERMANIA.      Translated  into  English 

by  A.  J.  Church,  M.A.,   and  W.  J.  Erodribb,  M.A.    With 

Maps  and  Notes.     Extra  fcap.  8vo.     2.S.  6d. 

The  translators  have  sought  to  produce  such  a  version  as  may  satisfy 

scholars  who  demand  a  fkithful  rendering  of  the  original,  and  English 

readers  who  are  of  ended  by  the  baldness  and  frigidity  which  commonly 

disfigure  translations.     The  treatises  are  accompanied  by  introductions, 

notes,  maps,  and  a  chronological  summary.      The  Athenseum  says  of  this 

work  that  it  is"  a  version  at  oncereadable  and  exact,  which  may  be  perused 

with  pleasure  by  all,  and  consulted  with  advantage  by  the  classical  student." 

Thring. — A  LATIN    GRADUAL.      A   First  Latin  Construing 
Book  for  Beginners.    By  Edward  Thring,  M.A.    Fcap.  8vo. 
2j.  (>d. 
The  Head  Master  of  Uppingham  has  here  sought  to  supply  by  easy  steps 
a  knowledge  of  grammar,  combined  with  a  good  Vocabulary.     J'assages 
have  been  selected  from  the  best  Latin  authors  in  prose  and  verse.     These 
passages  are  gradually  built  up  in  their  grammatical  structure,    and 
finally  printed  in  full.     A  short  practical  manual  of  common  mood  con- 
structions, with  their  English  equivalents,  forms-  a  second  part. 

A  MANUAL  OF  MOOD  CONSTRUCTIONS.   Fcap.  8vo.    is.  dd. 
Treats  of  the  ordinary  mood  cOnStrtictions,  as  found  in  the  Latin,  Greek, 
and  English  languages. 

A  CONSTRUING  BOOK.    Fcap.  8vo.     2s.  6d. 

Thucydides. — THE  SICILIAN  expedition.    Being  Books 

VI.  and  VII.  of  Thucydides,  with  Notes.     A  New  Edition,  revised 

and  enlarged,  with  a  Map.    By  the  Rev.  Percival  Frost,  M.  A., 

late  Fellow  of  St.  John's  College,  Cambridge.     Fcap.  8vo.     Sj. 

This  edition  is  mainly  a  grammatical  one.     Attention  is  called  to  the 

force  of  compound  verbs,  and  the  exact  meaning  of  the  various  tenses 

employed. 
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Wright. — Works  by  T.  WRIGHT,   M.A.,  late  Head  Master  of 
Sutton  Coldfield  School. 

HELLENICA  ;  OR,  A  HISTORY  OF  GREECE  IN  GREEK,  as 
related  by  Diodorus  and  Thucydides  ;  being  a  First  Greek  Reading 
Book,   with  explanatory  Notes,   Critical  and  Historical.     Third 
Edition,  with  a  Vocabulary.     i2mo.     3^.  dd. 
In  the  last  twenty  chapters  of  this  volume,  Thucydides  sketches  the  rise 
and  progress  of  the  Athenian  Empire  in  so  clear  a  style  and  in  such  simple 
language,  that  the  editor  has  doubts  whether  any  easier  or  more  instruc- 
tive passages  can  be  selected  for  the  tise  of  the  pupil  who  is  commencing 
Greek.     This  book  includes  a  chronological  table  of  the  events  recorded. 

A  HELP  TO  LATIN  GRAMMAR ;  or,  The  Form  and  Use  of  Words 
in  Latin,  with  Progressive  Exercises.     Crown  8vo.     4f.  dd. 
This  book  is  not  intended  as  a  rival  to  any  oj  the  excellent  Grammars 
now  in  use  ;  but  as  a  help  to  enable  the  beginner  to  understand  them. 

THE  seven'  KINGS  OF  ROME.     An  Easy  Narrative,  abridged 
from  the  First  Book  of  Livy  by  the  omission  of  Difficult  Passages; 
being  a  First  Latin  Reading   Book,   with  Grammatical  Notes. 
With  Vocabulary  and  Exercises.     Second  Edition.     5^. 
This  work  is  intended  to  supply  the  pupil  with  an  easy  construing  book, 
which  may  at  the  same  time  be  made  the  vehicle  for  instructing  him  in  the 
rules  of  grammar  and  principles  of  composition.      The  notes  projess  to 
teach  what  is  commonly  taught  in  grammars.     It  is  conceived  that  the 
pupil  will  learn  the  rules  of  construction  of  the  language  much  more 
easily  from  separate  examples,  which  are  pointed  out  to  him  in  the  course 
of  his  reading,  and  which  he  may  himself  set  down  in  his  note-book  after 
some  scheme  of  his  own,  than  from  a  heap  of  quotations  amassed  for  him 
by  others.  , 

Or,  separately, 

SEVEN  KINGS  OF  ROME.     3^. 

VOCABULARY  AND  EXERCISES  TO  "THE  SEVEN  KINGS." 
2s.  6d. 
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CLASSIC  VERSIONS  OF  ENGLISH  BOOKS, 
AND  LATIN  HYMNS. 

The  following  works  are,  as  the  heading  indicates, 
classic  renderings  of  English  books.  For  scholars,  and 
particularly  for  writers  of  Latin  Verse,  the  series  has  a 
special  value.  The  Hymni  Ecclesise  are  here  inserted,  as 
partly  falling  under  the  same  class. 

Church  and  Kebbel. — HOR^E  TENNYSONIAN^.  Curan- 
tibus  A.  J.  Church,  A.M.,  T.  E.  Kebbel,  A.M.    [/«  the  Press. 

Latham. — SERTUM  SHAKSPERIANUM,  Subnexis  .  aliquot 
aliunde  excerptis  floribus.  Latine  reddidit  Rev.  H.  Latham,  M.  A. 
Extra  fcap.  8vo.     5j. 

Besides  versions  of  Shakspeare  this  volume  contains,  among  other  pieces, 
Gray's  "Elegy,"  CampbeWs  "  Hohenlinden,"  Wolffs  "  Burial  of  Sir 
John  Moore,"  and  selections  from  Cowper  and  George  Herbert. 

Lyttelton. — THE  COMUS  OF  MILTON,  rendered  into  Greek 
Verse.     By  Lord  Lyttelton.    Extra  fcap.  8vo.     ds.  6d. 

THE  SAMSON  AGONISTES  OF  MILTON,  rendered  into  Greek 
Verse.     By  Lord  Lyttelton.     Extra  fcap.  8vo.     6s.  6d. 

Merivale. — KEATS'  HYPERION,  rendered  into  Latin  Verse. 
By  C.  MerivalK,  B.D.    Second  Edit.    Extra  fcap.  8vo.    3.f.  (>d. 

Hymni   Ecclesiae.  —  Edited  by  Rev.  Dr.  Newman.     Extra 

fcap.  8vo.     "js.  6d. 
Hymns  of  the  Mediczval  Church.     The  first  Part  contains  selections 
from  the  Parisian  Breviary  ;  the  second  from  those  of  Rome,  Salisbury, 
and  York. 
Trench    (Archbishop).  —  SACRED   LATIN    POETRY, 

chiefly  Lyrical,  selected  and  arranged  for  Use ;  with  Notes  and 

Introduction.     Fcap.  8vo.     "Js. 
In  this  work  the  editor  has  selected  hymns  oj  a  catholic  religious 
sentiment  that  are  common  to   Christendom,  while  rejecting  those  of  a 
distinctively  Romish  character. 
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Airy. — Works  by  G.  B.  AIRY,  Astronomer  Royal  :— 

ELEMENTARY  TREATISE  ON  PARTIAL  DIFFERENTIAL 
EQUATIONS.  Designed  for  the  Use  of  Students  in  the  Univer- 
sities.    With  Diagrams.     Crown  8vo.  cloth.     5j-.  6d. 

It  is  hoped  that  the  methods  of  solution  here  explained,  and  the  instances 
exhibited,  will  be  found  sufficient  for  applicaHon  to  nearly  all  the  important 
problems  of  Physical  Science,  which  require  for  their  complete  investigation 
the  aid  of  Partial  Differential  Equations. 

ON  THE  ALGEBRAICAL  AND  NUMERICAL  THEORY  OF 
ERRORS  OF  OBSERVATIONS  AND  THE  COMBINA- 
TION OF  OBSERVATIONS.     Crown  8vo.  cloth.     6j.  6d. 

In  order  to  spare  astronomers  and  observers  in  natural  philosophy  the 
confusion  and  loss  of  time  which  are  prodticed  by  referring  to  the  ordinary 
treatises  embracing  both  branches  of  probabilities  (the  first  relating  to 
chances  which  can  be  altered  only  by  the  changes  of  entire  units  or  in- 
tegral multiples  of  units  in  the  fundamental  conditions  of  the  problem  ; 
the  other  concerning  those  chanceswhich  have  respect  to  insensible  grada- 
tions in  the  value  of  the  element  measured)  the  present  tract  has  been  drawn 
up.  It  relates  only  to  errors  of  observation,  and  to  the  rules,  derivable 
from  the  consideration  of  these  errors,  for  the  combination  of  the  7-esults 
of  observations. 
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Airy,  G.  B. — continued. 

UNDULATORY  THEORY  OF  OPTICS.    Designed  for  the  Use  of 
Students  in  the  University.     New  Edition.     Crown  8vo.  cloth. 
6j.  (>d. 
The  undulatory  theory  of  of  tics  is  presented  to  the  reader  as  having  the 
same  claims  to  his  attention  as  the  theory  of  gravitation :  namely,  that  it  is 
certainly  true,  and  that,  by  mathematical  operations  of  general  elegance,  it 
leads  to  results  of  great  interest.      This  theory  explains  iuith  accuracy  a 
vast  variety  of  phenomena  of  the  most  complicated  kind.     The  plan  of  this 
tract  has  been  to  include  those  phenomena  only  which  adm.it  of  calculation,  ■ 
and  the  investigations  are  applied  only  to  phenomena  which  actually  have 
been  observed. 

ON  SOUND  AND  ATMOSPHERIC  VIBRATIONS.     With  the 
Mathematical  Elements  of  Music.   Designed  for  the  Use  of  Students 
of  the  University.     Crown  8vo.     gj. 
This  volume  consists  of  sections,  which  again  are  divided  into  numbered 
articles,   on  the  following  topics ;    General  recognition  of  the  air  as  the 
medium  which  convg/s  sound;  Properties  of  the  air  on  which  the  forma- 
tion and  transtnission  of  sound  depend ;  Theory  of  undulations  as  applied 
to  sound,  Sr'c,  ;  Investigation  of  the  motion  of  a  wave  of  air  through  the 
atmosphere  ;  Transmission  of  waves  of  soniferous  vibrations  through  dif- 
ferent gases,  solids,  and  fluids ;  Experiments  on  the  velocity  of  sound, 
&'c.;  On  musical  sounds,  and  the  manner  of  producing  them  ;  On  the 
elements  of  musical  harmony  and  melody,  and  of  simple  musical  composi- 
tion ;  On  instrumental  music;    On  the  human  organs  of  speech  and 
Jiearing. 

Bayma. — THE    ELEMENTS    OF    MOLECULAR   MECHA- 
NICS.     By  Joseph    Bayma,    S.J.,   Professor  of   Philosophy, 
Stonyhurst  College.     Demy  8vo.  cloth,     los.  6d. 
Of  the  twelve  Books  into  which  the  present  treatise  is  divided,  the  first 
and  second  give  the  demonstration  of  the  principles  which  bear  directly  on 
the  constitution  and  the  properties  of  matter.    The  next  three  books  contain 
a  series  of  theorems  and  of  problems  on  the  laws  of  motion  of  elementary 
substances.    In  the  sixth  and  seventh,  the  mechanical  constitution  of  mole- 
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cules  is  investigated  and  determined:  and  by  it  the  general  properties  of 
bodies  are  explained.  The  eighth  book  treats  of  luminiferous  eether.  The 
ninth  explains  some  special  properties  of  bodies.  The  tenth  and  eleventh 
contain  a  radical  and  lengthy  investigation  of  chemical  principles  and 
relations,  which  may  lead  to  practical  results  of  high  importance.  The 
twelfth  and  last  book  treats  of  molecular  masses,  distances,  and  powers. 

Beasley.— AN    ELEMENTARY    TREATISE    ON     PLANE 

TRIGONOMETRY.      With  Examples.      By  R.   D.   Beasley, 

M.  A.,   Head  Master  of  Grantham  Grammar  School.      Second 

Edition,  revised  and  enlarged.     Crown  8vo.  cloth.     3^.  dd. 

This  treatise  is  specially  intended  for  use  in  schools.    The  choice  of  matter 

has  been  chiefly  guided  by  the  requirements  of  the  three  days'  examination 

at  Cambridge.  A  bout  four  hiindred  examples  have  been  added  to  this  edition, 

mainly  collected  from  the  examination  papers  of  the  last  ten  years. 

Boole. — Works  by   G.    BOOLE,   D.C.L.,    F.R.S.,    Professor  of 
Mathematics  in  the  Queen's  University,   Ireland. 

A  TREATISE  ON  DIFFERENTIAL  EQUATIONS.     New  and 
Revised  Edition.     Edited  by  I.  Todhunter.     Crown  8vo.  cloth. 
14^. 
Professor  Boole  has  endeavoured  in  this  treatise  to  convey  as  complete  an 
account  of  the  present  state  of  knowledge  on  the  subject  of  Differential  Equa- 
tions, as  was  consistent  with  the  idea  of  a  work  intended,  primarily,  for 
elementary  i7istruction.      The  earlier  sections  of  each  chapter  contain  that 
kitid  of  matter  which  has  usually  been  thought  suitable  for  the  beginner, 
while  the  latter  ones  are  devoted  either  to  an  account  of  recent  discovery,  or 
the  discussion  of  such  deeper  questions  of  principle  as  are  likely  to  present 
themselves  to  the  reflective  student  in  connexion  with ,  the  methods  'and 
processes  of  his  previous  course. 

A  TREATISE   ON  DIFFERENTIAL  EQUATIONS.      Supple- 
mentary Volume.     Edited  by  I.  Todhunter.     Crown  8vo.  cloth. 
8j.  ed. 
This  volume  contains  all  that  Professor  Boole  wrote  for  the  purpose  of 

enlarging  his  treatise  on  Differential  Equations. 
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Boole,  G.,  D.C.L. — continued. 

THE  CALCULUS  OF  FINITE  DIFFERENCES.  Crown  8vo. 
cloth.  loj.  (>d. 
In  this  exposition  of  the  Calculus  of  Finite  Differences, particular  attention 
has  been  paid  to  the  connexion  of  its  methods  with  those  of  the  Dijferential 
Calculus — a  connexion  which  in  some  instances  involves  far  more  than  u 
merely  formal  analogy.  The  work  is  in  some  measure  designed  as  a 
sequel  to  Professor  BooUs  Treatise  on  Differential  Equations. 

CAMBRIDGE  SENATE-HOUSE  PROBLEMS  AND  RIDERS, 
WITH  SOLUTIONS  :— 
1848-1851.— PROBLEMS.     By  Ferrers  and  Jackson.     8vo. 

cloth.      1 5 J.  dd. 
1848-1851.— RIDERS.     By  Jameson.     8vo.  cloth,     ^s.(>d. 
1854.  — PROBLEMS     AND     RIDERS.       By    Walton    and 

Mackenzie.     8vo.  cloth.     loj.  (>d. 
1857.- PROBLEMS    AND    RIDERS.       By    Campion    and 

Walton.     8vo.  cloth.     8^.  (>d. 
i860.— PROBLEMS  AND  RIDERS.    By  Watson  and  Routh. 

Crown  8vo.  doth.    "js.  6d. 
1864.— PROBLEMS  AND  RIDERS.     By  Walton  and  Wil- 
kinson.    8vo.  cloth.     loj-.  ()d. 
These  volumes  will  be  found  of  great  value  to  Teachers  and  Students,  as 
indicating  the  style  and  range  of  mathematical  study  in  the  University  of 
Cambridge. 

CAMBRIDGE  COURSE  OF  ELEMENTARY  NATURAL 
PPIILOSOPHY,  for  the  Degree  of  B.A.  Originally  compiled  by 
J.  C.  Snowball,  M.A.,  late  Fellow  of  St.  John's  College. 
Fifth  Edition,  revised  and  enlarged,  and  adapted  for  the  Middle- 
Class  Examinations  by  Thomas  Lund,  B.D.,  Late  Fellow  and 
Lecturer  of  St.  John's  College,  Editor  of  Wood's  Algebra,  &c. 
Crown  8vo.  cloth.  5j-. 
This  work  will  he  found  adapted  to  the  wants,  not  only  of  University 

Stttdents,  but  also  of  many  others  who  require  a  short  course  of  Mechanics 
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and  Hydrostatics,  and  especially  of  the  candidates  at  our  Middle  Class 
Examinations.  At  the  end  of  each  chapter  a  series  of,  easy  questions  is 
added  for  the  exercise  of  the  student. 

CAMBRIDGE  AND  DUBLIN  MATHEMATICAL  JOURNAL. 
The  Complete  Work,  in  Nine  Vols.     8vo.  cloth,  ^l.  d^. 

Only  a  few  copies  remain  on  hand.  Among  Contributors  to  this 
work  will  be  found  Sir  W.  Thomson,  Stokes,  Adams,  Boole,  Sir  IV.  R. 
Hamilton,  De  Morgan,  Cayley,  Sylvester,  fellett,  and  other  distinguished 
mathematicians. 


Candler,— HELP  TO  ARITHMETIC.  Designed  for  the  use  of 
Schools.  By  H.  Candler,  M.A.  Mathematical  Master  of 
Uppingham  School.     Extra  fcap.  8vo.     zs.  dd. 

This  work  ^is  intended  as  a  companion  to  any  text  book  that  may  be 
in  use. 


Cheyne an   ELEMENTARY  TREATISE   ON  THE 

PLANETARY   THEORY.      With  a  CoUection  of  Problems. 
■By  C.  H.  H.  Cheyne,  B.  A.     Crown  8vo.  cloth,     ds.  6d. 

In  this  volume,  an  attempt  has  been  made  to  produce  a  treatise  on  the 
Planetary  theory,  which,  being  elem£ntary  in  character,  should  be  so  far 
complete,  as  to  contain  all  that  is  usually  required  by  students  in  the 
University  of  Cambridge. 

THE    EARTH'S    MOTION    OF    ROTATION.      By  C.    H.    H. 
Cheyne,  M.A.     Crown  8vo.    y.  6d. 

Tlie  first  part' of  this  work  consists  of  an  application  of  the  methodofthe 
variation  of  elements  to  the  general  problem  of  rotation.  In  the  second 
part  the  general  rotation  formula  are  applied  to  the  particular  case  of 
the  earth. 
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Childe. — THE  SINGULAR  PROPERTIES  OF  THE  ELLIP- 
SOID AND  ASSOCIATED  SURFACES  OF  THE  Nth, 
DEGREE.  By  the  Rev.  G.  F.  Childe,  M.A.,  Author  of 
"Ray  Surfaces,"  "Related  Caustics,"  &c.     8vo.     \os.  dd. 

The  object  of  this  volume  is  to  develop  peculiarities  in  the  Ellipsoid; 
and,  further,  to  establish  analogous  properties  in  the  unlimited  congeneric 
series  of  which  this  remarkable  surface  is  a  constituent. 

Christie.^A  COLLECTION  OF  ELEMENTARY  TEST- 
QUESTIONS  IN  PURE  AND  MIXED  MATHEMATICS  ; 
with  Answers  and  Appendices  on  Synthetic  Division,  and  on  the 
Solution  of  Numerical  Equations  by  Horner's  Method.  By  James 
R.  Christie,  F.R.S.,  late  First  Mathematical  Master  at  the 
Royal  Military  Academy,  Woolwich.     Crown  8vo.  cloth.    8j.  6rf. 

The  series  of  Mathematical  exercises  here  offered  to  the  public  is  collected 
from  those  which,  the  author  has,  from,  lime  to  time,  proposed  for  solution 
by  his  pupils  during  a  long  career  at  the  Royal  Military  Academy.  A 
student  who  finds  thai  he  is  able  to  solve  the  larger  portion  of  these  exercises, 
may  consider  that  he  is  thoroughly  weU  grounded  in  the  elementary-  prin-. 
ciples  of  pure  and  mixed  Mathematics. 

Dalton. — ARITHMETICAL   EXAMPLES.     Progressively 
arranged,  with  Exercises  and  Examination  Papers.     By  the  Rev. 
T.  Dalton,  M.A.,  Assistant  Master  of  Eton  College.      i8mo. 
cloth.     2j.  6d. 
Answers  to  the  Examples  are  appended. 

Day.— PROPERTIES    OF    CONIC     SECTIONS     PROVED 
GEOMETRICALLY.      PART    I.,     THE    ELLIPSE,    with 
Problems.      By  the  Rev.  H.  G.   Day,  M.A.,   Head  Master  of 
Sedburgh  Grammar  School.     Crown  8vq.     3^.  (>d. 
The  object  of  this  book  is  the  introduction  of  a  treatment  of  Conic 
Sections  which  should  be  simple  and  natural,  and  lead  by  an  easy  transi- 
tion to  the  analytical  methods,  without  departing  from  the  strict  geomHry 
of  Euclid. 
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Dodgson.— AN  ELEMENTARY  TREATISE  .ON  DETER- 
MINANTS, with  their  Application  to  Simultaneous  Linear 
Equations  and  Algebraical  Geometry.  By  Charles  L.  Dodgson, 
M.A.,  Student  and  Mathematical  Lecturer  of  Christ  Church, 
Oxford.  Small  4to.  cloth,  los.  6d. 
The  object  of  the  author  is  to  present  the  subject  as  a  continuous  chain  of 

argument,  separated  from  all  accessories  of  explanation  or  illustration. 

All  such  explanation  and  illustration  as  seemed  necessary  for  a  beginner, 

are  introduced  either  in  the  form  of  foot-notes,  or,  where  that  would  have 

occupied  too  much  room,  of  Appendices. 

Drew.— GEOMETRICAL    TREATISE      ON     CONIC    SEC- 
TIONS.   By  W.  H.  Drew,  M.A.,  St.  John's  College,  Cambridge. 
Third  Edition.     Crown  8vo.  cloth.     4J.  6d. 
In  this  work  the  subject  of  Conic  Sections  has  been  placed  before  the  student 
in  such  a  form  that,  it  is  hoped,  after  mastering  the  elements  of  Euclid,  he 
may  find  it  an  easy  and  interesting  continuation  of  his  geometrical  studies. 
With  a  view,  also,  of  rendering  the  work  a  complete  manual  of  what  is 
required  at  the  Universities,  there  have  either  been  embodied  into  the  text  or 
inserted  among  the  examples,  every  book-work  question,  problem,  and  rider, 
which  has  been  proposed  in  the  Cambridge  examinations  up  to  the  present 
time. 

SOLUTIONS  TO  THE  PROBLEMS  IN  DREW'S  CONIC 
SECTIONS.     Crown  8vo.  cloth.     4^.  dd. 

Ferrers. — AN  ELEMENTARY  TREATISE  ON  TRILINEAR 
CO-ORDINATES,  the  Method  of  Reciprocal  Polars,  and  the 
Theory  of  Projectors.  By  the  Rev.  N.  M.  Ferrers,  M.  A.,  Fellow 
and  Tutor  of  GonviUe  and  Caius  College,  Cambridge.  Second 
Edition.     Crown  8vo.     ds.  6d. 

The  object  of  the  author  in  'writing  on  this  subject  has  mainly  been  to 
place  it  on  a  basis  altogether  independent  of  the  ordinary  Cartesian  system, 
instead  of  regarding  it  as  only  a  special  form^  of  Abridged  Notation. 
A  short  chapter  on  Determinants  has  been  introduced. 
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Frost. — THE  FIRST  THREE  SECTIONS  OF  NEWTON'S 
PRINCIPIA.  With  Notes  and  Illustrations.  Also  a  collection  ot 
Problems,  principally  intended  as  Examples  of  Newton's  Methods. 
By  Percival  Frost,  M.A.,  late  Fellow  of  St.  John's  College, 
Mathematical  Lecturer  of  King's  College,  Cambridge.  Second 
Edition.     8vo.  cloth.     loj.  dd. 

The  author's  principal  intention  is  to  explain  difficulties  which  may  be 
encountered  by  the  student  on  first  reading  the  Principia,  and  to  illustrate 
the  advantages  of  a  careful  study  of  the  methods  employed  by  Neiiton,  by 
showing  the  extent  to  which  they  may  be  applied  in  the  solution  of  problems  ; 
he  has  also  endeavoured  to  give  assistance  to  the  studetit  who  is  engaged  in 
the  study  of  the  higher  branches  of  mathematics,  by  representing  in  a 
geometrical  form  several  of  the  processes  employed  in  the  Differential  and 
Integral  Calculus,  and  in  the  analytical  investigations  of  Dynamics. 

Frost  and  'Wolstenholme. — a  treatise  ON  solid 
GEOMETRY.  By  Percival  Frost,  M.A.,  and  the  Rev.  J. 
Wolstenholme,  M.A.,  Fellow  and  Assistant  Tutor  of  Christ's. 
College.     8vo.  cloth.     iSj. 

The  authors  have  endeavoured  to  present  before  students  as  comprehensive 
a  view  of  the  subject  as  possible.  Intending  to  make  the  subject  accessible, 
at  least  in  the  earlier  portion,  to  all  classes  of  students,  they  have  endea- 
voured to  explain  completely  all  the  processes  which  are  most  useful  in 
dealing  with  ordinary  theorems  and  problems,  thus  directing  the  student 
to  the  selection  of  methods  which  are  best  adapted  to  the  exigencies  of  each 
problem.  In  the  more  difficult  portions  oj  the  subject,  they  have  considered 
themselves  to  be  addressing  a  higher  class  of  students  ;  and  they  have  there 
tried  to  lay  a  good  foundation  on  which  to  build,  if  any  reader  should 
wish  to  pursue  the  science  beyond  the  limits  to  which  the  work  extends. 

Godfray.— A  treatise   ON  astronomy,  for  the  Use  ot 

Colleges  and  Schools.     By  Hugh  Godfray,  M.A.,  Mathematical 

Lecturer  at  Pembroke  College,  Cambridge.     8vo.  cloth.     I2J-.  dd. 

This  book  embraces  all  those  branches  of  Astronomy  which  have,  from 

time  to  time,  been  recommended  by  the  Cambridge  Bo.ard  of  Mathematical 
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Godfray,  Hugh — continued. 

studies :  but  by  far  the  larger  and  easier  portion,  adapted  to  the  first  three 
days  of  the  Examination  for  Honours,  may  be  read  by  the  more 
advanced  pupils  in  many  of  our  schools.  The  author's  aim  has  been  to 
convey  clear  and  distinct  ideas  of  the  celestial  phenomena. 

AN  ELEMENTARY  TREATISE  ON  THE  LUNAR  THEORY, 
wilh  a  Brief  Sketch  of  the  Problem  up  to  the  time  of  Newton. 
By  Hugh  Godfray,  M.A.  Second  Edition,  revised.  Crown 
8vo.  cloth.     t,s.  dd. 

These  pages  wUl,  it  is  hoped,  form  an  introduction  to  more  recondite 
■works.  Difficulties  have  been  discussed  at  considerable  length.  The 
selection  of  the  method  followed  with  regard  to  analytical  solutions, 
■which  is  the  same  as  that  of  Airy,  Herschel,  &'c.  ■was  made  on  account 
of  its  simplicity ;  it  is,  moreover,  the  method  ■which  has  obtained  in  the 
University  of  Cambridge. 

Hemming. — an  ELEMENTARY  TREATISE  ON  THE 
DIFFERENTIAL  AND  INTEGRAL  CALCULUS,  for  the 
Use"  of  Colleges  and  Schools.  By  G.  W.  Hemming,  M.A., 
Fellow  of' St.  John's  College,  Cambridge.  Second  Edition,  with 
Corrections  and  Additions.     8vo.  cloth,     gs. 

Jones  and  Cheyne.— algebraical  exercises.  Pro- 
gressively arranged.  By  the  Rev.  C.  A.  Jones,  M.  A.,  and  C.  H. 
Cheyne,  M.A.,  Mathematical  Masters  of  Westminster  School. 
New  Edition.     l8mo.  cloth.     2s.  6d. 

This  little  book  is  intended  to  meet  a  difficulty  ■which  is  probably  felt  more 
or  less  by  all  engaged  in  teaching  Algebra  to  beginners.  It  is,  that  ■while 
new  ideas  are  being  acquired,  old  ones  are  forgotten.  In  the  belief  thai 
constant  practice  is  the  only  remedy  for  this,  the  present  series  of  miscel~ 
laneous  exercises  has  been  prepared.  Their  peculiarity  consists  in  this, 
that  though  miscellaneous  they  are  yet  progressive,  and  Tnay  be  used  by 
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the  pupil  almost  from  the  commencement  of  his  studies.  Th^  are  net 
intended  to  supersede  the  systematically  arranged  examples  to  be  found  in 
ordinary  treatises  on  Algebra,  but  rather  to  supplement  them. 

The  book  being  intended  chiefly  for  Schools  and  Junior  Students,  the 
higher  parts  of  Algebra  have  not  been  included. 

Kitchener.— A  GEOMETRICAL  NOTE-BOOK,  containing 
Easy  Problems  in  Geometrical  Drawing  preparatory  to  the  Study 
of  Geometry.  For  the  Use  of  Schools.  By  F.  E.  Kitchener, 
M.  A.,  Mathematical  Master  at  Rugby.     4to.     Zj. 

It  is  the  object  of  this  book  to  make  someway  in  overcoming  the  difficulties 
of  Geometrical  conception,  before  the  mind  is  called  to  the  attack  of 
Geometrical  theorems.  A  few  simple  methods  of  construction  are  given  ; 
and  space  is  left  on  each  page,  in  order  that  the  learner  may  draw  in  the 
figures. 

Morgan.— A  COLLECTION  OF  PROBLEMS  AND  EXAM- 
PLES   IN    MATHEMATICS.      With  Answers.      By  H.    A. 
Morgan,  M.A.,  Sadlerian  and  Mathematical  Lecturer  of  Jesus 
College,  Cambridge.     Crown  8vo.  cloth;     ts.  6d. 
This  book  contains  a  number  of  problems,  chiefly  elementary,  in  the 
Mathematical   subjects  usually  read  at   Cambridge. ,     They  have  been 
selected  from,  the  papers  set  during  late  years  at  Jesus  College. ,    Very  few 
of  them  are  to  be  met  with  in  other  collections,  and  by  far  the  larger 
7iumber  are  due  to  some  oj  the  most  distinguished  Mathematicians  in  the 
Univerdty. 

Parkinson. — Works  by  S.  Parkinson,  B.D.,  Fellow  and  Prte- 
lector  of  St.  John's  College,  Cambridge. 

AN   ELEMENTARY  TREATISE   ON  MECHANICS.     For  the 

Use  of  the  Junior  Classes  at  the  University  and  the  Higher  Classes 

in  Schools.  With  a  Collection  of  Examples.  Fourth  edition,  revised. 

Crown  8vo.  cloth,     gj.  bd. 

In  preparing  a  fourth  edition  of  this  work  the  author  has  kept  the  same 

object  in  view  as  he  had  in  the  former  editions — namely,  to  include  in  it    ■ 

such  portions  of  Theoretical  Mechanics  as  can  be  convtniently  investigated 

B    2 


20  EDUCATIONAL  BOOKS. 


Parkinson,  S. — continued. 

without  the  use  of  the  Differential  Calculus,  and  so  render  it  suitable  as 
a  manual  for  the  junior  classes  in  the  University  and  the  higher  classes 
in  Schools.  With  one  or  two  short  exceptions,  the  student  is  not  presumed 
to  require  a  knowledge  oj  any  branches  of  Mathematics  beyond  the  elements 
of  Algebra,  Geometry,  and  Trigonometry.  Several  additional  propositions 
have  been  incorporated  in  the  work  for  the  purpose  of  rendering  it  more 
complete ;  and  the  collection  of  Examples  and  Problems  has  been  largely 
increased. 

A  TREATISE  ON  OPTICS.  Second  Edition,. revised.  Crown  8vo. 
cloth.  loj.  dd. 
A  collection  of  examples  and  problems  has  been  appended  to  this  work, 
which  are  sufficiently  numerous  and  varied  m  character  to  afford  useful 
exercise  for  the  student.  For  the  greater  part  of  them,  recourse  has  been 
had  to  the  Examination  Papers  set  in  the  University  and  the  several 
Colleges  during  the  last  twenty  years. 

Phear.— ELEMENTARY  HYDROSTATICS.  With  Numerous 
Examples.  By  J.  B.  Phear,  M.A.,  Fellow  and  late  Assistant 
Tutor  of  Clare  College,  Cambridge.  Fourth  Edition.  Crown 
8vo.  cloth.     'C,s.(>d.- 

This  edition  has  been  carefully  revised  throughout,  and  many  new 
illustrations  and  examples  added,  which  it  is  hoped  will  increase  its 
usefulness  to  students  at  the  Universities  and  in  Schools.  In  accordance 
with  suggestions  from  many  engaged  in  tuition,  answers  to  all  the 
Examples  have  been  given  at  the  end  of  the  book. 

Pratt. — A    TREATISE     ON    ATTRACTIONS,  LAPLACE'S 

FUNCTIONS,    AND   THE  FIGURE  OF    THE    EARTH. 

By  John  H.  Pratt,  M.A.,  Archdeacon  of  Calcutta,  Author  of 

"  The  Mathematical  Principles  of  Mechanical  Philosophy. ''     Third 

Edition.    Crown  8vo.  cloth.     6j-.  bd. 

The  author's  chief  design  in  this  treatise  is  to  give  an  answer  to  the 

question,  "Has  the  Earth  acquired  its  present  form  from  being  originally 

in  a  fluid  state  ?  "     This  Edition  is  a  complete  revision  of  the  former  ones. 
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Puckle.— AN  ELEMENTARY  TREATISE  ON  CONIC  SEC- 
TIONS   AND  ALGEBRAIC  GEOMETRY.     With  Numerous 
Examples  and  Hints  for  their  Solution ;  especially  designed  for  the 
Use  of  Beginners.     By  G.  H.  Puckle,  M.A.,  Head  Master  of 
Windermere  College,  'third  Edition,  revised  and  enlarged.  Crown 
8vo.  cloth.     Is.  ()d. 
This  work  has  been  completely  rewritten,  and  a  large  amount  of  new 
matter  has  been  added  to  suit  the  requirements  oj  the  present  time.      The 
author  has  written  with  special  reference  to  those  difficulties  and  mis- 
apprehensions which  are  found  most  common  to  beginners.    The  treatise  is 
complete  as  far  as  regards  Cartesian  Co-ordinates. 

Rawlinson. — elementary  statics,  by  the  Rev.  George 

Rawlinson,  M.  a.   Edited  by  the  Rev.  Edward  Sturges,  M.  A. , 

of  Emmanuel  College,  Cambridge,  and  late  Professor  of  the  Applied 

Sciences,  Elphinstone  College,  Bombay.    Crown  8vo.  cloth.    /^.(>d. 

Publis/ted  under  the  authority  of  Her  Majesty's  Secretary  of  State  for 

India,  for  use  in  the  Government  Schools  and  Colleges  in  India. 

Reynolds.— MODERN  methods  in  elementary 

GEOMETRY.      By    E.   M.   Reynolds^   M.A.,   Mathematical 

Master  in  Clifton  College.     Crown  8vo.     zs.  dd. 
Geometry  has  received  extensive  developments  in  modern  times,  but  in 
England  there  has  been  no  corresponding  improvement  in  elementary 
teaching. 

Routh.— AN  ELEMENTARY  TREATISE  ON  THE  DYNA- 
MICS OF  THE  SYSTEM  OF  RIGID  BODIES.  With 
Numerous  Examples.  By  Edward  John  Routh,  M.A.,  late 
Fellow  and  Assistant  Tutor  of  St.  Peter's  College,  Cambridge; 
Examiner  in  the  University  of  London.  Second  Edition,  enlarged. 
Crown  8vo.  cloth.  14J. 
In  this  edition  the  author  has  made  several  additions  to  each  chapter. 

He  has  tried,  even  at  the  risk  of  some  little  repetition,  to  make  each 
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chapter,  as  far  as  possible,  complete  in  itself,  so  that  all  that  relates  to  any 
one  part  of  the  subject  may  be  found  in  the  same  place.  This  arrangement 
will  enable  every  student  to  select  his  own  order  in  which  to  read  the 
subject.  The  Examples  which  will  be  found  at  the  end  of  each  chapter 
have  been  chiefly  selected  from  the  Examination  Papers  which  have  been 
set  in  the  University  and  the  Colleges  in  the  last  feiu  years. 


Smith  (Barnard). — ^Works  by  BARNARD  SMITH,  M.A., 
Rector  of  Glaston,  Rutlandshire,  late  Fellow  and  Senior  Bursar 
of  St.  Peter's  College,  Cambridge. 


ARITHMETIC  AND  ALGEBRA,  in  their  Principles  and  Applica- 
tion ;  with  numerous  systematically  arranged  Examples  taken  from 
the  Cambridge  Examination  Papers,  with  especial  reference  to  the 
Ordinary  Examination  for  the  B.A.  Degree.  Tenth  Edition. 
Crown  8vo.  cloth.     lar.  6d. 

This  manual  is  now  extensively  used  in  Schools  and  Colleges,  both  in 
England  and  in  the  Colonies.  It  has  also  been  found  of  great  service  for 
students  preparing  for  the  Middle  Class  and  Civil  and  Military  Service 
Examinations,  from  the  care  that  has  been  taken  to  elucidate  the  principles 
of  all  the  rules.  The  present  edition  has  been  carefully  revised.  "  To 
all  those  whose  minds  are  sufficiently  developed  to.comprehend  the  simplest 
mathematical  reasoning,  and  who  have  not  yet  thoroughly  mastered  the 
■pri.nciples  of  Arithmetic  and  Algebra,  it  is  calculated  to  be  of  great 
advantage. "— AxHE'NyEUM. 

Of  this  work,  also,  one  oj  the  highest  possible  authoi-ities,  the  late  Dean 
Peacock,  writes:  "Mr.  Smith's  work  is  a  most  useful  publication.  The 
rules  are  stated  with  great  clearness.  The  examples  are  well  selected,  and 
worked  out  with  just  sufficient  detail,  without  being  encumbered  by  too 
viinute  explanations;  and  there  prevails  throughout  it  that  just  proportion 
of  theory  and  practice,  which  is  the  crowning  excellence  of  an  elementary 
work." 
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ARITHMETIC  FOR  SCHOOLS.  New  Edition.  Crown  8vo. 
cloth.  4J.  6(/. 
Adapted  from  the  author's  work  on  "Arithmetic  and  Algebra"  by  the 
omission  of  the  algebraic  portion,  and  by  the  introduction  of  new  exercises. 
The  reason  of  each  arithmetical  process  is  fully  exhibited.  The  system  of 
Decimal  Coinage  is  explained ;  and  answers  to  the  exercises  are  appended 
at  the  end.  This  Arithmetic  is  characterised  as  "  admirably  adapted  for 
instruction,  combining  just  sufficient  theory  with  a  large  and  well-selected 
collection  of  exercises  for  practice." — ^Journal  of  Education. 

COMPANION  TO  ARITHMETIC  FOR  SCHOOLS. 

\Preparing. 

A  KEY  TO  THE  ARITHMETIC  FOR  SCHOOLS.  Seventh 
Edition.     Crown  8vo.  cloth.     8j.  (>d. 

EXERCISES  IN  ARITHMETIC.  With  Answers.  Crown  Svo.  limp 
cloth.     IS.  6d. 

Or  sold  separately,  Part  I.  is.  ;  Part  II.  is. ;  Answers,  6d. 

These  Exercises  have  been  published  in  order  to  give  the  pupil  examples 
in  every  rule  of  Arithmetic.  The  greater  number  have  been  carefully 
compiled  from  the  latest  University  and  School  Examination  Papers. 

SCHOOL  CLASS-BOOK  OF  ARITHMETIC.     iSmo.  cloth.     3^. 

Or  sold  separately,  Parts  I.  and  II.  \Qid.  each  ;  Part  III.  u. 

This  manual,  published  at  the  request  of  many  schoolmasters,  and 
chiefly  intended  for  National  and  Elementary  Schools,  has  been  prepared 
on  the  same  plan  as  that  adopted  in  the  author's  School  Arithmetic,  which 
is  in  extensive  circulation  in  England  and  abroad.  The  ijetrical  Tables 
have  been  introduced,  from  the  conviction  on  the  part  of  the  author,  that 
the  kncrwledge  oj  such  tables,  and  the  mode  oj  applying  them,  will  be  of 
great  use  to  the  rising  generation. 

KEYS  TO  SCHOOL  CLASS-BOOK  OF  ARITHMETIC.  Com- 
plete in  one  volume,  l8mo.  cloth,  bs.  dd. ;  or  Parts  I.  II.  and  III. 
2s.  6d.  each. 
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SHILLING  BOOK  OF  ARITHMETIC  FOR  NATIONAL  AND 
ELEMENTARY  SCHOOLS.  i8mo.  cloth.  Or  separately, 
Part  I.  id. ;  Part  II.  zd. ;  Part  III.  ^d.     Answers,  dd. 

THE  SAME,  with  Answers  complete.     i8mo.  cloth,     is.  i>d. 

This  Shilling  Book  oj  Arithmetic  has  been  prepared  for  the  use  of 
National  and  other  schools  at  the  urgent  request  of  numerous  masters  of 
schools  both  at  home  and  abroad.  The  Explanations  of  the  Rules,  and 
the  Examples  will,  it  is  hoped,  be  found  suited  to  the  most  elevientary 
classes. 

KEY  TO  SHILLING  BOOK  OF  ARITHMETIC.  i8mo.  cloth. 
4J.  (>d. 

EXAMINATION  PAPERS  IN  ARITHMETIC.  i8mo.  cloth. 
IS.  bd.     The  same,  with  Answers,  i8mo.     u.  ^d. 

The  object  of  these  Examination  Papers  is  to  test  students  both  in  the 
theory  and  practice  of  Arithmetic.  It  is  hoped  that  the  method  adopted 
will  lead  students  to  deduce  results  from  general  principles  rather  than 
to  apply  stated  rules.  The  author  believes  that  the  practice  of  giving 
examples  under  particular  rules  makes  the  working  of  Arithmetic  quite 
mechanical,  and  tends  to  throw  all  but  very  clever  boys  off  their  balance 
when  a  general  paper  on  the  subject  ts  put  before  them. 

KEY  TO  EXAMINATIOliT  PAPERS  IN  ARITHMETIC. 
iSmo.  cloth.     4J'.  ()d. 

Smith  (J.  H.).— Works  by  J.  H.  Smith,  M.A.,  GonviUe  and 
Caius  College,  Cambridge. 

A  TREATISE  ON  ELEMENTARY  STATICS.  Second  Edition. 
8vo.     S^.  bd. 

This  treatise  is  intended  to  give  a  simple  explanation  of  the  part  of  Statics 
required  in  the  previous  examination  and  the  second  examination  for  ordi- 
nary degrees  in  the  University  of  Cambridge.     The  examples  have  been 
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selected  from  papers  set  in  University  Examinations.  In  this  edition  some 
explanations  of  the  elementary  definitions  have  been  added;  and  a  new  and 
simple  proof  of  the  first  part  of  the  "  Parallelogram  of  Forces,"  a  new 
introduction  to  the  Principle  of  Moments,  and  a  short  account  of  Friction 
have  been  inserted. 

A  TREATISE  ON  ELEMENTARY  HYDROSTATICS.  8vo. 
4^.  (>d. 
An  explanation  of  the  subject  of  Elementary  Hydrostatics  as  rehired 
in  the  general  examination  for  ordinary  degrees  at  Cambridge.  The 
Examples  given  at  the  end  of  the  book  are  taken  from  Papers  set  in  the 
University  Examinations. 

A  TREATISE  ON  ELEMENTARY  TRIGONOMETRY.   8vo.  Sj. 
This  work  treats  of  the  elementary  parts  of  Trigonometry,  as  required 
of  the  Candidates  for  Honours  in  the  previous  examination. 

A  TREATISE  ON  ELEMENTARY  ALGEBRA.     For  the  Use  oi 
Colleges  and  Schools.     Crown  8vo.  cloth,     bs.  6d. 

The  object  of  this  treatise  is  to  explain  those  parts  of  Algebra  which 
precede  the  Binomial  Theorem.  The  Author  has  carefully  abstained  from 
making  extracts  from  works  on  the  subject  in  common  use.  He  has  written 
at  considerable  length  on  the  subject  of  Factors  and  Fractions,  because  those 
branches  of  the  subject  present  great  difficulties  to  beginners.  The  rule  has 
been  never  to  evade  a  difficulty.  The  Examples  are  progressive,  easy,  and 
to  a  great  extent  m-iginal.  Some  have  been  selected  from  the  Senate  House 
Papers  of  the  last  three  years,  and  a  few  from  old  English,  French,  or 
G^man  works. 

Snowball. — the  elements  of  plane  and  spheri- 
cal TRIGONOMETRY ;   with  the  Construction  and  Use  of 
Tables  of  Logarithms.  By  J.  C.  Snowball,  M.A.  Tenth  Edition. 
Crown  8vo.  cloth,     "js.  dd. 
In  preparing  the  present  edition  for  the  press,  the  text  has  been 

subjected  to  a  careful  revision ;  the  proofs  of  some  of  the  niore  impor- 
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tant  propositions  have  been  rendered  more  strict  and  general ;  and  a 
considerable  addition  of  more  than  two  hundred  examples,  talien  princi- 
pally from  the  questions  set  of  late  years  in  the  public  examinations  of  the 
University  and  of  individual  Colleges,  has  been  made  to  the  collection  of 
Examples  and  Problems  for  practice. 


Tait  and  Steele.— dynamics  of  a  particle.    With 

numerous  Examples.  By  Professor  Tait  and  Mr.  Steele.  New. 
Edition.     Crown  8vo.  cloth.     lo,".  iid. 

In  this  treatise  will  be  found  all  the  ordinary  propositions,  connected 
with  the  Dynamics  of  Particles,  which  can  be  conveniently  deduced  without 
the  use  of  IfAlembert's  Principle.  Throughout  the  book  will  be  found  a 
number  of  illustrative  examples  introduced  in  the  text,  and  for  the  most 
part  completely  worked  out ;  others  with  occasional  solutions  or  hints  to 
assist  the  student  are  appended  to  each  chapter.  For  by  far  the  greater 
portion  of  these,  the  Cambridge  Senate-House  and  College  Examination 
Papers  have  been  applied  to. 

Taylor.— GEOMETRICAL  CONICS;  including  Anharmonic 
Ratio  and  Projection,  with  numerous  Examples.  By  C.  Taylor, 
B.A.,  Scholar  of  St.  John's  College,  Cambridge.  Crown  8vo.  cloth. 
^s.  6d. 

This  work  contains  elementary  proofs  of  the  principal  properties  of  Conic 
Sections,  together  with  chapters  on  Projection  and  Anharmonic  Ratio, 

Tebay. — elementary  mensuration  for  schools. 

With  numerous  Examples.  By  Septimus  Tebay,  B.A.,  Head 
Master  of  Queen  Elizabeth's  Grammar  School,  Rivington.  Extra 
fcap.  8vo.    3 J.  dd.  - 

The  object  of  the  present  work  is  to  enable  boys  to  acquire  a  moderate 
knorjoledge  of  Mensuration  in  a  reasonable  time.  All  dijficult  and  useless 
mutter  has  been  avoided.  The  examples  for  the  most  part  are  easy,  and 
the  rules  are  concise. 
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Todhunter.— Works    by  I.    TODHUNTER,    M.A.,    F.R.S., 
of  St.  John's  College,  Cambridge. 

THE   ELEMENTS   OF  EUCLID.     For  the  Use  of  Colleges  and 
Schools.     New  Edition.     i8mo.  cloth.     3^.  6d. 

As  the  elements  of  Euclid  are  usually  placed  in  the  hands  of  young 
students,  it  is  important  to  exhibit  the  work  in  such  a  form  as  will  assist 
them  in  overcoming  the  difficulties  which  they  experience  on  their  first  in- 
troduction to  processes  of  continuous  argument.  No  method  appears  to  be 
so  useful  as  that  of  breaking  up  the  demonstrations  into  their  constituent 
parts ;  a  flan  strongly  recommended  by  Professor  De  Morgan.  In  the 
present  Edition  each  distinct  assertion  in  the  argument  begins  a  new  line  ; 
and  at  the  ends  of  the  lines  are  placed  the  necessary  references  to  the 
preceding  principles  on  which  the  assertions  depend.  T7ie  longer  proposi- 
tions are  distributed  into  subordinate  parts,  which  are  distinguished  by 
breaks  at  the  beginning  of  the  lines.  Notes,  appendix,  and  a  collection  of 
exercises  are  added. 


MENSURATION  FOR  BEGINNERS.    With  Numerous  Examples. 
i8mo.  cloth.     2j.  dd. 

The  subjects  included  in  the  present  work  are  those  which  have  usually 
found  a  place  in  Elementary  Treatises  on  Mensuration.  The  mode  of 
treatment  has  been  determined  by  the  fact  that  the  work  is  intended  for  the 
use  of  beginners.  Accordingly  it  is  divided  into  short  independent  chapters, 
which  are  followed  by  appropriate  examples.  A  knowledge  of  the  elements 
of  Arithmetic  is  all  that  is  assumed;  and  in  connection  with  most  of  the 
Rules  of  Mensuration  it  has  been  found  practicable  to  give  such  explana- 
tions and  illustrations  as  will  supply  the  place  of  formal  7nathemaiical 
demonstrations,  which  would '  have  been  unsuitable  to  the  character  of  the 
work. 

ALGEBRA  FOR  BEGINNERS. .  With  numerous  Examples.     New 
Edition.     l8mo.  cloth.     2s.  6d. 

Great  pains  have  been  taken  to  render  this  work  intelligible  to  young 
students,  by  the  use  of  simple  language  and  by  copious  explanations.     In 
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determining  the  subjects  to  be  included  and  the  space  to  be  assigned  to  each, 
the  Author  has  been  guided  by  the  papers  given  at  the  various  examinations 
in  elementary  Algebra  which  are  now  carried  on  in  this  country.  The 
book  may  be  said  to  consist  of  three  parts.  The  first  part  contains  the 
elementary  operations  in  integral  and  fractional  expressions ;  the  second 
the  solution  of  equations  and  problems  ;  the  third  treats  of  various  subjects 
■which  are  introduced .  but  rarely  into  examination  papers,  and  are  more 
briefly  discussed.  Frovisiok  has  at  the  same  time  been  made  for  the 
introduction  of  easy  equations  and  problems  at  an  early  stage— for  those 
•who  prefer  such  a  course. 

KEY  TO  ALGEBRA   FOR  BEGINNERS.      Crown   8vo.   cloth. 
6j.  (>d. 

TRIGONOMETRY  FOR  BEGINNERS.    With  numerous  Examples. 
New  Edition.     i8mo.  cloth,     ^s.  6d. 

Intended  to  serve  as  an  introduction  to  the  larger  treatise  on  Plane 
Trigonometry,  published  by  the  Author.  The  same  plan  has  been  adopted 
as  in  the  Algebra  for  Beginners  :  the  subject  is  discussed  in  short  cjiapters, 
and  a  collection  of  examples  is  attached  to  each  chapter.  The  first  fourteen 
■chapters  present  the  geometrical  part  of  Platte  Trigonometry  ;  and  contain 
all  that  is  necessary  for  practical  purposes.  The  range  of  matter  included 
is  such  as  seems  required  by  the  various  examinations  in  elementary  Tri- 
gonometry which  are  now  canied  on  in  the  country.  Answers  are  appended 
at  the  end. 

MECHANICS  FOR  BEGINNERS.  With  numerous  Examples. 
iSmo.  cloth.  4J.  dd. 
Intended  as  a  companion  to  the  two  preceding  books.  The  work  forms 
an  elementary  treatise  on  demonstrative  mechanics.  It  tnay  be  true  that 
■this part  of  mixed  mathematics  has  been  sometimes  made  too  abstract  and 
speculative ;  but  it  can  hardly  be  doubted  that  a  knowledge  of  the  elements 
at  hast  of  the,  theory  of  the  subject  is  extremely  valuable  even  for  those 
■who  are  mainly  concerned  with  practical  results.  The  Author  has  accord- 
ingly endeavoured  to  provide  a  suitable  introduction  to  the  study  of  applied 
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as  well  as  of  theoretical  mechanics.  The  work  consists  of  two  parts, 
namely.  Statics  and  Dynamics.  It  will  be  found  to  contain  all  that  is 
usually  comprised  in  elementary  treatises  on  Mechanics,  together  with  some 
additions. 

ALGEBRA.  For  the  Use  of  Colleges  and  Schools.  Fourth  Edition. 
Crown  8vo.  cloth.  Is.  6d. 
This  work  contains  all  the  propositions  which  are  usually  included  in 
elementary  treatises  on  Algebra,  and  a  large  number  of  Examples  for 
Exercise.  The  author  has  sought  to  retider  the  work  easily  intelligible  to 
students,  without  impairing  the  accuracy  of  the  demonstrations,  or  con- 
tracting the  limits  of  the  subject.  The  Examples,  about  Sixteen  hundred 
and  fifty  in  number,  have  been  selected  with  a  view  to  illustrate  every  part 
of  the  subject.  Each  chapter  is  complete  in  itself;  and  the  work  will  be 
found  peculiarly  adapted  to  the  wants  of  students  who  are  without  the  aid 
of  a  teacher.  The  Answers  to  the  examples,  with  hints  for  the  solution  of 
some  in  which  assistance  may  be  needed,  are  given  at  the  end  of  the  book. 

AN    ELEMENTARY    TREATISE    ON    THE    THEORY    OF 
EQUATIONS.      Second  Edition,   revised.      Crown  8vo.   cloth. 
"js.  6d. 
This  treatise  contains  all  the  propositions  which  are  usually  included 
in  elementary  treatises  on  the  theory  of  Equations,  together  with  Examples 
for  exercise.      These  have  been  selected  from  the  College  and  University 
Examination  Papers,  and  the  results  have  been  given  when  it  appeared 
necessary.     In  order  to  exhibit  a  comprehensive  view  of  the  subject,  the 
treatise  includes  investigations  which  are  not  found  in  all  the  preceding 
elementary  treatises,  and  also  some  investigations  which  are  not  to  be  found 
in  any  of  them.     For  the  second  edition  the  work  has  been  revised  and 
some  additions  have  been  made,  the  most  important  being  an  account  of 
the  researches  of  Professor  Sylvester  respecting  ^ewtoti  s  Rule. 

PLANE  TRIGONOMETRY.      For  Schools  and  Colleges.     Third 
Edition.     Crown  8vo.  cloth.     i,s. 
The  design  of  this  work  has  been  to  render  the  subject  intelligible  to 
beginners,  and  at  the  same  time  to  afford  the  student  the  opportunity  of 


30  EDUCATIONAL  BOOKS. 


Todhunter,  I. — continued. 

obtaining  all  the  information  which  he  will  require  on  this  branch  of 
Mathematics,  Each  chapter  is  followed  by  a  set  of  Examples :  those 
which  are  entitled  Miscellaneous  Examples,  together  with  a  few  in  some 
of  the  other  sets,  may  be  advantageously  reserved  by  the  student  for  exercise 
after  he  has  made  some  progress  in  the  subject.  In  the  Second  Edition 
the  hints  for  the  solution  of  the  Examples  have  been  considerably  increased. 

A  TREATISE  ON  SPHERICAL  TRIGONOMETRY.  Second 
Edition,  enlarged.  Crown  8vo.  cloth.  4J.  dd. 
The  present  work  is  constructed  on  the  same  plan  as  the  treatise  on 
Plane  Trigonometry,  to  which  it  is  intended  as  a  sequel.  In  the  account 
of  Napier's  Rules  of  Circular  Parts,  an  explanation  has  been  given  of  a 
method  of  proof  devised  by  Napier,  which  seems  to  have  been  overlooked 
by  most  modern  writers  on  the  subject.  Considerable  labour  has  been 
bestowed  on  the  text  in  order  to  render  it  comprehensive  and  accitrate,  and 
the  Examples  {selected  chiefly  from  College  Examination  Papers)  have 
all  been  carefully  verified. 

PLANE  CO-ORDINATE  GEOMETRY,  as  applied  to  the  Straight 
Line  and  the  Conic  Sections.     With  numerous  Examples.     Fourth 
Edition,  revised  and  enlarged.     Crown  8vo.  cloth.     Is.  6d. 
The  Author  has  here  endeavoured  to  exhibit  the  subject  in  a  simple 
manner  for  the  benefit  of  beginners,  and  at  the  same  time  to  include  in  one 
volume  all  that  students  usually  require.     In  addition,  therefore,  to  the 
propositions  which  have  always  appeared  in  such  treatises,  he  has  intro- 
duced the  methods  of  abridged  notation,  which  are  of  more  recent  origin  ; 
these  methods,  which  are  of  a  less  elementary  character  than  the  rest  of  the 
work,  are  placed  in  separate  chapters,  and  may  be  ommitted  by  the  student 
at  first. 

A  TREATISE  ON  THE  DIFFERENTIAL  CALCULUS.     With 
numerous  Examples.    Fourth  Edition.    Crown  8vo.  cloth.    lOf.  6d. 
The  Author  has  endeavoured  in  the  present  work  to  exhibit  a  compre- 
hensive view  of  the  Differential  Calculus  on  the  method  of  limits.     In  the 
more  elementary  portions  he  has  entered  into  considerable  detail  in  the 
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explanations,  ■with  the  hope  thai  a  reader  who  is  without  the  assistance  of  a 
tutor  may  be  enabled  to  acquire  a  competent  acquaintance  with  the  subject. 
The  method  adopted  is  that  of  Differential  Coefficients.  To  the  different 
chapters  are  appended  examples  sufficiently  numerous  to  render  ano'iher 
book  unnecessary ;  these  examples  being  mostly  selected  from  College  Ex- 
amination Papers. 

A  TREATISE  ON  THE  INTEGRAL  CALCULUS  AND  ITS 
APPLICATIONS.  With  numerous  Examples.  Third  Edition, 
revised  and  enlarged.     Crown  8vo.  cloth,     icw.  dd. 

This  is  designed  as  a  work  at  once  elementary  and  complete,  adapted 
for  the  use  of  beginners,  and  sufficient  for  the  wants  of  advanced  students. 
In  the  selection  of  the  propositions,  and  in  the  mode  of  establishing  them, 
tt  has  been  sought  to  exhibit  the  principles  clearly,  and  to  illustrate 
all  their  most  important  results.  The  praciss  of  summation  has  been 
repeatedly  brought  forward,  with  the  view  of  securing  the  attention  of 
the  student  to  the  notions  which  form  the  true  foundation  of  the  Calczdus 
itself,  as  well  as  of  its  most  valuable  applications.  Every  attempt  has  been 
made  to  explain  those  difficulties  which  usually  perplex  beginners,  especially 
with  reference  to  the  limits  of  integrations.  A  new  method  has  been  adopted 
in  regard  to  the  transformation  of  multiple  integrals.  The  last  chapter 
deals  with  the  Calculus  of  Variations.  A  large  collection  of  exercises, 
selected  from  College  Examination  Papers,  has  been  appended  to  the  several 
chapters. 

EXAMPLES  OF  ANALYTICAL  GEOMETRY  OF  THREE 
DIMENSIONS.    Second  Edition,  revised.    Crown  8vo.  cloth.   4J. 

A  TREATISE  ON  ANALYTICAL  STATICS.     With  numerous 

Examples.     Third  Edition,  revised  and  enlarged.     Crown  8vo. 

cloth.     \os.  6d. 

In  this  work  on  statics  {treating  of  the  laws  of  the  equilibrium  of  bodies) 

will  be  found  all  the  propositions  which  usually  appear  in  treatises  on 

Theoretical  Statics.      To  the  different  chapters  examples  are  appended, 

which  have  been  principally  selected  from  University  Examination  Papers. 
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In  the  Third  Edition  many  additions  have  been  made,  in  order  to  illus- 
trate the  application  of  the  principles  of  the  subject  to  the  solution  of 
probletns. 

Wilson,  J.  M,  —  ELEMENTARY  GEOMETRY.  Angles, 
Parallels,  Triangles,  and  Equivalent  Figures,  the  Circle  and  Pro- 
portion. By  J.  M.  Wilson,  M.A.,  Fellow  of  St.  John's 
College,  Cambridge,  and  Mathematical  Master  in  Rugby  School. 
Extra  fcap.  8vo.     y.  6d. 

"  It  is  an  actual  substitute  for  the  first  two  books  of  Euclid,  in  which 
many  of  his  propositions  are  drawn  out  from,  the  conception  of  straightness, 
parallelism,  angles,  with  wonderful  ease  and  simplicity,  and  the  methods 
employed  have  the  great  merit  of  suggesting  a  ready  application  to  the 
solution  of  fresh  problems." — Guardian. 

ELEMENTARY  GEOMETRY.  PART  II.  (separately).  The 
Circle  and  Proportion.  By  J.  M.  Wilson,  M.A.  Extra  fcap. 
8vo.     2s.  6d. 

Wilson  (W.  P.) — A  TREATISE  ON  DYNAMICS.  By 
W.  P.  Wilson,  M.A.,  Fellow  of  St.  John's  College,  Cambridge, 
and  Professor  of  Mathematics  in  Queen's  College,  Belfast.  8vo. 
ijs.  6d. 

Wolstenholme.  —  A  BOOK  OF  MATHEMATICAL 
PROBLEMS,  on  Subjects  included  in  the  Cambridge  Course. 
By  Joseph  Wolstenholme,  Fellow  of  Christ's  College,  some- 
time Fellow  of  St.  John's  College,  and  lately  Lecturer  in  Mathe- 
matics at  Christ's  College.     Crown  8vo.  cloth.     8j.  6d. 

Contents: — Geometry  (Euclid^ — Algebra — Plane  Trigonometry — 
Geometrical  Conic  Sections — Analytical  Conic  Sections — Theory  of  Equa- 
tions— Differential  Calculus — Integral  Calculus — Solid  Geometry — Statics 
— Elementary  Dynam,ics — Newton — Dynamics  of  a  Point — Dynamics  of 
a  Rigid  Body — Hydrostatics — Geometrical  Optics — Spherical  Trigotwmetry 
and  Plane  Astronomy. 
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SCIENCE. 

The  importance  of  Science  as  an  element  of  sound  educa- 
tion is  now  generally  acknowledged;  and  accordingly  it 
is  obtaining  a  prominent  place  in  the  ordinary  course  of 
school  instruction.  It  is  the  intention  of  the  Publishers  to 
produce  a  complete  series  of  Scientific  Manuals,  affording 
full  and  accurate  elementary  information,  conveyed  in  clear 
and  lucid  English.  The  authors  are  well  known  as  among 
the  foremost  men  of  their  several  departments ;  and  their 
names  form  a  ready  guarantee  for  the  high  character  of  the 
books.  Subjoined  is  a  list  of  those  manuals  that  have 
already  appeared,  with  a  short  account  of  each.  Others 
are  in  active  preparation ;  and  the  whole  will  constitute  a 
standard  series  specially  adapted  to  the  requirements  of  be- 
ginners, whether  for  private  study  or  for  school  instruction. 

ASTRONOMY,  by  the  Astronomer  Royal. 

POPULAR    ASTRONOMY.      With  Illustrations.      By  G.  B. 

Airy,    Astronomer  Royal.     Sixth  and  cheaper  Edition.     i8mo. 

cloth.     4J.  dd. 
This  work  consists  of  six  lectures,  which  are  intended  "  to  explain  to 
iiitelhgent  persons  the  principles  on  which  the  instruments  of  an  Observa- 
tory are  constructed  {omitting  all  details,  so  far  as  they  are  merely  sub- 
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sidiary),  and  the  principles  on  which  the  observations  made  with  these 
instruments  are  treated  for  deduction  of  the  distances  and  weights  of  the 
bodies  of  the  Solar  System,  and  of  a  few  stars,  omitting  all  niinutia  oj 
formidce,  and  all  troublesome  details  of  calculation."  The  speciality  of  this 
volume  is  the  direct  reference  of  every  step  to  the  Observatory,  and  the  full 
description  of  the  methods  and  instruments  of  observation. 

ASTRONOMY. 

MR.  LOCKYER'S  ELEMENTARY  LESSONS  IN  ASTRO- 
NOMY. With  Coloured  Diagram  of  the  Spectra  of  the  Sun, 
Stars,  and  Nebulse,  and  numerous  Illustrations.  By  J.  Norman 
LOCKYER,  F.R.A.S.     Third  Thousand.     i8mo.     5^.6^. 

The  author  has  here  aimed  to  give  a  connected  view  of  the  whole  subject, 
and  to  supply  facts,  and  ideas  founded  on  the  facts,  to  serve  as  a  basis  for 
subsequent  study  and  discussion.  The  chapters  treat  of  the  Stars  and 
Nebuhe;  the  Sun;  the  Solar  System  ;  Apparent  Movements  of  the  Heavenly 
Bodies ;  the  Measurement  of  Time;  Light ;  the  Telescope  and  Spectroscope; 
Apparent  Places  of  the  Heaveitly  Bodies ;  the  Real  Distances  and  Dimen- 
sions; Universal  Gravitation.  The  most  recent  astronomical  discoveries 
are  incorporated.  Mr.  Lockyer^ s  work  supplements  that  of  the  Astronomer 
Royal  mentioned  in  the  previous  article:, 

PHYSIOLOGY. 

PROFESSOR  HUXLEY'S  LESSONS  IN  ELEMENTARY 
PHYSIOLOGY.  With  numerous  Illustrations.  By  T.  H. 
Huxley,  F.R.S.  Professor  of  Natural  History  in  the  Royal  School 
of  Mines.     Eighth  Thousand.     i8mo.  cloth.     4J.  dd. 

This  book  describes  and  explains,  in  a  series  of  gradttated  lessons,  the 
principles  of  Human  Physiology ;  or  the  Structure  and  Functions  of  the 
Human  Body.  The  first  lesson  supplies  u  general  view  of  the  subject. 
This  is  followed  by  sections  on  the  Vascular  or  Veinous  System,  and  the 
Circulation ;  the  Blood  a7id  the  Lymph ;  Respiration  ;  .Sources  of  Loss 
and  of  Gain  to  the  Blood;  the  Functio7i  of  Alimentation  ;  Motion  and 
Locomotion;  Sensations  and  Sensory  Organs;  the  Organ  of  Sight ;  the 
Coalescence  of  Sensations  with  one  another  and  with  other  States  of  Con- 
sciousness ;  the  Nervous  System  and  Innerziation ;  Histology,  or  the 
Minute  Structure  of  the  Tissues.  A  Table  of  Anatomical  and  Physio- 
,  logical  Constants  is  appended.  The  lessons  ctre  fully  illustrated  by 
numerous  engravings.  The  manttal  is  primarily  intended  to  serve  as  a 
text-book  for  teachers  and  learners  in  boys'  and  girls'  schools. 
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QUESTIONS  ON  HUXLEY'S  PHYSIOLOGY  FOR  SCHOOLS. 
By  T.  Alcock,  M.D.     iSmo.     \s.  6d. 

These  Questions  were  drawn  up  as  aids  to  the  instruction  of  a  class  ef 
young  people  in  Physiology. 

BOTANY. 

PROFESSOR  OLIVER'S  LESSONS  IN  ELEMENTARY 
BOTANY.  With  nearly  Two  Hundred  Illustrations.  By  Daniel 
Oliver,  F.R.S.,  F.L.S.     Sixth  Thousand.     i8mo.  cloth,  4?.  (id. 

This  book  is  designed  to  teach  the  Elements  of  Botany  on  Professor 
Henslov! s  plan  of  selected  Types  and  by  the  use  of  Schedules.  The  earlier 
chapters,  embracing  the  elements  of  Structural  and  Physiological  Botany , 
introduce  us  to  the  methodical  study  of  the  Ordinal  Types.  The  con- 
cluding chapters  are  entitled,  "How  to  dry  Plants'^  and  "Ifow  to 
describe  Plants."  A  valuable  Glossary  is  appended  to  the  volume.  In 
the  preparation  of  this  work  free  use  has  been  made  of  the  manuscript 
materials  of  the  late  Professor  Ifenslow. 

CHEMISTRY. 

PROFESSOR  ROSCOE'S  LESSONS  IN  ELEMENTARY 
CHEMISTRY,  INORGANIC  AND  ORGANIC.  By  Henry 
E.  RoscoE,  F.R.S.,  Professor  of  Chemistry  in  Owens  College, 
Manchester.  With  numerous  Illustrations  and  Chromo-Litho.  of 
the  Solar  Spectrum,  and  of  the  Alkalies  and  Alkaline  Earths, 
New  Edition.     Thirteenth  Thousand.     i8mo.  cloth.     4J.  6d. 

It  has  been  the  endeavour  of  the  author  to  arrange  the  most  important 
facts  and  principles  of  Modern  Chemistry  in  a  plain  but  concise  and 
scientific  form,  suited  to  the  present  requirements  of  elementary  instruction. 
For  the  purpose  of  facilitating  the  attainment  of  exactitude  in  the  knowledge 
of  the  subject,  a  series  of  exercises  and  questions  upon  the  lessons  have  been 
added.  The  metric  system  of  weights  and  meastires,  and  the  centigrade 
thermometric  scale,  are  used  throughout  the  work.  The  new  Edition, 
besides  new  wood-cuts,  contains  many  additions  and  improvements,  and 
includes  the  most  important  of  the  latest  discoveries. 
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ATLAS  OF  EUROPE.  GLOBE  EDITION.  Unifonn  in  size 
with  Macmillan's  Globe  Series,  containing  45  Coloured  Maps,  on 
a  unifonn  scale  and  projection  :  with  Plans  of  London  and  Paris, 
and  a  copious  Index.  Strongly  bound  in  half-morocco,  with  flexible 
back,  <js. 

This  Atlas  includes  all  the  countries  of  Europe  in  a  series  of  48  Maps 
'drawn  on  the  same  scale,  with  an  Alphabetical  Index  to  the  situation  of 
more  than  ten  thousand  places  ;  and  the  relation  of  the  various  m-aps  and 
countries  to  each  other  is  defined  in  a  general  Key-map.  The  identity  oj 
scale  in  all  the  maps  facilitates  the  comparison  of  extent  and  distance,  and 
conveys  a  just  impression  of  the  magnitude  0/  different  countries.  The 
size  suffices  to  show  the  provincial  divisions,  the  railways  and  main  roads, 
the  principal  rivers  and  mountain  ranges.  "  This  atlas,"  writes  the 
British  Quarterly,  "  will  be  an  invaluable  boon  for  the  school,  the  desk,  or 
the  traveller's  portmanteau." 

Bates  &  Lockyer.— A  CLASS-BOOK  OF  GEOGRAPHY. 
Adapted  to  the  recent  Programme  of  the  Royal  Geographical 
Society.  By  H.  W.  Bates,  Assistant  Secretary  to  the  Royal 
Geographical  Society,  and  J.  N.  Lockyer,  F.R.A.S. 

[In  the  Press. 

CAMEOS  FROM  ENGLISH  HISTORY.  From  RoUo  to  Edward 
II.  By  the  Author  of  "The  Heir  of  Redclyffe."  Extra  fcap. 
8vo.     Second  Edition.     tjS. 

The  endeavour  has  not  beat  to  chronicle  facts,  but  to  put  together  a  series 
of  pictures  of  persons  and  events,  so  as  to  arrest  the  attention,  and  give 
some  individuality  and  distinctness  to  the  recollection,  by  gathering  together 
details  at  the  most  memorable  moments.  The  "  Cameos  "  are  intended  as 
a  book  for  young  peo/ile  just  beyond  the  elementary  histories  of  England, 
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and  able  to  enter  in  some  degree  into  the  real  spirit  of  events^  and  to  be 
struck  with  characters  and  scenes  presented  in  some  relief.  "  Instead  of 
dry  details,"  says  the  Nonconformist,  "we  have  living  pictures,  faithful, 
vivid,  and  striking.''^ 

HISTORICAL  SELECTIONS.  Readings  from  the  best  Authorities 
on  English  and  European  History.  Selected  and  Arranged  by 
E.  M.  Sewell  and  C.  M.  Yonge.     Crown  8vo.     ds. 

When  young  children  have  acquired  the  outlines  of  History  from  abridg- 
meitts  and  catechisms,  and  it  becomes  desirable  to  give  a  more  enlarged 
view  of  the  subject,  in  order  to  render  it  really  useful  and  interesting,  a 
difUculty  often  arises  as  to  the  choice  of  books.  Two  courses  are  open,  either 
to  take  a  general  and  consequently  dry  history  of  facts,  such  as  RussePs 
Modern  Europe,  or  to  choose  some  work  treating  of  a  particular  period  or 
subject,  such  as  the  works  of  Macaulay  and  Froude.  The  former  course 
■usually  renders  history  uninteresting ;  the  latter  is  unsatisfactory,  because 
it  is  not  sufficiently  comprehensive.  To  remedy  this  difficulty  selections, 
continuous  and  chronological,  have,  in  the  present  volume,  been  taken  from 
the  larger  works  of  Freeman,  Milman,  Falgrave,  and  others,  which  may 
serve  as  distinct  landmarks  of  historical  reading.  "  We  know  of  scarcely 
anything,"  says  the  Guardian,  of  this  volume,  "which  is  so  likely  to  raise 
to  a  higher  level  the  average  standard  of  English  education." 

Hole.— A  GENEALOGICAL  STEMMA  OF  THE  KINGS  OF 
ENGLAND  AND  FRANCE.  By  the  Rev.  C.  Hole.  On 
Sheet.     IS. 

The  different  families  are  printed  in  distinguishing  colours,  thus 
facilitating  reference. 

A  BRIEF  BIOGRAPHICAL  DICTIONARY.  Compiled  and 
Arranged  by  Charles  Hole,  M.A.,  Trinity  College,  Cambridge. 
Second  Edition,  i8mo.  neatly  and  strongly  bound  in  cloth.  4J.  dd. 

The  most  comprehensive  Biographical  Dictionary  in  the  world,  con- 
taining more  than  18,000  names  of  persons  of  all  countries,  with  dates  of 
birth. and  death,  and  what  they  were  distinguished  for.  Reference  is  also 
made  to  Biographies  of  the  persons  mentioned.  Extreme  care  has  been 
bestowed  on  the  verification  of  the  dates,  and  thus  numerous  errors,  current 
in  previous  works,  have  been  corrected. 

"An  invaluable  addition  to  our  manuals  of  reference,  and,  from  its 
moderate  price,  cannot  fail  to  become  as  popular  as  it  is  useful." — Times. 
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Jephson. — SHAKESPEARE'S    TEMPEST.      With    GlossaiiaL 

and  Explanatory  Notes.     By  the  Rev.  J.  M.  Jephson.     i8mo. 

\s.  6(1. 

It  is  important  to  find  some  substitute  for  classical  study,  and  it  is 
believed  that  such  a  substitute  may  be  found  in  the  Plays  of  Shakespeare. 
Each  sentence  of  Shakespeare  becomes,  like  a  sentence  in  Thucydides  or 
Cicero,  a  lesson  in  the  origin  and  derivation  of  words,  and  in  the  funda- 
mental rides  of  grammatical  construction.  On  this  principle  the  present 
edition  of  tfie  "  Tempest"  has  been  prepared.  The  text  is  taken  from  the 
"  Cambridge  Shakespeare." 


Oppen.— FRENCH  READER.  For  the  Use  of  Colleges  and 
Schools.  Containing  a  graduated  Selection  from  modern  Authors 
in  Prose  and  Verse ;  and  copious  Notes,  chiefly  Etymological.  By 
Edward  A.  Oppen.     Fcap.  8vo.  cloth.    4J.  td. 

This  is  a  Selection  from  the  best  modern  authors  of  France.  Its  dis- 
tinctive feature  consists  in  its  etymological  notes,  connecting  French  with 
the  classical  and  modern  languages,  including  the  Celtic.  This  subject 
has  hitherto  been  little  discussed  even  by  the  best-educated  teachers. 

A  SHILLING  BOOK  OF  GOLDEN  DEEDS.  A  Reading  Book 
for  Schools  and  General  Readers. ,  By  the  Author  of  "  The  Heir 
of  Redely fFe."     i8mo.  cloth. 

A  record  of  some  of  the  good  and  great  deeds  of  all  time,  abridged  from 
the  larger  work  of  the  same  author  in  the  Golden  Treasury  Series. 

Vaughan,  C.  M.  —  a  SHILLING  BOOK  OF  WORDS 
FROM  THE  POETS.      By  C.  M.  Vaughan.     i8mo.  cloth. 

It  has  been  felt  of  late  years  that  the  cfiildren  of  our  parochial  schools, 
and  those  classes  of  our  countrymen  which  they  com-monly  represent,  are 
capable  of  being  interested,  and  therefore  benefited  also,  by  something  higher 
in  the  scale  of  poetical  composition  than  those  brief  and  somewhat  puerile 
fragments  to  which  their  knowledge  was  formerly  restricted.  An  attempt 
has  here  been  made  to  supply  the  want  by  forming  a  selection  at  once 
various  and  unambitious ;  healthy  in  tone,  Justin  sentiment,  elevating  in 
thought,  and  beautiful  in  expression. 
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Thring. — Works  by  Edward  Thring,  M.A.,  Head  Master  of 
Uppingham.  • 

THE  ELEMENTS  OF  GRAMMAR  TAUGHT  IN  ENGLISH, 
witli  Questions.     Fourth  Edition.     i8mo.     2s. 

This  little  work  is  chiefly '  intetided  for  teachers  and  learners.  It  took  its 
rise  from  questionings  in  National  Schools,  and  the  whole  of  the  first  part 
is  merely  the  writing  out  in  order  the  answers  to  questions  which  have  been 
used  already  with  success.  A  chapter  on  Learning  Language  is  especially 
addressed  to  teachers. 

THE  CHILD'S  GRAMMAR.  Being  the  Substance  of  "The 
Elements  of  Grammar  taught  in  English,"  adapted,  for  the  Use  of 
Junior  Classes.     A  New  Edition.     i8mo.     is. 

SCHOOL  SONGS.  A  Collection  of  Songs  for  Schools.  With  the 
Music  arranged  for  four  Voices.  Edited  by  the  Rev.  E.  Thring 
and  H.  RiCClUS.     Folio.     "Js.  dd. 

There  is  a  tendency  in  schools  to  stereotype  the  forms  of  life.  Any  genial 
solvent  is  valuable.  Games  do  much;  but  games  do  not  penetrate  to 
domestic  life,  and-  are  mtich  limited  by  age.  Music  supplies  the  want. 
The  collection  includes  the  "  Agnus  Dei,"  Tennyson's  "Light  Brigade" 
Macaulay  s  "  Ivry,"  &'c.  among  other  pieces. 

Trench,  Archbishop.— HOUSEHOLD  BOOK  OF  ENG- 
LISH POETRY.  Selected  and  Arranged,  with  Notes,  by 
R.  C.  Trench,  D.D.,  Archbishop  of  Dublin.  Extra  fcap.  8vo. 
Sj.  6d. 

This  volume  is  called  a  "  Household  Book,"  by  this  name  implying  that 
it  is  a  book  for  all— that  there  is  nothing  in  it  to  prevent  it  from  being 
confidently  placed  in  the  hands  of  every  member  of  the  household.  Speci- 
mens of  all  classes  of  poetry  are  given,  including  selections  from  living 
authors.  The  Editor  has  aimed  to  produce  a  book  "which  the  emigrant, 
finding  room  for  little  not  absolutely  necessary,  might  yet  find  room  for  it 
in  his  trunk,  and  the  traveller  in  his  knapsack,  and  that  on  some  narrow 
shelves  where  there  are  few  books  this  might  be  one!' 

"  The  Archbishop  has  conferred  in  this  delightful  volume  an  important 
gift  on  thewhole  English-sp:aMng  population  of  the  world." —V  KlA.  Mall 
Gazette. 
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Wright,  W.  Aldis  (Co-Editor  of  the"  Cambridge  Shakespeare"). 
—THE  BIBLE  WORD-BOOK.  A  Glossary  of  Old  English 
Bible  Words.  By  J.  Eastwood,  M.  A.,  of  St.  John's  College,  and 
W.  Aldis  Wright,  M.A.,  Trinity  College,  Cambridge.     i8mo. 

It  is  the  object  of  this  Glossary  to  explain  and  illustrate  all  such  words, 
phrases,  and  constructions,  in  the  Authorized  Version  of  the  Old  and  New 
Testaments  and  the  Apocrypha,  and  in  the  Book  of  Common  Prayer,  as 
are  either  obsolete  or  archaic.  Full  explanations  are  supplied,  and  these 
illustrated  by  numerous  citations  from  the  elder  writers.  An  index  oj 
editions  quoted  is  appended.  Apart  from  its  immediate  subject,  this  work 
serves  to  illustrate  a  well-marked  period  in  the  history  of  the  English 
language.     It  is  thus  of  distinct  philological  value, 

Hardwick.— A  HISTORY  OF  THE  CHRISTIAN  CHURCH. 
Middle  Age.  From  Gregory  the  Great  to  the  Excommunication 
of  Luther.  By  Archdeacon  Hardwick.  Edited  by  Francis 
Procter,  M.A.  With  Four  Maps  constructed  for  this  work  by 
A.  Keith  Johnston.     Second  Edition.     Crown  8vo.    los.  6d. 

The  ground-plan  of  this  treatise  coincides  in  many  points  with  one 
I  adopted  at  the  close  of  the  last  century  in  the  colossal  work  of  Schrockh,  and 
since  that  time  by  others  of  his  thoughtful  countrymen  ;  but  in  arranging 
the  materials  a  very  di^erent  course  has  frequently  been  pursued.  With 
regard  to  the  opinions  of  the  author,  he  is  willing  to  avow  distinctly  that  he 
has  construed  history  with  the  specific  prepossessions  of  an  Englishman  and 
a  member  of  the  English  Church.  The  reader  is  constantly  referred  to 
tlie  authorities,  both  original  and  critical,  on  which  the  statements  are 
founded. 
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Hardwick,  Archdeacon — continued. 

A  HISTORY  OF  THE  CHRISTIAN  CHURCH  DURING  THE 
REFORMATION.  By  Archdeacon  Hardwick.  Revised  by 
Francis  Procter,  M.  A.    Second  Edition.    Crown  8vo.    loj.  6^. 

This  volume  is  intended  as  a  sequel  and  companion  to  the  '■'History  of 
the  Christian  Church  during  the  Middle  Age"  The  author's  earnest 
wish  has  been  to  give  the  reader  a  trustworthy  version  of  those  stirring 
incidents  which  mark  the  Reformation  period,  without  relinquishing  his, 
former  claim  to  characterise  peculiar  systems,  persons,  and  events  according 
to  the  shades  and  colours  they  assume,  when  contemplated  from  an  English 
point  of  view,  and  by  a  member  of  the  Church  of  England. 

Maclear. — Works  by  the  Rev.  G.  F.  MACLEAR,  B.D.,  Head 
Master  of  King's  College  School,  and  Preacher  at  the  Temple 
Church. 

A  CLASS-BOOK  OF  OLD  TESTAMENT  HISTORY.  Fourth 
Edition,  with  Four  Maps.     l8mo.  cloth.     4^.  dd. 

This  volume  forms  a  Class-book  of  Old  Testament  History  Jrom  the 
earliest  times  to  those  of  Ezra  and  Nehemiah.  In  its  preparation  the 
most  recent  authorities  have  been  consulted,  and  wherever  it  has  appeared 
useful.  Notes  have  been  subjoined  illustrative  of  the  Text,  and,  for  the  sake 
of  more  advanced  students,  references  added  to  larger  works.  The  Index 
has  been  so  arranged  as  to  form  a  concise  dictionary  of  the  persons  and 
places  mentioned  in  the  course  of  the  narrative;  while  the  maps,  which  have 
been  prepared  with  considerable  care  at  Stanford'' s  Geographical  Establish- 
ment, will,  it  is  hoped,  materially  add  to  the  value  ahd  usefulness  of  the 
Book. 

A  CLASS-BOOK  OF  NEW  TESTAMENT  HISTORY,  including 
the  Connexion  of  the  Old  and  New  Testament.  With  Four  Maps. 
Third  Edition.     i8mo.  cloth.     t,s.  6d. 

A  sequel  to  the  author's  Class-book  of  Old  Testament  History,  continuing 
the  narrative  from  the  point  at  which  it  there  ends,  and  carrying  it  on  to 
the  close  of  St.  PauVs  second  imprisonment  at  Rome.  In  its  preparation, 
as  in  thai  of  the  former  volume,  the  most  recent  and  trustworthy  authorities 
have  been  consulted,  notes  subjoined,  and  references  to  larger  works  added. 
It  is  thus  hoped  that  it  may  prove  at  once  an  tiseful  class-book  and  a 
convenient  companion  to  the  study  of  the  Greek  Testament. 
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Maclear,  Rev.  G.  F. — continued. 

A  SHILLING  BOOK  OF  OLD  TESTAMENT  HISTORY,  for 
National  and  Elementary  Schools.     With  Map.      i8mo.  cloth. 

A  SHILLING  BOOK  OF  NEW  TESTAMENT  HISTORY,  for 
National   and   Elementary   Schools.     With   Map.     l8mo.    cloth. 

These  works  have  been  carefully  abridged  Jrom  the  author's  larger 
manuals. 

CLASS-BOOK  OF  THE  CATECHISM  OF  THE  CHURCH  OF 
ENGLAND.     Second  Edition.     i8mo.  cloth.     2j.  dd. 

This  may  be  regarded  as  u.  sequel  to  the  Class-books,  of  Old  and  New 
Testament  History.  Like  them,  it  is  furnished  with  notes  and  references 
to  larger  works,  and  it  is  hoped  that  it  m.ay  be  found,  especially  in  the 
higher  fortns  of  our  Public  Schools,  to  supply  a  suitable  manual  of 
Instruction  in  the  chief  doctrines  of  the  English  Church,  and  a  useful 
help  in  the  preparation  of  Candidates  for  Confirmation. 

A  FIRST  CLASS-BOOK  OF  THE  CATECHISM  OF  THE 
CHURCH  OF  ENGLAND,  with  Scripture  Proofs,  for  Junior 
Classes  and  Schools.     iSmo.     dd. 

THE  ORDER  OF  CONFIRMATION.  A  Sequel  to  the  Class 
Book  of  the  Catechism.  For  the  use  of  Candidates  for  Confirma- 
tion.    With  Prayers  and  Collects.     i8mo.     30?. 

Procter. — a  history  of  the   book  of  common 

PRAYER,  with  a  Rationale  of  its  Offices.  By  FRANCIS  Procter, 
M.A.  Eighth  Edition,  revised  and  enlarged.  Crown  8vo. 
lOJ.  6d. 

In  the  course  of  the  last  twenty  years  the  whole  question  of  Liturgical 
knowledge  has  been  reopened  with  great  learning  and  accurate  research, 
and  it  is  mainly  with  the  view  of  epitomizing  extensive  publications,  and 
correcting  the  errors  and  misconceptions  which  had  obtained  currency, 
that  the  pi'esenl  volume  has  been  intt  together. 
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Procter  and  Maclear.— an  elementary  intro- 
duction TO  THE  BOOK  OF  COMMON  PRAYER. 
Third  Edition,  re-arranged  and  supplemented  by  an  Explanation 
of  the  Morning  and  Evening  Prayer  and  the  Litany.  By  the  Rev. 
F.  Procter  and  the  Rev.  G.  F.  Maclear.  Third  Edition.  i8mo. 
2s.  iid. 

As  in  the  other  Class-books  of  the  series,  notes  have  also  been  subjoined, 
and  references  given  to  larger  works,  and  it  is  hoped  that  the  volume  will 
be  found  adapted  for  use  in  the  higher  forms  of  our  Public  Schools,  and  a 
suitable  manual  for  those  preparing  for  the  Oxford  and  Cambridge  local 
examinations.  This  new  Edition  has  been  considerably  altered,  and 
several  important  additions  have  been  made.  Besides  a  re-arrangement 
of  the  work  generally,  the  Historical  Portion  has  been  supplemented  by  an 
Explanation  of  the  Morning  and  Evening  Prayer  and  of  the  Litany. 

PSALMS  OF  DAVID  CHRONOLOGICALLY  ARRANGED. 
BY  FOUR  FRIENDS.  An  Amended  Version,  vpith  Historical 
Introduction  and  Explanatory  Notes.     Crovirn  8vo.     lor.  iid. 

To  restore  the  Psalter  as  far  as  possible  to  the  order  in  which  the  Psalms 
were  written, — to  give  the  division  of  each  Psalm  into  strophes,  of  each 
strophe  into  the  lines  which  composed  ft, — to  amend  the  errors  of  translation, 
is  the  object  of  the  present  Edition.  '  Professor  Ewald's  works,  especially 
that  on  the  Psalms,  have  been  extensively  consulted. 

This  book  has  been  used  with  satisfaction  by  masters  for  private  work  in 
higher  classes  in  schools. 

Ramsay. — ^THE  CATECHISER'S  MANUAL;  or,  the  Church 
Catechism  illustrated  and  explained,  for  the  use  of  Clergymen, 
Schoolmasters,   and  Teachers.     By  the   Rev.  Arthur  Ramsay, 
M.A.     Second  Edition.     i8mo.     is.  bd. 
A  clear  explanation  of  the  Catechism,  by  way  of  question  and  answer. 

Simpson.— AN  EPITOME  OF  THE  HISTORY  OF  THE 
CHRISTIAN  CHURCH.  By  William  Simpson,  M.A. 
Fourth  Edition.     Fcap.  Svo.     y.  6d. 

A  compendious  summary  of  Church  History. 
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Swainson. — a  HANDBOOK  to  BUTLER'S  ANALOGY.  By 
C.  A.  Swainson,  D.D.,  Norrisian  Professor  of  Divinity  at 
Cambridge.     Crown  8vo.     is.  6d. 

This  manual  is  designed  to  serve  as  a  handbook  or  road-book  to  the 
Student  in  reading  the  Analogy,  to  gi/ue  the  Student  a  sketch  or  outline  map 
of  the  country  on  which  he  is  entering,  and  to  point  out  to  him  matters  of 
interest  as  he  passes  along. 


WestCOtt.— A  GENERAL  SURVEY  OF  THE  HISTORY 
OF  THE  CANON  OF  THE  NEW  TESTAMENT  DURING 
THE  FIRST  FOUR  CENTURIES.  By  Brooke  Foss  West- 
COTT,  B.D.,  Canon  of  Peterborough.  Second  Edition,  revised. 
Crown  8vo.      ioj.  (sd. 

The  Author  has  endeavoured  to  connect  the  history  of  the  New  Testament 
Canon  with  the  growth  and  consolidation  of  the  Church,  and  to  point  out 
the  relation  existing  between  the  amount  of  evidence  for  the  authenticity  of 
its  component  parts,  and-  the  whole  mass  of  Christian  literature.  Such  a 
method  of  inquiry  will  convey  both  the  truest  notion  of  the  connexion  of  the 
written  Word  with  the  living  Body  of  Christ,  and  the  surest  conviction  of 
its  divine  authority. 

Of  this  work  the  Saturday  Review  writes :  "  Theological  students,  and 
not  they  only,  but  the  general  public,  owe  a  deep  debt  of  gratitude  to 
Mr.  Westcottfor  bringing  this  subject  fairly  before  them  in  this  candid  and 
comprehensive  essay. ....  As  a  theological  work  it  is  at  once  perfectly  fair 
and  impartial,  and  imbued  with  a  thoroughly  religious  spirit;  and  as  a 
manual  it  exhibits,  in  a  lucid  form  and  in  a  narrow  compass,  the  results 
of  extensive  research  and  accurate  thought.      We  cordially  recommend  it. " 


INTRODUCTION  TO  THE  STUDY  OF  THE  FOUR  GOSPELS. 
By  Brooke  Foss  Westcott,  B.D.  Third  Edition.  Crown  8vo. 
IOJ-.  6d, 

This  book  is  intended  to  be  an  Introduction  to  the  Study  of  the  Gospels, 
The  author  has  made  it  a  point  carefully  to  study  the  researches  of  the  great 
writers,  and  consciously  to  neglect  none.  There  is  an  elaborate  discussion 
appended  "On  the  Primitive  Doctriiie  of  Inspiration." 
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Westcott,  Canon — continued. 

A  GENERAL  VIEW  OF  THE  HISTORY  OF  THE  ENGLISH 
BIBLE.  By  Brooke  Foss  Westcott,  B.D.   Crown  8vo.   \cs.  bd. 
"  The  first  trustworthy  account  we  have  had  of  that  tmique  and  mar- 
vellous monument  of  the  piety  of  our  ancestors." — Daily  News. 

THE  BIBLE  IN  THE   CHURCH.      A  Popular  Account  of  the 

Collection  and  Reception  of  the  Holy  Scriptures  in  the  Christian 

Churches.     Second  Edition.    By  Brooke  Foss  Westcott,  B.  D. 

l8mo.  cloth,  4J-.  dd. 

The  present  book  is  an  attempt  to  answer  a  request,  which  has  been  made 

from  time  to  time,  to  place  in  a  simple  form,  for  the  use  of  general  readers, 

the  substance  of  the  author's  "History  of  the  Canon  ofthelfew  Testament." 

An  elaborate  and  comprehensive  Introduction  is  followed  by  chapters  on 

the  Bible  of  the  Apostolic  Age;  on  the  Growth  of  the  New  Testament ;  the 

Apostolic  Fathers  ;  the  Age  of  the  Apologists ;  the  First  Christian  Bible; 

the  Bible  Proscribed  and  Restored ;  the  Age  of  Jerome  and  Augustine ; 

the  Bible  of  the  Middle  Ages  in  the  West  and  in  the  East,  and  in  the 

■  Sixteenth  Century.     Two  appendices  on  the  History  of  the  Old  Testament 

Canon  before  the  Christian  Era,  and  on  the  Contents  of  the  most  ancient 

MSS.  of  the  Christian  Bible,  complete  the  volume. 

THE  GOSPEL  OF  THE  RESURRECTION.      Thoughts  on  its 

Relation  to  Reason  and  History.     By  Brooke  Foss  Westcott, 

B.D.     New  Edition.     Fcap.  8vo.     4J.  6d. 

This  Essay  is  an  endeavour  to  consider  some  of  the  elementary  truths 

of  Christianity  as  a  miraculous  Revelation  from  the  side  of  History  and 

Reason.     If  the  arguments  which  are  here  adduced  are  valid,  they  will  go 

far  to  prove  that  the  Resurrection,  with  all  that  it  includes,  is  the  key  to 

the  history  of  man,  and  the  complement  of  reason. 

Wilson.— AN  ENGLISH,  HEBREW,  AND  CHALDEE 
LEXICON  AND  CONCORDANCE,  to  the  more  Correct 
Understanding  of  the  English  translation  of  the  Old  Testament, 
by  reference  to  the  Original  Hebrew.  By  William  Wilson, 
D.D.,  Canon  of  Winchester,  late  Fellow  of  Queen's  College, 
Oxford.  Second  Edition,  carefully  Revised.  4to.  cloth.  25J. 
The  aim  of  this  work  is,  that  it  should  be  useful  to  clergymen  and  all 

persons  engaged  in  the  study  of  the  Bible,  even  when  they  do  not  possess  a 

knowledge  of  Hebrew  ;  while  able  Hebrew  scholars  have  borne  testimony  to 

the  help  that  they  themselves  have  found  in  it. 
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BOOKS  ON  EDUCATION. 


Arnold.— A  FRENCH  ETON;  OR,  MIDDLE  CLASS 
EDUCATION  AND  THE  STATE.  By  Matthew  Arnold. 
Fcap.  8vo.  cloth,     is.  (>d. 

"A  very  interesting  dissertation  on  the  system  of  secondary  instnicticn 
in  I<raiue,  and  on  the  advisability  of  copying  the  system  in  Englaiid" — 
Saturday  Review. 

SCHOOLS  AND  UNIVERSITIES  ON  THE  CONTINENT. 
8vo.      lar.  dd. 

The  Author  was  in  1865  chargea  by  the  Schools  Inquiry  Commissioners 
with  the  task  of  investigating  the  system  of  educatwn  for  the  middle  and 
upper  classes  in  France,  Italy,  Germany,  and  Switzerland.  In  the  dis- 
charge of  this  task  he  was  on  the  continent  nearly  seven  months,  and 
during  that  time  he  visited  the  four  countries  named,  and  made  a  careful 
study  of  the  matters  to  which  the  Commissioners  had  directed  his  attention. 
The  present  volume  contains  the  report  which  he  made  to  them.  It  is  here 
adapted  to  the  use  of  the  general  reader. 

ESSAYS  ON  A  LIBERAL  EDUCATION.  Edited  by  the  Rev. 
F.  W.  Farrar,  M.A.,  F.R.S.,  Assistant  Master  at  Harrow, 
late  Fellow  of  Trinity  College,  Cambridge,  and  Hon.  Fellow  of 
King's  College,  London!     Second  Edition.     8vo.  cloth,     los.  6d. 

Contents  : — History  oj  Classical  Edrication,  by  Charles  S.  Parker 
M.A. ;    Theory  of  Classical  Education,    by  Henry  Sedgwick,    M.A.  • 
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Liberal  Education  in  Universities,  by  John  Seeley,  M.A.  ;  Teaching  by 
means  of  Grammar,  by  £.  E.  Bowen,  M.A.  ;  Greek  and  Latin  Verse- 
Composition,  by  the  Rev.  F,  W.  Farrar ;  Natural  Science  in  Schools,  by 
J.  M.  Wilson,  M.A.,  P.G.S.;  The  Teaching  of  English,  by  J.  W.  Ifales, 
M.A  ;  Education  of  the  Reasoning  Faculties,  by  W.  Johnson,  M.A.  ; 
The  present  Social  Results  of  Classical  Education,  by  Lord  Houghton. 

The  Authors  have  sought  to  hasten  the  expansion  and  improvement  of 
liberal  education  by  showing  in  what  light  some  of  the  most  interesting 
questions  of  Educational  Reform  are  viewed  by  men  who  have  had 
opportunities  for  forming  a  judgment  respecting  them,  and  several  oj 
whom  have  been  for  some  time  engaged  in  the  work  of  education  at  our 
Universities  and  Schools. 


Farrar.— ON  SOME  DEFECTS  IN  PUBLIC  SCHOOL 
EDUCATION.  A  Lecture  delivered  at  the  Royal  Institution. 
With  Notes  and  Appendices.     Crown  8vo.     is. 

Jex-Blake.— A  visit  to  some  American  schools 

AND  COLLEGES.    By  Sophia  Jex-Blake.    Crown  8vo.  cloth. 
ts. 

' '  In  the  following  pages  Lhave  endeavoured  to  give  a  simple  and  accurate 
account  of  what  I  saw  during  a  series  of  visits  to  some  of  the  Schools  and 
Colleges  in  the  United  States.  .  ,  .  I  wish  simply  to  give  other  teachers  an 
opportunity  of  seeing  through  my  eyes  what  they  cannot  perhaps  see  for 
themselves,  and  to  this  end  I  have  recorded  just  such  particulars  as  /should 
myself  care  to  know." — Author's  Preface. 

"Miss  Blake  gives  a  living  picture  of  the  Schools  and  Colleges  them- 
selves, in  which  that  edttcation  is  carried  on." — Pall  Mall  Gazette. 


Thring.— EDUCATION  AND  SCHOOL.  By  the  Rev.  Edward 
Thring,  M.A.,  Head  Master  o\  Uppingham,  Second  Edition. 
Crown  8vo.  cloth.     5^.  6d. 
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Youmans.— MODERN  CULTURE  :  its  True  Aims  and  Require- 
ments. A  Series  of  Addresses  and  Arguments  on  the  Claims  of 
Scientific  Education.  Edited  by  Edward  L.  Youmans,  M.D. 
Crown  8vo.    Sj.  dd. 

Contents  : — Professor  Tyndall  on  the  Study  of  Physics  ;  Dr.  Daubeny 
on  the  Study  of  Chemistry ;  Professor  Henfrey  on  the  Study  of  Botany ; 
Professor  Huxley  on  the  Study  of  Zoology ;  Dr.  f.  Paget  on  the  Study  of 
Physiology;  Dr.  Whcwell  on  the  Educational  History  of  Science ;  Dr. 
Faraday  on  the  Education  of  the  Judgment ;  Dr.  Hodgson  on  the  Study 
of  Economic  Science ;  Mr.  Herbert  Spencer  on  Political  Education ; 
Professor  Masson  on  College  Education  and  Self  Education  ;  Dr.  Youmans 
on  the  Scientific  Study  of  Human  Nature.  An  Appendix  contains  extracts 
from  distinguished  authors,  and  from  the  Scientific  Evidence  given  before 
the  Public  Schools  Commission, 
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